PhD-FSTC-2012-05
The Faculty of Sciences, Technology and Communication

DISSERTATION
Defense held on 31/01/2012 in Luxembourg
to obtain the degree of

DOCTEUR DE L’UNIVERSITÉ DU LUXEMBOURG
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1
Introduction
1.1 Background
Artificial intelligence is concerned with the task of enabling machines to solve complex problems by, e.g., learning, behaving intelligently, reasoning, decision-making. In the seventies
of the last century, when artificial intelligence was at its beginnings, these cognitive processes
were seen, studied and modeled separately. Later on, results in various artificial intelligence
disciplines accumulated and computer technology rapidly advanced. As a consequence, the
paradigm of the intelligent agent became an appealing approach to study and recreate the
human mental activities.
An agent is an autonomous entity that embodies several cognitive processes, defined as “anything that can be viewed as perceiving its environment through sensors and acting upon that
environment through actuators” (Russell and Norvig, 2010, pg.34). An intelligent agent is
defined as “a computer system that is capable of independent action on behalf of its user or
owner” (Wooldridge, 2009, pg. 5). By definition an agent interacts with its environment and
other agents. The appeal of the agent paradigm lies precisely in the possible computational
power that emerges from the interaction among agents. The structures formed by intelligent
agents are called multiagent systems. The interest in multiagent systems particularly took off
with the advent of social software when the role of a computer shifted from the computer
being a self contained machine for executing software, a “personal computer”, to being a
“net-book”, a global communication tool and an access node for disseminating information,
conducting commerce and efficient leaking of embarrassing personal information to potential
employers.
The interactions within a multiagent system include cooperation and coordination. To be
able to coordinate and cooperate, intelligent agents need to reach collective consents, namely
binding group decisions, over issues such as beliefs, actions and desires. One type of collective consent is an agreement. An agreement is a mutual and enforceable understanding
among agents. The processes and mechanisms implicated in reaching agreements among
agents have recently become a subject of research and analysis from technology-oriented
perspectives (Ossowski, 2008).
The interactions among people and how they reach collective consents are studied within the
scope of economic theory, by social choice theory. In economic, a decision is a choice of
option(s) from a given set of options. The set of options is also sometimes called a set of
alternatives. Social choice theory includes voting theory, preference aggregation and judgment aggregation. These theories are all concerned with developing and studying methods
for making collective decisions.
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Preference aggregation (Arrow et al., 2002, Part 1) studies the problems of forming a group
opinion for a set of options. Each agent specifies which options he most prefers, which
he prefers less and so on, building a subjective preference order over the set of options.
A preference aggregation rule fuses these subjective orders into a preference order that is
representative for the group.
Voting theory (Arrow et al., 2002, Chapter 4), (Nurmi, 2010) studies the problems of making
a group choice from a set of candidates. Each agent casts a vote for or against one, some or all
of the candidates. The structure of the vote depends on the voting context. The simplest vote
structure is the one-person-one-vote, when each agent is allowed to choose one candidate
from the candidate set. The most elaborate vote structure is a total preference order, as in
preference aggregation. Voting occurs in many formal contexts such as: political elections,
electing best entries in contests and determining the winners in sport competitions like figure
skating. Voting also occurs in informal contexts, such as groups of people deciding where to
go for dinner, how to name their robots, etc. A voting rule selects a winner from the set of
candidates based on the individual votes.
Judgment aggregation (List and Puppe, 2009) studies the problems of making group decisions regarding the truth-value of several issues considered concurrently. For one set of issues, all combinations of truth-value assignments are not allowed. Judgment aggregation
problems occur in committee and jury decision-making contexts. As in voting theory, the
contexts of judgment aggregation problems range from entirely formal to entirely informal.
An example of a formal context is a collegiate court which is deciding whether a given case is
within the jurisdiction of a given court, whether the presented evidence for the case are sufficient for a trial, and whether a trial should be scheduled. A trial can be scheduled if and only
if the evidence is sufficient and a court has jurisdiction. An example of an informal judgment
aggregation context is a group of friends deciding on whether to go to a certain restaurant,
whether the restaurant in question has vegetarian dishes on the menu and whether the prices
are affordable. The group can only go to the restaurant if it is the group’s opinion that there
are vegetarian dishes and that the prices are affordable.
Each agent forms a judgment regarding the truth state of each issue. Usually a judgment is
a binary value denoting whether an issue is true or false, accepted or rejected. A judgment
aggregation rule aggregates these truth-value assignments into an allowed combination of
truth-value assignments, one for each considered issue.
The Figure 1.1 is an abstract simplified illustration of preference aggregation (left hand-side
funnel), voting (center funnel) and judgment aggregation (right hand-side funnel), and allows
us to make a comparison between the three. In each of the social choice problems presented
on Figure 1.1, there are three agents: Top, Middle and Bottom. Their individual preferences,
votes and judgments are represented in the corresponding order. The group decisions are
represented in the exit of the funnel. In the case of preference aggregation the set of options
are a star, a circle and a square. In voting, the star, the circle and the square are candidates.
In this picture we give the most complicated vote construct, the full preference order. In
the case of judgment aggregation, the star, the square and the circle are the issues on which
judgments are cast. Each agent assigns a value true (yes) or false (no) to each issue. The
relations between the star, the circle and he square are such that if an agent accept either the
star or the circle, then he has to accept the square as well.
Preference aggregation, voting and judgment aggregation all appear to be simple. However,
these procedures, and related theories, are for many reasons, far from simple. The variety of
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Figure 1.1: Different social choice problems: preference aggregation (left), voting (middle)
and judgment aggregation (right).

contexts in which these social choice rules are used is extremely large and so is the variety of
requirements that the group decision should satisfy with respect to the individual opinions,
votes or judgments correspondingly. There are many different procedures that can be used
for the same problem each leading to a different group decision. There also are many combinations of requirements that no procedure can satisfy simultaneously. There are problems for
which some procedures can be applied more efficiently than others.
Economic theory is no stranger to computer science when it comes to applying methodology
from one to the other. While social choice rules generate collectively binding group decisions,
another discipline in economy, decision-making, considers the problem of making individual
decisions. Chapters 16 and 17 in (Russell and Norvig, 2010) illustrate that decision theory
is a staple methodology used in artificial intelligence. In the last five years, the exchange of
ideas and methodologies between economics and computer science is flowing both ways, as
witnessed by the very fruitful field of algorithmic game theory (Roughgarden, 2010).
Importing concepts from social choice theory into computing and applying computational
analysis in social choice is studied by computational social choice (Chevaleyre et al., 2007).
The first direction of using methods from computing to study problems in social choice
theory is well explored. The most typical problem studied in computational social choice
is the complexity-theoretic analysis of voting protocols, such as (Bartholdi et al.,
1989; Hemaspaandra et al., 1997; Conitzer and Sandholm, 2002b,a; Walsh, 2008). Other typical problems include allocation of resources (Maudet, 2010, Chapter 3), (Chevaleyre et al.,
2005); formal specification and verification of social procedures using mathematical logic,
such as (Bouveret and Lang, 2005), (Maudet, 2010, Chapter 2); compact representation of
elicited input using logic, such as (Bienvenu et al., 2010) and the computer aided search for
properties of social choice rules, such as (Tang and Lin, 2009).
The second direction of importing concepts from social choice to computer science is also
outlined as a core consideration of computational social choice. This direction is considerably less explored. One would expect that some of the first models for obtaining collective
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consents in multiagent systems would be inspired by, or imported from, social choice theory.
This is not what happens.
Why is there a gap where there should be work that explores the use of social choice for collective reasoning problems in multiagent systems? Are there no multiagent systems problems
that can benefit from social choice methods? We give a few examples to illustrate that this is
not the case.
Argumentation based negotiation methods (Beer et al., 1999) are seen as essential in enabling
agents to reach agreements that respect the constraints imposed by norms and organizations
(Ossowski, 2008). However negotiation is insufficient to cover all collective reasoning problems. The most notable difference between negotiation and aggregation is in the number
of information exchanges between the agents before group consent is obtained. Negotiation
procedures presume a potentially unspecified number of exchanges. Aggregation requires
that the agents submit their preferences, choices or judgments; correspondingly, only once to
an agent or service which aggregates them.
There are contexts in which the agents cannot or will not commit to numerous exchanges
of opinions. Agent teams that operate in uncertain environments, such as robots conducting
rescue missions, cannot afford the time to negotiate about what to do since their options
can change while they are still negotiating on which option to choose. A hierarchical group
is a group in which there is one agent who responsible for making group decisions. This
agent often needs to consider the opinions of other group members to reach that decision.
In hierarchical groups, aggregation is sometimes a better approach than negotiation since the
agents that do not make the decision can be unwilling to participate in negotiation.
A special case of a hierarchical group is an agent that needs to acquire information about the
environment, by considering the opinions on other agents. Consider a robot that does not
have a microphone. It needs to determine whether an alarm is on in a building and whether
the alarm being on implies the need to vacate the premises. Different other robots may report
different information on these two counts, or even have different opinions on whether the
building has to be vacated. Our robot can aggregate the received information to determine
what to do and what to believe.
The improvement of information and communication technological systems (ICT systems)
depends on the evaluation of the users. The users provide feedback that is used to modify
certain system’s features, such as for example resilience and dependability. The feedback of
the user can be different regarding the same feature. The software engineers need to analyze
the user data and determine which features to modify and in which direction to modify them.
The user feedback is a valuable commodity. A lot of effort has been spent on the technical
support of eliciting opinions, i.e., voting. Technical means are used to resolve issues such
as guarantee of privacy, eliminating possibilities for coercion and security. However, once
the information is obtained, engineers cannot expect that the users will negotiate it among
each other and agree on which features they like to see improved. The users together with
the producers form a hierarchical group. It is difficult to derive a collective consent from
a multiple feedback without a formal and automatized method. Such methods are needed
even when a standardized input on a set of qualifiers is used to elicit the information because
certain features depend on others.
Prediction markets, also known as “event futures” and “information markets” are markets in
which agents trade contracts with payoff that depend on unknown future events. The goal
of designing prediction markets is to make accurate forecasts. This is done by aligning the
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experts’ incentives with the elicitation of information and by aggregating their opinions. The
agents that make predictions are myopic, have fixed beliefs about the value of a contract, and
are risk neutral. They have a fixed, finite budget and participate exactly once, by acting in the
market and then exiting, see for instance (Othman and Sandholm, 2010). When his prediction
is confirmed, an agent is rewarded with increased weight on his prediction, and punished with
reduced weight when his predictions are wrong. At each step the forecast of the agents on a
set of market prices needs to be aggregated. This process is sequential and tied to real world
events. The agents are presumed to be selfish, so negotiation is not an option.
In negotiation, the produced consent depends not only on the information the individual
agents have but also on the negotiation skill of particular agents. When the group is heterogeneous, the input from “weaker” agents will be marginalized. Consensus groups are
groups in which there is no one agent responsible for making the decision. An example of a
decision-making in a consensual group is the establishing of group mental attitudes, such as
beliefs and intentions. In multiagent systems, it is usually taken that a group has an attitude if
every member of the group individually has the same attitude, but his is not the only way to
model collective attitudes (Dunin-Keplicz and Verbrugge, 2010, Chapter 3). How collective
attitudes are formed is studied in social epistemology. Social epistemology offers an alternative definition of collective attitudes: a group has an attitude if the group members agree
to have that attitude, see for instance (Gilbert, 2009). This is called the non-summative approach to collective attitudes and it is more flexible in allowing groups to act together, as they
do not need to be equally minded to have joint attitudes.
The aim of this thesis is to explore the possibilities of using social choice procedures as
method for reaching collectively binding decisions in multiagent systems.

1.2 Research Question
The research question pursued in this thesis is the following:
How can judgment aggregation operators be designed and selected for use in
multi-agent systems?
The social choice rule used to combine individual opinions, votes or judgments correspondingly, can be seen as a type of a norm. The social choice rule is established before the
opinions, judgments or votes, are elicited. This is necessary, since one can design a rule that
produces a desired outcome from an individual input. For instance, in presidential elections,
a parliament or other authority before the elections sets the rule according to which the president is elected. A rule is chosen to best serve the purposes of the context in which it is applied.
This is why the challenge in using social choice to obtain group consents automatically is in
the selection of adequate rules for multiagent contexts.
We enumerated three social choice disciplines developing and studying methods for generating collectively binding decisions: voting, preference aggregation and judgment aggregation.
Why focus on judgment aggregation? Voting and preference aggregation are very similar,
they both aggregate agents’ preferences over a set of options. Voting rules produce an option
that is the most preferred, i.e., a winner or alternatively a set of winners, while preference
aggregation rules produce a collective preference order over the set of options. The problem
of aggregating judgments only started attracting considerable attention in the last ten years,
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Figure 1.2: Bringing social choice theory with multi-agent systems closer.
since (List and Pettit, 2002; List and Puppe, 2004) showed that judgment aggregation is general in the sense that it subsumes voting theory and preference aggregation (List and Polak,
2010). The novelty and the generality of judgment aggregation is the reason we have chosen
it among the aggregation theories of social choice.
The thesis research question is tackled by considering three sub-problems:
1. Designing judgment aggregation rules.
2. Classifying judgment aggregation rules by properties they satisfy.
3. Pairing aggregation contexts with adequate rules.
Figure 1.2 illustrates symbolically the roles that these sub-problems have in answering the
research question. We design operators for aggregating judgments and we use them in group
decision problems that occur in multiagent systems. The properties of the operators and the
properties of the group decision problems are used to pair one with the other.
Voting has been formally studied since the seminal works of Borda and Condorcet in the
eighteenth century. Judgment aggregation is resent when compared to voting. The problem
of aggregating judgments was observed by (Kornhauser and Sager, 1986), but it has its precursors in the works of (Gilbaud, 1966; Wilson, 1975) and (Rubinstein and Fishburn, 1986),
see (List and Polak, 2010) for a detailed historical overview and comparison. The interest
in voting theory is caused by the need to conduct democratic elections. Therefore, it was of
interest to develop dozens of specific voting rules over the years. The interest in judgment
aggregation was sparked when it was shown that it applies to problems that are different than
the ones studied in voting theory. The majority of the work in judgment aggregation is devoted to studying impossibility results in the style of the work in preference aggregation by
Arrow, see (Arrow, 1963) and (List and Puppe, 2009). A small number of specific rules for
aggregating judgments have been proposed, however the development of specific aggregation
rules is still widely unexplored.
It is different whether a social choice method, for instance voting, is applied in a democratic
election or for the purpose of reaching automated consent. The difference is in the frequency
of the process and the impact it has on the agents that use the consent produced by it. The
voting in elections occurs infrequently, but the impact of the results is enduring. In general,
people only vote for issues that are critical. In computational and multiagent contexts the
situation is reversed. The need for consent is frequent, but the impact of the consent is low.
If a group observes it is doing something wrong, it can re-vote. Eliciting information from an
artificial agent is much more feasible than organizing national elections. This is why desirable
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properties for rules used in human social choice contexts are not necessarily desirable for the
rules used in multiagent systems. For instance, the incentive of an agent to manipulate the
aggregation process to obtain a desirable outcome is a big issue in elections. However, when
the impact of the consent is low, then it can be expected that the incentives to manipulate
are also low. There are many properties of rules studied in voting theory that ensure that
the consent is desirable with respect to the individual input. Some of these properties are
also desirable for judgment aggregation rules and need to be defined in terms of judgment
aggregation rules. This is the core of the second sub-problem.
To recommend a judgment aggregation rule for a multiagent systems problem one needs to
pair the properties of the rule with the characteristics of the problem. There are many contexts
that can be specified. One general approach is to look into the type of group that needs to use
the decision-making procedure. In the broadest sense of who does the collectively binding
decisions apply to, we can distinguish between two types of groups: a hierarchical group and
a consensual group. In hierarchical groups there is one agent that is responsible for making
the decision for the group by considering the opinions of the group members. In consensual
groups, no one responsible agent exists. The group decision emerges or is proposed by any of
the agents. In the case of hierarchical groups, the decision can apply only to the agent who is
responsible to make it, only to the agents who contribute the opinions, or to all agents within
some institution. In consensual groups, all the decision makers are the decision “targets”. We
consider consent reaching contexts in hierarchical and consensual groups and we give one
example of group decision-making procedures based on judgment aggregation for each of
these contexts.
Within the scope of this theses, we consider only the case when the agents involved do not
behave strategically, in both the hierarchical and consensual context. Therefore here we do
not define nor study vulnerability to manipulation of the introduced rules or consent reaching
models. Both the examples we give involve groups that cooperate in pursuing a group goal.
This implies that the groups, in addition to reaching collectively binding decisions, also need
to form joint plans and to communicate with each other. We do not consider specifics of
planning and inter-agent communication. We assume that these activities are possible and
do not hamper the judgment aggregation based consent reaching procedures we propose. We
also do not consider group learning, although we acknowledge its relevance, particularly ingroup adaptation, which we do consider. In the context of hierarchical groups, the agents
are bound to acknowledge, conform and act according to the group decisions by the context
in which the decision is made. For instance, all members of an institution are bound by the
decisions of the president of the institution. In the context of consensual groups, the fact that
the group decision is binding needs to be additionally expressed. This is the reason why we
also design and study group commitment strategies in our example.
Let us elaborate each of the sub-problems, and how go about solving them, in more detail.

1.2.1 Designing judgment aggregation rules
In this section we consider the problem of designing judgment aggregation rules. A judgment
aggregation problem is specified by an agenda and a set of agents. An agenda is a set of
logically related issues, usually referred to as propositions. It is common to represent the
agenda issues and the relations that hold between them in propositional logic. Each agent
expresses an acceptance or rejection regarding individual propositions in the agenda. The
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expressed acceptance or rejection of an issue is called a judgment.
An intuitive approach to aggregating the judgments is to consider how many agents support
each truth-value for each of the issues and adhere to the will of the majority. We consider the
concept of majority and the different ways it can be used to construct judgment aggregation
rules.
The concept of majority in judgment aggregation
Example 1.2.1. Consider four agents tRed, Blue, Green, Orangeu and an agenda of four issues: a, b, c and d. The relations are such that d can be accepted if and only if a and either
b or c are accepted, namely pa ^ pb _ cqq Ø d. Table 1.1 represents a possible judgment aggregation problem. The ` entry denotes an accepted proposition and the ´ entry, a rejected
one. The collection of all judgments received from the agents is called a profile, which is the
white panel in Table 1.1.

Agents Agenda
abc d
Red
-++
+ - Blue
Green + + Orange + - -

+
-

Table 1.1: An example of a judgment aggregation problem.
It is common to require completeness, namely that each agent either expresses an acceptance
or rejection for each issue. Each agent is constrained by the logical relations, in the sense
that the combination of issues he accepts or rejects must satisfy these constraints.
Each of the judgment sets of the agents in Table 1.1 conforms to the logic relations between
the issues. For instance, Red rejects a and also rejects d, while accepting both b and c. If Red
were to accept d in addition to accepting b and c, while rejecting a, his judgment set would
have been inconsistent.
The first problem is to determine how to define majority in judgment aggregation. Sets of
judgments are particular types of information. On one hand a set is a unit of information
since it represents the opinions of one agent on one agenda. On the other hand, the set
contains judgments that can be considered to be units of information.
Let us consider the judgment set as an atomic information unit. In this case, if there is a
judgment set that is supported by more agents than any other judgment set, then this is a
majoritarian judgment set. Let us call set-majoritarian the set of judgment that is selected, as
a whole set, by the largest number of agents, with respect to the profile. Consider Table 1.1
as an example. Blue and Orange both accept the same set, while the sets of Red and Green
are different from the Blue-Orange one and from each other. Consequently the Blue-Orange
set is the set-majoritarian set. The set-majoritarian judgment set does not always exist.
Let us consider the judgments to be an atomic unit of information. In this case, if there is
a judgment set in which each judgment is supported by a strict majority of agents, then this
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set can be considered a majoritarian judgment set. Let us call issue-majoritarian the set of
judgments that is determined by counting the majority judgments on each issue. In which
order should this issue-by-issue aggregation be done? Consider Table 1.1 as an example. If
applied to all issues at once the result of this exercise is an acceptance of a, a rejection of c
and d and no decision on b. If b is accepted then the collective set violates the constrains, and
a majority does not exist. If b is rejected then the set is consistent with the issue relations,
but there is no reason for b to be rejected? The problem is more general: due to the logic
relations among the issues, for every rule that aggregates the judgments issue-by-issue can
produce, there exists some profile for which the rule produces a judgment set that violates the
constraints.
Some agendas can be conceptually partitioned to a set of premises and a set of conclusions.
A conclusion is typically an issue whose acceptance can be deduced from the acceptances
and rejections of the premises. For example, let us interpret the agenda issues as follows:
a a victim is trapped in a location that is difficult to access
b the victim is conscious
c the victim is in a face-up position
d save the victim using a rescue harness
The issues a, b and c are premises. In this case they are the necessary and sufficient conditions
under which certain action d will be taken. A premise-based procedure is the aggregation rule
that calculates the majority for each premise and deduces whether the conclusion is accepted
or rejected based on the issue relations.
The premise-based procedure is an appealing alternative to the issue-by-issue aggregation,
however there are some problems with using it. The problem with the premise-based procedure is that:
a) not every agenda can be conceptually partitioned intro premises and conclusions, and
b) even if the partitioning is possible, the conclusion is not deducible from the premises in
every set of judgment sets.
Consider the profile in Table 1.1. Using the premise-based aggregation rule we obtain that a
is accepted and c rejected. We get no decision for b and cannot deduce the decision for the
conclusion d.
Using majority and minimization to design rules
When a consensual group needs to reach decisions, these decisions should reflect the “will
of the majority” for them to be acceptable to the group. Therefore, one would like to have
rules that select the issue-majoritarian or the set-majoritarian judgment. The problem is that
neither the set-majoritarian nor the issue-majoritarian sets exist for every profile, but every
set-majoritarian judgment set is an issue-majoritarian judgment set and the reverse does not
hold. We can have the second-best thing: a rule that selects the issue-majoritarian judgment
set whenever such a set is consistent with the constraints.
The appeal of the majoritarian sets is that, when selected as collective consent, they minimize
the discrepancy between the collective consent and the elicited information. It is this minimal
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discrepancy that is desirable for consensual groups and we use it to design judgment aggregation rules. We call majority-consistent any profile for which an issue-majoritarian judgment
set exists. What if we change the profile in some minimal way so that it becomes majorityconsistent and then select its issue-majoritarian judgment set as the collective judgment set
for the original profile? There are many ways to minimally alter a profile. For example,
this can be done by removing judgments on an issue, individual judgments, judgments that
belonging to some agent(s), by repeating judgments etc. There can be, as many rules as
there are minimal alterations to a profile that can be defined, but each of these rules will by
construction always select the issue-majoritarian set when such a set exists for the starting,
unaltered, profile.
There is a third way to use majority, we can treat the judgment sets as units that are qualified
by the individual judgments they consist of. This allows us to define a measure of similarity,
or distance, between two judgment sets that is finer grained than [equal, different]. The
majority concept here corresponds to most similar. What does it mean that a judgment is
most similar to a profile of judgments?
The similarity between sets can be quantified based on the number and the type of judgments
on which the two sets differ. For instance, the sets of Red and Blue differ on three judgments, and so do the sets of Red and Green. However Red and Green differ on different
three judgments. Red and Blue give the same judgment for what is the conclusion under the
interpretation we gave. Hence, the set of Red can be considered more similar to the set of
Blue than to the set of Green. Given the context of the aggregation problem many similarity
measures can be specified.
Numeric distances can be aggregated by using an arithmetic aggregation function. The collective consent is the set that is closest to all the individual judgment sets. The interpretation
of how close is a judgment set to a profile of judgments is set by the arithmetic aggregation
function. Table 1.2 illustrates an aggregation of distances using the sum as an arithmetic
aggregator and the number of different judgments as a similarity measure between two judgment sets.
ř
a b c d Red Blue Green Orange
- - - 2
1
3
1
7
- - + 1
2
4
2
9
- + - 1
2
2
2
7
- + + 0
3
3
3
9
+ - - 3
0
2
0
5
+ - + +
3
2
2
2
9
+ + - +
3
2
0
2
7
+ + + +
2
3
1
3
9
Table 1.2: Quantifying the similarities between judgment sets and aggregating them using
the arithmetic aggregator sum.
We consider not only the distance from each of the contributed sets to the profile, but also the
distances from any judgment set that satisfies the issue relations to the profile. In the left handside of Table 1.2, all the acceptable judgment sets, for the agenda and constraints in Example
1.2.1, are enlisted. The numbers under each agent’s name, the number indicates on how many
judgments that agent’s judgment set differs from the judgment set in the corresponding row.
It can be observed from the calculations in the figure, in the furtherst right hand-side column,

1.2 Research Question

11

the set that is closest to all the agents sets is the one contributed by Blue and Orange.
This approach of aggregating the distances between judgment sets, and selecting the set that
is at a minimal aggregated distance from the profile, has already been used to design judgment
aggregation rules by (Pigozzi, 2006). Distance-based judgment aggregation rules, unlike the
rules based on minimization, do not always select the issue-majoritarian judgment set when
such exists. However, they are interesting rules to consider for hierarchical groups.
In consensual groups it makes sense to consider that all agents’ judgments are of equal weight
and importance. If Red, Blue, Green and Orange are members of a consensual group then
we need to aggregate their judgments in such a way that each of them has equal bearing
on the produced consent. In hierarchical groups, the agent that aggregates the judgments is
interested in using the best judgments. What does “best judgments” means? If the agents in
the group have different areas and levels of expertise, then it is of advantage to the group to
aggregate by considering adequate different weights for different judgments. Lets interpret
the agenda issues as follows:
a software upgrades are affordable
b software does not perform according to expectations
c user satisfaction is low
d recommend modification of the software
If agent Red is an expert in finance, then it is better for the group to capitalize on his expertise
and assign a high weight for his judgment on a. In the presence of weights, the aggregation
rule should prioritize higher weights on a judgment and not the number of agents that support
it. Furthermore, in the presence of experts, the requirement that all agents express either
acceptance or rejection for each agenda issue is rendered meaningless. If an agent is not an
expert regarding a particular issue, it is unfeasible to expect and potentially undesirable to
request his judgment on this issue. Hence, the agent that aggregates the judgments needs to
consider judgment weights, but also rules that can handle incomplete individual judgment
sets.
Weighted rules that aggregate incomplete judgment sets have not been proposed in judgment aggregation theory. However, we can extend the distance-based judgment aggregation
rules to obtain such rules. Distance-based aggregation rules originate from the theory of belief merging; see for instance the works of (Revesz, 1995; Konieczny and Pino-Pérez, 1999;
Konieczny et al., 2004; Condotta et al., 2008). Within belief merging, belief bases are aggregated. In this area of research weights associated with agents are considered, as well as
multiple values for the truth-value of the beliefs. We build further on this work in belief
merging to construct weighted distance-based rules.

1.2.2 Pairing aggregation contexts with adequate rules
Outside of the domain of law, see (Nash, 2003)1 , very little is known about contexts in which
judgment aggregation is, or can be, applied. The contexts of consensual and hierarchical
1 Different

Nash from the game theory one!
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Figure 1.3: Comparing the structure of the rules considered in the literature and those we
propose in the thesis.

groups are very large and can be further categorized. Each sub-context produces its own
desirable properties that a judgment rule applied in it should satisfy.
Within voting contexts, a voting rule is selected based on the properties it satisfies. For
instance, the plurality rule, in which each agent chooses one candidate and the candidate with
the most votes wins, is used when the number of agents is much larger then the number of
candidates and when the agents cannot be expected to spend a lot of time constructing a more
complex vote such a total preference order.
Many properties have been proposed for voting rules. These properties are both of structural
and relational nature. Structural properties describe the adequate rule based on the structure
of the votes, or the desired structure of the winner. Questions considered are such as, do we
need strictly one winner or is it acceptable that more than one candidate is selected as winner.
The relational properties describe the desirable relations between the profile of individual
votes and the winner. For instance, selecting as winner the candidate that is preferred by a
majority of agents when compared with any other candidate is a relational property called the
Condorcet winner property.
In judgment aggregation theory some structural and relational properties are proposed and
studied, but not nearly as many as in voting theory. In order to be able to pair aggregation
contexts with aggregation rules we need to study the rules we design from the aspect of these
properties. We also need to enlarge the set of judgment aggregation rule properties.
The rules we propose are of different structure than the ones considered in the judgment
aggregation literature when defining relational and structural properties. Exceptions are the
distance-based rules of (Pigozzi, 2006), for which properties have not been extensively studied. Figure 1.3 illustrates the difference between the structures of our rules and those in the
literature. The rules for which the properties are defined are partial functions that associate
to each profile, of complete judgment sets, one complete judgment set. The rules we define
are functions that associate to each profile, a selection of possibly incomplete judgment sets.
Since the output from the judgment aggregation rule is not necessarily a unique judgment set,
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the relational rules, in general, cannot be directly applied to our rules. Therefore we need to
construct new corresponding definitions of these properties.
To enlarge the set of interesting judgment aggregation rule properties, primarily of the relational kind, we consider known properties in voting theory for inspiration. We also define
properties only of interest in judgment aggregation, relational properties that consider the
relations between the agenda issues, the profile and the selected collective judgment set(s).
1.2.3 Applying judgment aggregation rules in MAS
We consider the two general categories of aggregation contexts based on the types of groups
that need to make collectively binding decisions. For each of these groups we give an example
in which judgment aggregation can be used.
A hierarchical group example
For the example of a hierarchical group consent reaching problem we look for problems
in which negotiation cannot be used. We consider a hierarchical team that needs to solve
problems in a changing environment.
A decision theoretic approach requires that the group lists all possible options, calculates
the expected utilities for each and chooses the option that has the maximal expected utility.
When agents are under severe resource restrictions they need to rely on some “approximate”
method to make group decisions. However, just as agents do not have the time to negotiate
on what the state of the world is, they also do not have the time to enlist and consider all the
possible options.
Groups of people, such as teams of firefighters or soldiers on battlefields, do manage to reach
consents in uncertain environments despite the resource constraints. We begin by asking
if these human decision-making methods can be extended to hierarchical teams of artificial
agents. We studied how human teams make decisions, with the purpose of finding a simple
model that can be used as a base. Our search yielded the recognition-primed decision (RPD)
model (Klein et al., 2010).
The RPD model describes how a commander of a firefighting team decides what to do when
faced with a familiar problem. This commander does not consider the opinions of the rest
of the firefighters when making decisions. According to the RPD model, the commander
matches the problem with a typical solution and verifies if the solution is applicable by considering if a particular set of cues are present and/or satisfied. For instance, when faced with
a burning house a commander first considers the option of having his team extinguish the fire.
This option is adequate if the building is empty of people (first cue) and there are surrounding
buildings that are in danger of catching fire themselves (second cue). Since the commander
is on site of the burning building he can decide for himself if the cues are present or not. The
commander considers the typical solutions one by one until he finds an adequate solution.
We consider a team in which the commander is not on the site where the problem is; there are
artificial agents there. For such a team we lift the RPD model to a recognition-primed group
decision model (RPgD). The commander determines which is the typical solution and which
combination of cues verify its adequacy, but it is the artificial agents that judge if the cues are
present or not. The commander uses judgment aggregation to make a final decision whether
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the solution is adequate and for which reasons, or cues is this decision taken. For the RPgD
model we also consider how the group consents on the cues can be used to reconsider group
decisions in light of new information.
A consensual group example
As an example of using judgment aggregation for reaching consent in a consensual group, we
consider the problem of group intentions. A commonly accepted paradigm is that an agent
intends to do something if he chooses it as his goal and is committed to bringing it about
(Cohen and Levesque, 1990). But what does it mean for a group to intend something?
Although the problem of what group intentions are, and how they can be represented and
generated, has been studied since the nineties. However, the proposed solutions are all based
on the same underlying social epistemic theory, that a group intends to do something if and
only if all the agents in the group intend individually to the same thing and are committed to
doing it. This is the so called summative view on what a group attitude is.
The summative group intentions are easy to establish. However, allowing a group to act only
when all the agents in the group are of the same mind state poses a limitation on the group’s
construction and its scope of abilities. It is unfeasible that a group with a lot of members that
are heterogeneous, for instance some being robots and others software agents, would be able
to align its intentions.
An alternative to the summative view is the so called non-summative view of group attitudes.
According to this view, a group intends to do something if and only if the members of the
group agree to do that thing and are jointly committed to doing it. We construct a model
of group intentions based on the non-summative view. We propose a procedure for reaching
group intentions that relies on a judgment aggregation rule for reaching agreements. The
group agrees on what goals to pursue, but also on the reasons for which to pursue that goal.
We use these reasons to construct strategies for joint commitment, but also strategies for
revising the intentions of the group.

1.3 Interdisciplinarity and methodology
Answering the research question of the thesis calls for an interdisciplinary study among computational social choice, judgment aggregation and multiagent systems. Both computational
social choice and judgment aggregation are new disciplines and no textbook or established
approach of study exists for either. They, and the field of multiagent systems, are interdisciplinary areas of research in their own right. As a result, the area of study conducted for
this thesis spans over social choice theory, social epistemology, experimental psychology and
decision making theory in addition to the computer science areas of agent cooperation, agent
reasoning, agent modeling and complexity theory.
The sub-problems of designing rules, studying their properties and using them in multiagent
systems problems, were not answered sequentially, but rather in parallel, starting with the
search for problems of reaching collectively binding decisions in multiagent systems.
Our method for tackling the problem of applying judgment aggregation was to search for
both consensual and hierarchical group contexts in which judgment aggregation is a better
approach than negotiation.
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Negotiation as an agreement reaching technology is difficult to apply in contexts where the
agent environment is changing and where the agents are heavily constrained with respect
to the time they have to reach consents. Such contexts are usually modeled using a Partially
Observable Markov Decision Process (POMDP) (Monahan, 1982). However modeling group
decision-making as a POMDP often cannot be solved efficiently. Decision-making is the
process of choosing one option from a set of possible options. A rational agent chooses the
option that maximizes his expected utility. Simon (1956) prescribed that a resource bound
rational agent should not do decision-making at all, since listing the alternative options and
calculating the expected utilities is costly. Instead, an agent should satisfice, namely he should
choose the first option he finds that satisfies a list of sufficient criteria. Satisficing is an
appealing approach for groups of agents, however Simon proposed a concept applied to a
single agent and not a model for a group.
Human teams of agents such as firefighters, army personal and various emergency rescue
teams face uncertain environments and time-constrained decisions. These are also groups in
which each agent can be expected to be more reliable on some issues than on others. For
instance, a firefighter inside a burning house may be able to observe better if there are victims
that need to be rescued than a firefighter that is outside the house. In these teams there is a
hierarchical chain of command. The methodology we adopt is to look for decision-making
models, constructed by means of experimental psychology, that describe the reasoning of
firefighters and various other emergency rescue teams. The cognitive models should be applicable, or modifiable for application to artificial agents.
Judgment aggregation is an adequate method for consensual groups, when they need to reach
consents on several, logically related, issues concurrently. An example of a set of related
issues is the one consisting of an agent’s intention and his beliefs that support and justify his
intention. According to (Cohen and Levesque, 1990), an agent’s intention is the goal he had
chosen to pursue and is committed to pursuing. An agent’s choice of a goal is constrained by
his beliefs and knowledge of the world. Groups also need to determine their intentions based
on what they as a group hold to be true about the world. Beliefs, goals and intentions are
called mental attitudes.
How collective attitudes are formed and modeled is studied by social epistemology (Goldman,
1987). The above approach to determining the attitudes of a group is often referred to as summative (Meijers, 2002). An alternative is modeling the collective attitudes such as intentions
in the non-summative sense (Gilbert, 2009). According to this approach, a group has a particular intention if the agents agree that this is what their intention is. List (2005) proposes that
judgment aggregation is used as a formal approach to thinking about institutions in social
epistemology. Our methodology is to propose a non-summative model based on judgment
aggregation that generates collective intentions from relevant individual beliefs and goals.
We need to develop two categories of rules, one for consensual and one for hierarchical
groups. As we observed in the examples of the previous section, adherence to majority, and
in general all group decisions that minimize the discrepancy with the individual opinions,
are the desirable properties for consensual groups. In voting theory many rules have been
proposed based on the concept of minimization: Kemeny, Dodgson, ranked pairs, etc., see
(Brams and Fishburn., 2004) for an overview. We also use minimization to develop judgment
aggregation rules that are majority adherent.
In hierarchical groups, one agent that aggregates the input from the rest of the group members
makes the group decision. This agent does not need to be concerned with having the group
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decision adherent to the majority. Instead he needs to use the various strengths and competences of the group members, by considering some individual judgments as very relevant and
others possibly as useless. The rules suitable for a hierarchical group need to be more general
then those for the consensual groups, in the sense that these rules should aggregate the individual judgments by considering weights assigned to the judgments. This category of rules
is aimed for the context of uncertain environments. Therefore, in addition to the structural
and relational properties, we also need to analyze the complexity-theoretic properties of these
rules.

1.4 What is new and what is old
There exists no unique, standard framework of judgment aggregation. In general, one can
distinguish between the logic-based frameworks that were introduced by (List and Pettit,
2002) and generalized by (Dietrich, 2007), and abstract or algebraic frameworks introduced
by (Wilson, 1975) and extended by (Rubinstein and Fishburn, 1986). Given a logic-based
framework, one can construct a corresponding abstract framework. However, for one abstract
framework, there are many logic-based frameworks that can be constructed (List and Polak,
2010).
The main differences among frameworks are based on how the agenda issues, the relations
among them and the judgments are defined. Some authors, such as (Pauly and van Hees,
2006; Dietrich, 2007; Dietrich and List, 2007b; Dietrich and Mongin, 2010; Endriss et al.,
2010a), define the agenda issues as not necessarily atomic formulas of some logic, with the
relations among the agenda issues incorporated in the issues themselves. An example of such
agenda, using propositional logic and the atoms tp, q, ru is tp, p Ñ q, r Ñ pu. Other authors,
such as (Pigozzi, 2006; Miller, 2008), restrict themselves to atomic agendas and additionally
specify a set of constraints that capture the logic relations among the issues. An example
of such an agenda is the “doctrinal paradox” originating from (Kornhauser and Sager, 1993;
Chapman, 1998). An instance of the “doctrinal paradox” is an agenda: there was a contract
(p), assuming there was a contract there is a breach of contract (q), and the defendant is liable
for a breach of contract (r). The constraint is pp ^ qq Ø q.
Authors like (Dietrich, 2007; Dietrich and Mongin, 2010; Endriss et al., 2010a) require that
the agenda is closed under negation, namely that if ϕ is an issue in the agenda, then so is
ϕ . These frameworks define a judgment to be a non-empty subset of the tϕ , ϕ u set. Authors such as (Pauly and van Hees, 2006; Pigozzi, 2006; Miller and Osherson, 2009) define a
judgment to be a truth valuation of an agenda element. Pauly and van Hees (2006) consider
multi-valued truth assignments while (Pigozzi, 2006; Miller and Osherson, 2009) consider
strictly binary values. Frameworks exist that impose further constraints on the agenda set,
such as for instance that it is closed under deduction. There possibly are contexts in which
one framework version is better than another, but these have not been studied or specified in
the literature.
We define a general framework for judgment aggregation in which the agenda can contain
non-atomic issues, but also additional constrains over the issues can be specified. In this
framework, for binary and three-valued judgments, we can express the judgment sets in a
dual fashion: as sets of propositions and as sequences of truth-values. We use the logic-based
framework of (Dietrich and List, 2007b; Dietrich and Mongin, 2010; Endriss et al., 2010a)
for defining the rules based on minimization, but for the rules aimed for hierarchical groups
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we need the general framework.
The few judgment aggregation rules have been proposed in the literature, most of which were
not compared among each other. Comparing two-judgment aggregation rules means determining the relation between the judgments sets produced by each rule. Depending on the
structural properties of the collective judgment sets produced, we can define different relations between rules. By comparing rules we primarily are interested in establishing whether
two given rules select the same collective judgments or judgment sets for all profiles. We are
also interested in which rule selects more judgments or judgment sets for the same profile.
The first collection of judgment aggregation rules, as well as the relations that hold among
them and existing rules, were developed as a joint effort with Jérôme Lang, Gabriella Pigozzi
and Leendert van der Torre. Part of this work was published in the joint paper (Lang et al.,
2011). The full work is a manuscript in preparation for a journal submission. The complexitytheoretic analysis of the second category of rules was a joint effort with Wojciech Jamroga.
This analysis, together with the rules themselves, and an analysis of the relationship between
these rules and known judgment aggregation rules, was published as (Slavkovik and Jamroga,
2011). An extended version of this paper, including some of the properties of the rules, was
submitted to AAMAS 2012. Other published work related to this category of rules and the
properties they satisfy, is the joint paper with Gabriella Pigozzi and Leendert van der Torre
(Pigozzi et al., 2009).
This thesis is one of the first efforts to develop and implement social choice rules specifically
for use in multiagent systems. The difficulty in threading this direction of computational
social choice lies first in the lack of unified formalisms in judgment aggregation. Judgment
aggregation properties are defined for a particular construction of judgment aggregation rules
that does not allow for many rules to be specified, see Figure 1.3. The reputation of social
choice theory is that of the theory of impossibility. As insightful and important as the impossibility results are, they do not render the use of social choice rules neither trivial nor
impossible.
Algorithmic approaches to applying social choice rules are rare, even in work of computational social choice. Two examples of models for reaching group consent based on judgment
aggregation have been developed here, which show how group consent based on judgment
aggregation can be implemented. The first example we present is a consent-reaching model
for hierarchical groups. It models reaching consent in uncertain environments. This model
was constructed by lifting a known cognitive model from an individual agent to a team level.
This work is an extension of a paper that was published jointly with Guido Boella, Gabriella
Pigozzi, and Leendert van der Torre (Boella et al., 2011b).
The second example we present is a consent reaching model for consensual groups. It models
reaching collective intentions in the non-summative social epistemic sense. This model is developed based on the concepts proposed in (Gilbert, 1987, 2002, 2007, 2009). The existence
of models such as this has been foreseen in (Dunin-Keplicz and Verbrugge, 2010, Section
3.9). The model of collective intentions has been published as the joint article with Guido
Boella, Gabriella Pigozzi, and Leendert van der Torre, (Boella et al., 2011a).
Additional work published work related to this thesis, but not included since it falls outside
of the outlined scope of the thesis, is (Pigozzi et al., 2008a,b; Grossi et al., 2009).
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1.5 Thesis layout
The thesis is structured as follows. In Chapter 2 the rules based on minimization are presented, as well as the relationships between these rules and the rules that already exist in the
judgment aggregation literature. This chapter includes and extends the Sections one, two,
three, four, five and seven of (Lang et al., 2011).
In Chapter 3 we present the family of weighted rules for ternary judgments based on distances as well as specific examples of family members. Most of these rules are based on the
semantic belief merging operators presented in (Konieczny et al., 2004), but some new rules
are introduced as well. The novelty from the belief merging rules is in the introduction of
weights for the judgments. We also give a complexity-theoretic analysis of the rule class as a
whole. Portions of this chapter were published in (Slavkovik and Jamroga, 2011).
In Chapter 4 we introduce and study properties for judgment aggregation rules. This chapter
includes the Section six of (Lang et al., 2011).
Chapters 5 and 6 present the examples of models for hierarchical and consensual groups
correspondingly. Chapter 6 predominantly consists of (Boella et al., 2011a), while Chapter 5
is a considerably extended version of (Boella et al., 2011b).
In Chapter 7 we give an overview of related work.
Chapter 8 contains a summary of the thesis and an overview of results. This chapter also
includes related work on implementation of judgment aggregation on robots and a set of
directions for future work.

Part I

Developing judgment aggregation
rules
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2
Developing judgment aggregation
rules based on minimization
Abstract. Collectively binding decisions by consensual groups, just as winners of democratic elections, need to adhere to the will of the majority, or at least
minimize the discrepancy with the opinions held by a majority of the agents.
Many voting rules are based on minimization or maximization principles. Likewise, in the field of logic-based knowledge representation and reasoning, many
belief change or inconsistency handling operators make use of minimization.
The aim of this chapter is to develop and study rules for judgment aggregation based on minimization. We distinguish four families of rules. The rules
of the first family first compute the issue-majoritarian judgment set and then restore consistency to this set, when it is inconsistent, using some minimal profile
change principle. The rules of the second family proceed in a similar way but
take into account the strength of the majority on each issue. Those of the third
family consist in restoring the consistency of the majoritarian judgment by removing or changing some individual judgments in a minimal way. Finally, those
of the fourth family are based on some predefined distance between judgment
sets, and look for a consistent collective judgment minimizing the overall distance to the individual judgment sets. For each family we propose a few typical
rules. While most of these rules are new, a few ones correspond to rules that
have been defined in the literature. We study the inclusion relationships between
these rules to show that they are distinct rules.

2.1 Introduction
In voting theory and in computational social choice, a large body of work focuses on specific voting rules: how their winner sets compare to each other; their social choice-theoretic
properties; the computational and communication complexity of winner determination; the
theoretical and experimental study of manipulability and control; the amount of information
necessary to determine the outcome; etc. The focus on specific rules, or families of judgment
aggregation rules has been the topic of few papers. We give an overview of these rules.
• The premise-based procedure has been introduced in (Kornhauser and Sager, 1993)
under the name “issue-by-issue voting and studied in (Dietrich and Mongin, 2010;
Mongin, 2008). For this procedure, the agenda is assumed to be partitioned into two
21
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subsets: premises and conclusions. The premises are logically independent. The individuals vote on the premises and the majority on each premise is used to find the collective outcome for that premise. From these collective outcomes on the premises, the
collective conclusions are derived using either the logical relationships among, or some
external constraints regarding the agenda issues. On the other hand, in the conclusionbased procedure, individuals decide privately on the premises and express publicly
only their judgments on the conclusions.
• The more general sequential procedures (List, 2004a; Dietrich and List, 2007b; Li,
2010) proceed this way: the elements of the agenda are considered sequentially, following a fixed linear order over the agenda (corresponding for instance to temporal
precedence or to priority) and earlier decisions constrain later ones. Collective consistency is guaranteed by definition. Of course, in the general case, the result depends on
the choice of the order, i.e. it is path-dependent. Premise-based procedures are specific
instances of sequential procedures.
• Quota-based rules (Dietrich and List, 2007b; Dietrich, 2010) are a class of rules where
each proposition of the agenda is associated with a quota, and the proposition is accepted only if the proportion of individuals accepting it is above the quota. For example, uniform rules take the same quota for all elements of the agenda. The majority
rule is a special case of quota-based rules. In Dietrich and List (2007b) sequential
quota rules are also considered.
• Distance-based rules (Miller and Osherson, 2009; Pigozzi, 2006) assume a predefined
distance between judgment sets and/or profiles and choose as collective outcome the
consistent judgment sets which are closest (for some notion of closeness) to the individual judgments.
Even if a few families of judgment aggregation rules have been proposed and studied, still
the focus on the research is more on the search for impossibility theorems and axiomatic
characterizations of families of rules, which contrasts with voting theory, where voting rules
are defined and studied per se.
In voting theory, quite a number of rules are based on some minimization (or maximization) process: for instance, Kemeny, Dodgson, Slater, ranked pairs, maximin etc. (We
shall not recall the definition of all these voting rules; the reader can refer, for instance,
to (Brams and Fishburn., 2004) for a survey.) Minimization is also a common way of defining reasoning rules (such as belief revision operators, inconsistency handling procedures, or
nonmonotonic inference rules) in the community of logic-based knowledge representation
and reasoning: typically, one deals with inconsistency by looking for maximal consistent
subsets of an inconsistent knowledge base. Belief revision often amounts to incorporating
a piece of information to a knowledge base while minimizing the information loss from the
initial knowledge base. Similar minimization processes are at work in reasoning about action,
belief update and belief merging.
In contrast, with the exception of distance-based rules, minimization has rarely been considered for judgment aggregation. Our rules maximize the portion of a profile we wish to keep.
The way such maximization is defined depends on the specific rule. Thus, the maximization
operated by our aggregation rules is equivalent to minimizing the portion of a profile we wish
to remove. In other words, we call our rules “based on minimization”, but we could as well
say that our rules are based on maximization. Most of the rules we introduce here are new,
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while a few of them correspond, up to some minor details, to judgment aggregation rules
already proposed in the literature.
From the definitions of two rules, it is sometimes difficult to determine if those rules select the
same collective judgments for each profile, if the collective judgments selected by one rule
are always also selected by the other. Therefore, when proposing a rule, we need to establish
the inclusion relations that hold between the new rule and each of the rules already proposed.
Not only is this analysis necessary to prove that the rule we are defininig is really new, but it
helps in selecting rules for a decision-making problem. Our rules are such that they can select
several collective judgment sets for one profile. There are some contexts in which more is
better, and other contexts, particularly in multiagent systems require that a unique, or as little
as possible, judgment sets are selected.
This chapter is structured as follows. In Section 2.1.1 we introduce the necessary definitions.
In Section 2.2 we present the four families of judgment aggregation rules, give examples of
specific rules in each family and relate these new specific rules to similar rules in voting theory
and/or knowledge representation and reasoning. In Section 2.3 we analyze the inclusion
relationships between each pair of introduced rules. In Section 2.4 we make our conclusions
and some directions for future work.
2.1.1 General definitions
Let L prop be a propositional language built on a finite set of propositional symbols L0 . Cn
denotes logical closure, CnpSq “ tα P L | S |ù α u.
Definition 1 (Agendas, judgment sets, profiles).
• an agenda is a finite set A “ tϕ1 , ϕ1 , . . . , ϕm , ϕm u of formulae of L prop, consisting
of pairs of propositions ϕi , ϕi , where
ϕi ” ϕi and
ϕi ” ϕi . A does not
contain tautologies nor contradictions. The pre-agenda A associated with A is A “
tϕ1 , . . . , ϕm u. A subagenda of A is a subset of an agenda A that also contains pairs of
propositions ϕ , ϕ , where ϕ P A.
• a judgment set J over A is a subset of A. A judgment set J is complete if for every
pair tϕ , ϕ u Ď A, J contains either ϕ or ϕ . A judgment set J is consistent if it is a
satisfiable set in terms of classical propositional logic. The set ÂpAq is the set of all
consistent non-empty judgment sets that can be constructed over A. The set ΦpAq is
the set of all complete and consistent judgment sets that can be constructed over A.
• an n-voter profile over A is a collection P “ xJ1 , . . . , Jn y where each Ji is a consistent
and complete judgment set.
We now define judgment aggregation rules. We write Â shortly for ÂpAq and Φ shortly for
ΦpAq to improve readability.
Definition 2 (Judgment aggregation rules).
: Φn ÞÑ Φ. Namely, f
• A deterministic judgment aggregation rule is a function f
n,A
n,A
associates with every profile P “ xJ1 , . . . , Jn y a consistent and complete judgment set
f pPq.
n,A
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• an irresolute judgment aggregation rule (or judgment aggregation correspondence) is
a function F
: Φn ÞÑ PpÂq, associating with every profile P a nonempty set of conn,A
sistent, possibly incomplete, judgment sets F pPq.
n,A
Often in the judgment aggregation literature, a judgment aggregation rule is defined as a
function whose co-domain is the full set t0, 1um , where m is the agenda cardinality. The
requirement that the rule produces only consistent judgment sets is additionally specified
as a property, called consistency, of the judgment aggregation function. Here we opted for
the definition that specifies Φ as a domain, as consistency is not a property that we can
compromise on while applying judgment aggregation in multiagent systems. This point will
be further clarified in Chapters 5 and 6.
Most of the time, when referring to judgment aggregation rules we will keep n and A implicit
(resp. F ) will be simply denoted as f
when they are clear from the context, i.e., f
n,A
n,A
(respectively F). Also, by a slight abuse of language, if P “ xJ1 , . . . , Jn y, then we will write
f pJ1 , . . . , Jn q and FpJ1 , . . . , Jn q instead of f pxJ1 , . . . , Jn yq and FpxJ1 , . . . , Jn yq.
As in voting theory, a rule can be obtained from a correspondence using a tie-breaking mechanism, such as a priority over judgment sets, or over agents. In this chapter we focus on
irresolute rules, unless we state the contrary.
There are two different views of aggregation rules: either we see the output as a mere collection of consistent judgment sets, or we see it as a closed logical theory.
Definition 3 (Logical theory TF pPq). ŞGiven a judgment aggregation rule F, and a profile P,
we define the logical theory TF pPq “ tCnpJq | J P FpPqu.

Definition 4 (Rule equivalence). Let F and F 1 be two aggregation rules. F and F 1 are
theory equivalent, denoted F “T F 1 if for every profile P we have TF pPq “ TF 1 pPq. F and F 1
are equal, denoted F “ F 1 , if for every profile P we have that FpPq “ FpP1 q.
Definition 5 (Rule inclusion). Let F and F 1 be two aggregation rules. F is at least as discriminant as F 1 if for every profile P we have TF 1 pPq Ď TF pPq. F and F 1 are incomparable if
there exist two profiles P and Q such that TF pPq Ę TF 1 pPq and TF pQq Ę TF 1 pQq.
A formula α is in TF pPq if and only if it can be inferred from every judgment set in FpPq.
Note that TF pPq being the intersection of consistent closed logical theories, is itself a consistent closed theory. Intuitively, F is at least as discriminant as F 1 if, for every profile P, all
judgments included in every set F 1 pPq are necessarily included in every set FpPq.
Definition 6 (Majoritarian aggregation). Let ϕ P A. The issue-majority aggregation rule m
is a function m : Φn ˆ tϕ , ϕ un ÞÑ tϕ , ϕ , Hu defined as:
$
& ϕ iff #ti|ϕ P Ji u ą n2
ϕ iff #ti| ϕ P Ji u ą n2
mpP, ϕ q “
%
H iff #ti|ϕ P Ji u “ #ti| ϕ P Ji u

MpPq is a judgment set defined as MpPq “ tmpP, ϕ q | ϕ P Au.

MpPq is the issue-majoritarian judgment set associated with P. Note that MpPq is not necessarily an element of Φ, nor of Â.
In the remainder of this chapter we call the set MpPq the majoritarian set.
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Definition 7 (Majority-preservation). A profile P is majority-consistent if MpPq P Â. A judgment aggregation rule F is majority-preserving if, for every majority-consistent profile P,
FpPq “ MpPq.
If n is odd then MpPq is necessarily a complete judgment set.
Example 2.1.1. Consider the pre-agenda A “ tp ^ r, p ^ s, q, p ^ q,tu and a profile P of 17
voters, presented in Table 2.1.
Voters { p ^ r,
J1 ˆ 6
+
J2 ˆ 4
+
J3 ˆ 7
M(P)
+

p ^ s, q, p ^ q,
+
+
+
+
+
+
+
-

t}
+
+
+

Table 2.1: The profile P
We obtain MpPq “ tp ^ r, p ^ s, q, pp ^ qq,tu. MpPq is an inconsistent judgment set, therefore P is not majority-consistent.
We end this Section by defining distances between judgment sets and between a judgment set
and a profile. A distance d between judgment sets over A is a function d : Φ ˆ Φ Ñ N0 such
that for all J, J 1 , J 2 P Φ:
(a) dpJ, J 1 q “ 0 if and only if J “ J 1 ,
(b) dpJ, J 1 q “ dpJ 1 , Jq, and
(c) dpJ, J 2 q ď dpJ, J 1 q ` dpJ 1 , J 2 q.
A distance function between profiles is defined similarly. Finally, the Hamming distance between judgment sets and between profiles (Miller and Osherson, 2009; Endriss et al., 2010b)
is defined as follows.
Definition 8 (Hamming distance between complete judgment sets dH ). Given two complete
judgment sets J and J 1 (over the same set of agents and the same agenda), the Hamming
distance dH between J and J 1 is defined by
dH pJ, J 1 q “ |JzJ 1 | ` |J 1 zJ|
Now, the distance between two profiles is the sum of the Hamming distances between their
individual judgment sets.
Definition 9 (Hamming distance between profiles DH ). Given two profiles P “ xJ1 , . . . , Jn y
and Q “ xJ11 , . . . , Jn1 y, the Hamming distance between P and Q is defined by
DH pP, Qq “

n
ÿ

dH pJi , Ji1 q

i“1

Instead of the sum, another algebraic aggregation function D can be used as well, such as for
instance min, max or Π, under the conditions paq ´ pcq are observed by D.
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2.2 Four families of aggregation rules
In this section we present four different families of minimization-based judgment aggregation
rules.
2.2.1 Rules based on the majoritarian judgment set
Definition 10 (Rule based on the majoritarian judgment set).
A rule R is based on the majoritarian judgment set if there exists a function g mapping every
judgment set (consistent or not) to a nonempty set of consistent judgment sets, such that for
every profile P, RpPq “ gpMpPqq.
This family can be viewed as the judgment aggregation counterpart of voting rules that are
based on the pairwise majority graph, also known as tournament solutions. Being based
on the majoritarian judgment set means that knowing the majoritarian judgment set of a
profile is enough to determine the outcome of the rule. Equivalently, two profiles P and
Q whose majoritarian judgment coincide (MpPq “ MpQq) will lead to the same outcome
(RpPq “ RpQq). We naturally expect these rules to be majority-preserving, which is equivalent
to saying that the restriction of g to consistent judgment sets is the identity: if J is consistent,
then gpJq “ tJu; such a condition can be seen as the counterpart, for judgment aggregation,
of Condorcet-consistency.
When MpPq is not consistent, we look for a minimal way of restoring consistency by removing some elements from the agenda. Given a judgment set J, we define the set of consistent
sub judgment sets of J, denoted by ConspJq, as gpJq “ tJ 1 Ď J | J 1 P Φu. Defining a rule
consists in defining a minimalism criteria for the set of formulas removed from J. There are
two obvious choices, consisting in choosing consistent sub judgment sets of MpPq that are
maximal for, respectively, set inclusion or cardinality, which corresponds to the following
choices for g:
• gpJq “ maxpConspJq, Ďq;
• gpJq “ maxpConspJq, |.|q
Equivalently, these rules consist in looking for a minimal subset of formulas in A to remove
such that the profile becomes majority-consistent. We give a formal definition that corresponds to this alternative characterization.
In the following we use the abbreviation maxcard for of maximal cardinality.
Definition 11 (Maximal sub-agenda rule RMSA ). Given a profile P “ xJ1, . . . , Jn y on an agenda
A, A the preagenda associated with A, and a sub-preagenda rY s Ď A, the restriction of P to
Y is PÓY “ xJ j XY, 1 ď j ď ny. Let MSApPq be the set of all maximal sub preagendas rY s of A
(with respect to set inclusion) such that PÓY is majority-consistent. The maximal sub-agenda
judgment aggregation rule RMSA maps P to RMSA pPq “ tMpPÓY q | rY s P MSApPqu.
Example 2.2.1. Consider the same agenda and profile as in Example 2.1.1. We obtain that
$
,
p ^ s,
q,
tu, .
& tp ^ r,
p ^ s, pp ^ qq, tu,
RMSA pPq “ tp ^ r,
.
%
tq, pp ^ qq,
tu

27

2.2 Four families of aggregation rules

Instead of looking for maximal majority-consistent sub-agendas with respect to inclusion we
may instead look for maxcard majority-consistent sub-agendas, which leads to the following
judgment aggregation rule.
Definition 12 (Maxcard sub-agenda rule RMCSA ). Let MCSApPq the set of all maxcard subpreagendas rY s of A such that PÓY is majority-consistent. The maxcard sub-agenda judgment
aggregation rule RMCSA maps P to RMCSA pPq “ tMpPÓY q | rY s P MCSApPqu.
Example 2.2.2. Consider again the agenda and profile from Example 2.1.1. The sub-preagenda
Y which gives a majority-consistent PÓY and is maximal is obtained for either Y “ tp ^ r, p ^
s, q,tu or Y “ tp ^ r, p ^ s, p ^ q,tu. We obtain
"
*
tp ^ r, p ^ s,
q, tu,
RMCSA pPq “
.
tp ^ r, p ^ s, pp ^ qq, tu
The RMCSA rule corresponds, up to some minor details and for a specific choice of a distance
function, namely the Hamming distance dH , to the ENDPOINT judgment aggregation rule
defined in (Miller and Osherson, 2009). According to the ENDPOINT rule, the collective
judgment sets for P are the consistent and complete judgment sets that are at a minimal
distance d from MpPq.
We show that the rules RMSA and RMCSA are based on the majoritarian judgment set.
Proposition 2.2.3. Let ConspMpPqq be the set of all consistent subsets of MpPq.
• RMSA pPq “ maxpConspMpPqq, Ďq.
• RMCSA pPq “ maxpConspMpPqq, |.|q.
Proof. We give the only the proof for RMSA . The proof for RMCSA pPq proceeds exactly in the
same way.
Let rY s P MSApPq. We have MpPÓY q Ď MpPq and MpPÓY q is consistent. Assume that MpPÓY q
is not a maximal consistent subset of MpPq. There exists a consistent sub-agenda Z of A
such that MpPÓY q Ă Z Ď MpPq. Since both MpPÓY q and Z contains at most one of ϕ , ϕ
for every ϕ P A (otherwise they would not be consistent), there must be a ϕ such that either
ϕ P Z or ϕ P Z, and ϕ R rY s. But then rY s Y tϕ u Ď Z Ď MpPq and Z consistent implies
that MprY s Y tϕ uq is a consistent subset of MpPq, contradicting rY s P MSApPq. Therefore,
MpPÓY q P maxpConspMpPqq, Ďq.
Conversely, let Z P maxpConspMpPqq, Ďq. Y “ tϕ P A | ϕ P Z or ϕ P Zu is a preagenda of
A, and because Z is a consistent subset of MpPq, Z contains at most one of ϕ , ϕ for every
ϕ P A, therefore MpPqÓY “ Z.
1

1

Assume there is a Y 1 Ą Y such that MpPÓY q is consistent. Then MpPY q Ą MpPY q “ Z,
contradicting Z P maxpConspMpPqq, Ďq. Therefore, Y is a maximal consistent sub preagenda
of P.
We note that even when n is odd, RMSA pPq and RMCSA pPq may contain incomplete judgment sets. Take for instance P “ xta, b, a ^ bu, ta, b, pa ^ bqu, t a, b, pa ^ bquy; then
RMSA pPq “ RMCSA pPq “ tta, bu, ta, pa ^ bqu, tb, pa ^ bquu. However, when n is odd, every judgment set in RMSA pPq and a fortiori in RMCSA pPq is equivalent to a complete judgment
set: here, ta, bu, ta, pa ^ bqu and tb, pa ^ bqu are equivalent to, respectively, ta, b, a ^ bu,
ta, b, pa ^ bqu and t a, b, pa ^ bqu.
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Proposition 2.2.4. If n is odd then for every J P RMSA pPq and every J P RMCSA pPq, there is a
complete judgment set J 1 such that the deductive closures of J and J 1 are equivalent.
Proof. Let J P RMSA pPq and assume J is not equivalent to a complete judgment set. There is
a ϕ P A such that neither J |ù ϕ nor J |ù ϕ . Because n is odd, MpPq is a complete judgment
set, and contains either ϕ or ϕ . Without loss of generality, assume it contains ϕ . Then
J Y tϕ u Ď MpPq and J Y tϕ u is consistent, contradicting J P RMSA pPq. The proof for RMCSA
follows from the fact that RMCSA pPq Ď RMSA pPq.
While, as far as we are aware, RMSA is new, RMCSA coincides with the Endpointd rule
defined in (Miller and Osherson, 2009). We repeat the definition here using our terminology.
Recall that Φ is the set of all complete and consistent judgment sets for A.
Definition 13 (Endpoint rule). Let d be a distance function between judgment sets. The
judgment aggregation rule Endpointd is defined as:
Endpointd pPq “ tJ P Φ | dpJ, MpPqq ď dpJ 1 , MpPqq for all J 1 P Φu
Proposition 2.2.5. RMCSA “T EndpointdH .
Proof. A judgment set J P Φ extends a judgment set A P Â, alternatively J is an extension
of A, when if ϕ P A, then ϕ P J. We claim that for every P P Φn and every A P Â, we
have A P MSApPq if and only if for every J P Φ extending A, and every J 1 P Φ it holds that
dH pJ, MpPqq ď dH pJ 1 , MpPqq.
We show the fist direction. Assume that A is a consistent subset of MpPq and let J P Φ be an
extension of A. We have that dH pJ, MpPqq ď m ´ |A|. We need to show that for every J 1 P Φ
it holds that dH pJ, MpPqq ď dH pJ 1 , MpPqq.
Assume the contrary, namely that there exists J 1 P Φ such that dH pJ 1 , MpPqq ă dH pJ, MpPqq ď
m ´ |A|. |J 1 X MpPq| ą |A| and J 1 X MpPq is a consistent subset of MpPq. As a consequence
A R MSApPq. We conclude that for every J P Φ extending A it is the case that dH pJ, MpPqq ď
dH pJ 1 , MpPqq for every J 1 P Φ. Therefore, TEndpoint pPq |ù TRMCSA pPq.
We show the second direction. Assume that J P Φ and A “ J X MpPq. We have
that dH pJ, MpPqq “ m ´ |A| and A is a consistent subset of MpPq. We need to show that
A P MSApPq.
Assume the contrary, namely that A R MSApPq. If A R MSApPq, then there exists a consistent subset A1 of MpPq such that |A1 | ą |A|. But now, any J 1 P Φ extending A1 is such
that dH pJ 1 , MpPqq ď m ´ |A1 | ă m ´ |A| “ dH pJ, MpPqq, which implies that we do not have
dH pJ, MpPqq ď dH pJ 1 , MpPqq for every J 1 P Φ. Therefore, dH pJ, MpPqq ď dH pJ 1 , MpPqq for every J 1 P Φ implies that J X MpPq P MSApPq. We conclude that TRMCSA pPq |ù TEndpoint pPq.
2.2.2 Rules based on the weighted majoritarian judgment set
We first define the weighted majoritarian judgment set of a profile P as
wpPq “ txϕ , NpP, ϕ qy, ϕ P Au
where NpP, ϕ q “ #ti, ϕ P Ji u.
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Whereas MpPq keeps only the information about which one, of the two propositions ϕ and
ϕ , is supported by a majority of voters, wpPq keeps much more information, since it stores
the number of voters who support ϕ and ϕ . The set MpPq can be recovered from wpPq, but
not vice versa.
Definition 14 (Rule based on the weighted majoritarian judgment set).
A rule R is based on the weighted majoritarian judgment set if there exists a function g mapping every judgment set (consistent or not) to a nonempty set of consistent judgment sets,
such that for every profile P, RpPq “ gpwpPqq.
This family can be viewed as the judgment aggregation counterpart of voting rules that are
based on the weighted pairwise majority graph, such as maximin, ranked pairs, or Borda.
The first rule of this class we consider is the maxweight sub-agenda rule.
RMSA and RMCSA consider the judgments on the agenda subset as a unit that is to be kept in
its entirety or got ridden of. A finer way of defining a judgment rule consists in looking for
maximal or maxcard majority-consistent subsets of the set of elementary pieces of information consisting each of a pair (element of the agenda, judgment on it elicited from an agent).
Equivalently, this comes down to weigh each element of the agenda by the number of agents
supporting it, and then to look for maxweight sub-agendas.
Definition 15 (Maxweight sub-agenda rule RMWA
ř). For any sub-agenda Y Ď A, the weight
of Y with respect to P is defined by wP pY q “ ψ PY NpP, ψ q. Let MWApPq be the set of
all consistent sub-agendas Y of A maximizing wP . The maxweight sub-agenda judgment
aggregation rule RMWA maps P to RMWA pPq “ tY | Y P MWApPqu.
Example 2.2.6. Consider the agenda and profile of Example 2.1.1. We obtain:
NpP, p ^ rq “ 10,
NpP, p ^ sq “ 10,
NpP, qq “ 13,
NpP, p ^ qq “ 6,
NpP,tq “ 10,

NpP,
NpP,
NpP,
NpP,
NpP,

pp ^ rqq “ 7
pp ^ sqq “ 7
qq “ 4
pp ^ qqq “ 11
tq “ 7

RMWA pPq “ ttp ^ r, p ^ s, q, p ^ q,tuu, due to wP ptp ^ r, p ^ s, q, p ^ q,tuq “ 49 is maximal
with respect to all other complete and consistent Y Ă A.
The intuition behind this rule is that we look for a minimal number of elementary information
items to remove from P so that it becomes majority-consistent. An information item is an element from A approved by an agent. The set of information items associated with P, denoted
by ΣpPq, is the multiset containing as many occurrences of ϕ as agents approving ϕ in P. E.g.,
if A “ ta, b, c, a ^ bu and P “ xta, b, c, a ^ bu, t a, b, c, pa ^ bqu, ta, b, c, pa ^ bquy,
then ΣpPq “ ta, b, c, a ^ b, a, b, c, pa ^ bq, a, b, c, pa ^ bqu and ΣpPq “
ta, a, a, b, b, b, c, c, c, a ^ b, pa ^ bq, pa ^ bqu.
Let MaxCardpΣpPqq be the set of all maxcard consistent subsets of ΣpPq. If
S P MaxCardpΣpPqq, then for every ϕ P A, S contains either all occurrences of ϕ in ΣpPq
or all occurrences of ϕ in ΣpPq. Let JS be the judgment set containing ϕ if S contains
all occurrences of ϕ in ΣpPq and ϕ if S contains all occurrences of ϕ in ΣpPq. Then
RMWA pPq “ tJS | MaxCardpΣpPqqu.
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Although it looks entirely new, we will show that this natural rule corresponds to a rule
already defined, in a different way, in (Endriss et al., 2010b).
Proposition 2.2.7. RMWA is majority-preserving.
Proof. Let P be a majority-consistent profile. We claim that RMWA pPq consists of all complete consistent sub-agendas extending MpPq. When n is odd, then MpPq is a complete
sub-agenda, so in this case RMWA pPq “ MpPq. However, if n is even then MpPq might be incomplete. For instance, if n “ 2, A “ tp, qu and P “ xtp, qu, tp, quy then MpPq “ tpu and
RMWA pPq “ ttp, qu, tp, quu. Let J be a complete consistent judgment set ř
extending MpPq.
If J R RMWA pPq, then there exists a consistent judgment set J 1 such that ϕ PJ1 NpP, ϕ q ą
ř
ϕ P J 1 , and
ϕ PJ NpP, ϕ q. This implies that there must be a ϕ P A such that ϕ P J,
NpP, ϕ q ą NpP, ϕ q. The latter implies that ϕ R MpPq, which contradicts the assumption
that J extends MpPq.
The following rule is inspired from the ranked pairs rules in voting theory (Schulze, 2003). It
consists in first fixing the truth value for the elements of the agenda with the largest majority.
It proceeds to iterate, considering the elements of the agenda in the decreasing order of the
number of agents who support them, and fix each agenda issue value to the majoritarian value.
It proceeds iterating as long as this is possible without producing an inconsistency.
Definition 16 (Ranked agenda RRA ). Let Y “ tϕ P A|NpP, ϕ q ą n2 u, and let ľP be the
complete weak order relation on Y defined by ϕ ľP ψ if NpP, ϕ q ě NpP, ψ q. RRA pPq is
defined as follows: J P RRA pPq if there exists a linear order ąP on A refining ě such that
RApą, Pq “ J, where RApą, Pq is defined inductively by
• order the elements of Y using the relation ą, i.e., such that ϕσ p1q ą . . . ą ϕσ pmq ;
• D :“ H;
• for k :“ 1 to m do: if D Y tϕσ piqu is consistent then D :“ D Y tϕσ piqu;
• RApą, Pq :“ D.
RRA is based on the weighted majoritarian judgment set. This rule is a special case of the
sequential aggregation rules defined by (List, 2004b), where the rule is defined without specifying a particular order of aggregation.
Example 2.2.8. Consider the same profile as in Example 2.1.1. We have Y “ tp ^ r, p ^ s, q,
pp^ qq,tu, and q ąP pp^ qq ąP p^ r „P p^ s „P t (where „P and ąP are respectively
the indifference and the strict preference relations induced from ą). We obtain
RRApPq “ ttq, pp ^ qq,t, pp ^ rq, pp ^ squu.
Every judgment set J in RRA pPq is complete; if not, there would be a ϕ P A such that neither
ϕ not ϕ is in J. Since J is consistent, either J Y tϕ u or J Y t ϕ u is consistent. But then,
either ϕ or ϕ would have been incorporated in J, which contradicts the assumption that J
contains neither ϕ nor ϕ . More generally, when the number of voters n is odd, each of the
collective judgment sets obtained from any of the rules introduced so far is equivalent to a
complete judgment set.
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Proposition 2.2.9. RRA is majority-preserving.
Proof. In ą, the elements of MpPq are considered before the elements of AzMpPq. Therefore,
when an element ϕ of MpPq is considered, the current judgment set D is a subset of MpPq
and D Y tϕ u Ď MpPq, therefore D Y tϕ u is consistent, which implies that ϕ is incorporated
into D. Since this is true for any ϕ P A, we get that any element of RRA pPq contains MpPq.
Now, let J be a consistent, complete extension of MpPq. Take ą such that all elements of
MpPq are considered first, then all elements of JztMpPu, then all elements of AzJ. This order
refines ąP , because if ϕ P PMpPq then NpP, ϕ q ą n2 , if ϕ P JztMpPu then NpP, ϕ q “ n2 and if
ϕ P AzJ then NpP, ϕ q ď 2n . Lastly, RApą, Pq “ J, which proves that J P RRA pPq.
2.2.3 Rules based on the removal or change of individual judgments
The principle at work, for this family, is that we look for a modified profile, as close as
possible to the original profile (with respect to a given distance), such that the resulting profile
is majority-consistent. Different rules will be obtained with different distance functions.
This family can be viewed as the judgment aggregation counterpart of voting rules that are
based on performing minimal operations on profiles with the purpose of obtaining a profile
for which a Condorcet winner exists. Such are the Young (Young, 1995) and Dodgson rules
(Dodgson, 1876). See (Elkind et al., 2009) for a general family of voting rules of that kind.
The first rule we consider is called the Young rule for judgment aggregation, by analogy with
the Young rule in voting, which outputs the candidate x minimizing the number of voters to
remove from the profile so that x becomes a Condorcet winner.
Definition 17 (Young rule for judgment aggregation RY ).
Given a profile P “ xJ1 , . . . , Jn y and a subset of agents N ˚ Ď t1, . . . , nu, the restriction of P to
N ˚ is P´ “ xJ j , j P N ˚ y, and is called a sub profile of P. Let MSPpPq be the set of maxcard
majority-consistent sub profiles of P for which MpP´ q is a complete judgment set. Then the
Young judgment aggregation rule Y maps P to RY pPq “ tMpP´ q | P´ P MSPpPqu.
Intuitively, this rule consists of removing a minimal number of agents so that the profile
becomes majority-consistent. Or, equivalently, we maximize the number of voters we keep
of a given profile. If the profile P is majority-consistent, then no voter needs to be removed
and Y pPq “ tMpPqu, hence Y is majority-preserving.
Example 2.2.10. Once again we consider P for A given in Example 2.1.1. The result
RY pPq “ tt pp ^ rq, pp ^ sq, q, pp ^ qquu
is obtained by removing 3 of the judgment sets tp ^ r, p ^ s, q, pp ^ qq,tu. Removing less
judgment sets, or other 3 judgment sets, does not lead to a majority-consistent profile.
Now, instead of looking for a minimal number of individual judgments to remove, we can
look for a minimal set of individual judgments to remove, leading to the following rule.
Definition 18 (Inclusion-Young rule RIY ).
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Let mSPpPq be the set of maximal majority-consistent sub profiles P´ of P. Then the InclusionYoung judgment aggregation rule Y maps P to
RIY pPq “ tMpP´ q | P´ P mSPpPqu
Example 2.2.11. The inclusion Young rule applied to the the profile P results in
"
*
t pp ^ rq, pp ^ sq, q, pp ^ qq u,
RIY pPq “
.
tp ^ r,
p ^ s, q,
p ^ q, tu
RIY is majority-preserving for the same reason as RY .
If a profile is not majority-preserving then one might look at the problem from a different
view point. The Young rule and the Inclusion Young rule minimally alter the profile by removing agent’s judgment sets. The profile can be minimally altered also by repeating agent’s
judgment set, extending the profile instead of shrinking it. The intuition behind extending is
the assumption that there is confirmation pending for some of the judgment sets in the profile.
We may ask which is the least amount of confirmation, i.e., what is the smallest super-profile
of the majority-inconsistent profile P that is itself majority-consistent. We thus obtain a new
rule, the reversed Young judgment aggregation rule, which is also majority-preserving.
Definition 19 (Reversed Young rule for judgment aggregation RRY ). Let P “ xJ1 , . . . , Jn y be
a profile. A super profile of P is a profile P` “ xJ1 , . . . , Jq y, where q ě n, such that for every
i P n ` 1, . . . , q there exists a j ď n such that Ji “ J j . Let MSApPq be the set of minimal
(with respect to cardinality) majority-consistent super profiles P` of P. The reverse Young
judgment aggregation rule RY maps P to RRY pPq “ YtRMSA pP` q | PS P MSApP` qu.
Example 2.2.12. For the profile P of Example 2.1.1, the outcome
RRY pPq “ tt pp ^ rq, pp ^ sq, q, pp ^ qquu
is obtained by adding 3 of the judgment sets t pp ^ rq, pp ^ sq, q, pp ^ qq, tu. Adding
less, or other 3 judgment sets, does not lead to a majority-consistent profile.
Comparing Examples 2.2.12 and 2.2.10, we observe that RY pPq “ RRY pPq. However, this is
not the case for all profiles P.
In words, RRY consists in duplicating judgment sets in P in a minimal way so that P becomes
majority-consistent. RRY is majority-preserving: when P is majority-consistent, no judgment
set in P needs to be duplicated to restore majority-consistency.
RY , RIY and RRY consider a judgment set as a unit, which is either selected or removed as a
whole. Instead of removing entire judgment sets, we may look for finer changes in judgment
sets so that the resulting profile becomes majority-consistent. We give two such rules below,
defined on the notion of rectangle and co-rectangle for a profile.
Definition 20 (Rectangles and co-rectangles). Given a profile P “ xJ1 , . . . , Jn y, we define a
rectangle for P as a Cartesian product ρ “ I ˆ Y , where I Ď t1, . . . , nu is a subset of agents
and Y Ď A is a sub-agenda of A. A co-rectangle δ for P is the complement of a rectangle for
P.
The restriction of P to rectangle ρ “ I ˆ Y is the profile defined by the set of agents I, the
agenda Y , and defined by Pρ “ xJi X Y |i P Iy.
The restriction of P to co-rectangle δ “ I ˆ Y is the incomplete profile defined by the set of
agents N “ t1, . . . , nu, the agenda A, and defined by Pδ “ xJi X Y |i P Ny.
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The intuition for Pρ is that only the opinions xi, ϕ y inside the rectangle count, whereas for Pδ ,
only the opinions outside the rectangle δ count.
Definition 21 (Maximal rectangle rule RMR ). A rectangle ρ is maximal P-consistent if Pρ is
majority-consistent and for every super rectangle ρ 1 of ρ , Pρ 1 is not majority-consistent. The
maximal rectangle rule is defined by
RMR pPq “ tMpPρ q | ρ maximal P-consistentu
Definition 22 (Maximal co-rectangle rule RMCR ). A co-rectangle δ is maximal P-consistent
if Pρ is majority-consistent and for every super co-rectangle δ 1 of δ , Pδ 1 is not majorityconsistent. The maximal co-rectangle rule is defined by
RMCR pPq “ tMpPδ q | δ maximal P-consistentu
RMR are and RMCR are majority-preserving.
Note that if we restrict our attention to (co-)rectangles of P of the form N ˆY , then we recover
MSApPq, whereas if we restrict our attention to (co-)rectangles of the form I ˆ A, then we
recover mSPpPq. Similar rules can be obtained by maximizing the size of the (co-)rectangle.
Before going further, we first establish that RMCR coincides with a rules that we already know.
Proposition 2.2.13. For all P P Φn , RMSA pPq “ RMCR pPq.
Proof. We first prove that, for all P P Φn , if J P RMCR pPq then J P RMSA pPq.
Let J P RMCR pPq. As a consequence, there exists a maximal P-consistent co-rectangle
δ “ I ˆ Y such that J “ MpPδ q. J is consistent, therefore J X MpPq is a consistent subset of MpPq. Assume that J X MpPq R RMSA pPq. There exists a J 1 P RMSA pPq such that
J X MpPq Ă J 1 . Let ϕ P J 1 zpJ X MpPqq. From ϕ P J 1 Ď MpPq and ϕ R J we get ϕ P Y .
1
Consider now the co-rectangle δ 1 “ I ˆ pY ztϕ uq. MpPδ q and MpPδ q agree on all elements
1
of the preagenda except ϕ . Moreover, MpPδ q and MpPq agree on ϕ , whereas MpPδ q and
MpPq disagree on ϕ . Therefore,
MpPδ X MpPq “ pMpPδ X MpPqq Y tϕ u
1

(2.1)

Lastly, since PY is majority-consistent, Pδ is majority-consistent as well, which together
with (2.1), contradicts the maximality of δ . Therefore, J P RMSA pPq.
1

We now prove that, for all P P Φn , if J P RMSA pPq then J P RMCR pPq.
Let Y P MSApPq. As a consequence MpPq P RMSA pPq. Assume that N ˆ Y R MCRpPq. Note
that N ˆ Y “ N ˆ pAzY q is a co-rectangle that is P-consistent, therefore there must exists a
larger P-consistent co-rectangle. Such a co-rectangle δ 1 cannot be obtained by removing less
agents, since N ˆ Y does not remove any agent. Consequently we must remove a smaller
subset of the agenda, i.e., δ 1 “ N ˆ pAzZq “ N ˆ Z with Z Ą Y . But then the restriction of P
to Z would be majority-consistent, contradicting Y P MSApPq. Therefore, Y P MCRpPq.
The last rule we define does not remove agenda elements and/or voters, but looks for a minimal number of atomic changes in the profile so that P becomes majority-consistent. We
consider an atomic change to be the change of truth value of one element of the preagenda
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Voters
6ˆ
4ˆ
3ˆ
4ˆ
MpQq

p^r
`
`
´
´
`

p^s q
` `
` ´
´ `
´ `
` `

p^q t
` `
´ `
` ´
´ ´
` `

Table 2.2: The profile Q.
in an individual judgment set. For instance, if J1 “ tp, q, p ^ q, r, p ^ ru, then
J11 “ t p, q, pp ^ qq, r, pp ^ rqu is obtained from J1 by a series of three atomic changes
(change in the truth value of p, of p ^ q and of p ^ r).
This approach is in spirit close to Dodgson’s voting rule, which looks for the smallest number
of elementary changes in a profile with the purpose of turning it into a profile for which a
Condorcet winner exists. Replacing having a Condorcet winner by being majority-consistent
and adapting the notion of elementary change, we get our judgment aggregation rule.
Definition 23 (Minimal number of atomic changes rule RMNAC ). Given a profile P, a profile Q
consisting of complete and consistent individual judgment sets is a closest majority-consistent
profile to P if Q is majority-consistent, and there is no majority-consistent profile Q1 such that
DH pP, Q1 q ă DH pP, Qq. Let CMCpPq the set of all closest majority-consistent profile to P. The
minimal number of atomic changes rule is defined by
RMNAC pPq “ tMpQq | Q P CMCpPqu
RMNAC is not a new rule. Fulld , one of the four methods introduced by (Miller and Osherson,
2009), looks for the closest profile of individual judgments that yields a consistent propositionwise majority output, and then take this output. Therefore, RMNAC corresponds to the Fulld
voting rule together with the choice of the Hamming distance as the distance measure d.
Miller and Osherson (2009) do not commit to a specific distance metric. Another possible
choice would consist in allowing the modified profile to be individually inconsistent, leading
to the so-called Out putd rule in (Miller and Osherson, 2009).
Example 2.2.14. Consider the profile P from Example 2.1.1. The profile Q given on Table
2.2 is the closest majority-consistent profile to P with DpP, Qq “ 3.
We obtain RMNAC pPq “ tp ^ r, p ^ s, q, p ^ q,tu.
If P is majority-consistent then no elementary change is needed, therefore RMNAC is majoritypreserving.
We could also look for the closest profiles Q with respect to set inclusion. However, this
would give a very weak rule R where ϕ belongs to some judgment set of RpPq as soon as one
individual judgment contains ϕ .
2.2.4 Rules based on distances
Two classes of distance-based rules appear in the judgment aggregation literature. The first
one is characterized by the minimization of distances between judgment sets and does not include altering the profile in any way (Pigozzi, 2006; Endriss et al., 2010b; Miller and Osherson,
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2009). This class is derived from distance-based merging operators (Konieczny and Pino-Pérez,
2011). The second one is characterized by the minimization of distances among profiles and
relies on making minimal changes to the profile (Miller and Osherson, 2009). The rules we
consider in this section resort to some kind of minimization of distances among judgment
sets without changing the profile.
Miller and Osherson (2009) propose four distance-based rules for judgment aggregation. We
have already discussed three of them, namely Full, Output and Endpoint. The fourth
one, Prototype, is defined as follows.
Definition 24. ř
Prototyped pJ1 , . . . , Jn q is the set of all judgment sets J P Φ such that
ř
n
n
1
1
i“1 dpJ, Ji q ď i“1 dpJ , Ji q, @J P Φ.
This rule has also been considered independently in (Endriss et al., 2010b). We propose a
larger family of aggregation rule, in the same spirit as (Miller and Osherson, 2009).
Let d : Φˆ Φ ÞÑ N0 be a distance function between judgment sets from Φ and d : pN0 qn ÞÑ N0
be a symmetric, non-decreasing function such that, for every x, y, x1 , . . . , xn P N0 , has the
following properties: dpx, . . . , xq “ x; dpx1 , . . . , xn q “ 0 if and only if x1 “ . . . “ xn “ 0.
The distance-based judgment aggregation rule Rd,d induced by d and d is defined by:

Rd,d pJ1 , . . . , Jn q “ arg min dpdpJ, J1 q, . . . dpJ, Jn qq.
J PΦ

Definition 25. A judgment aggregation rule is distance-based if it is equal to Rd,d for some
d and d.
ř
Here we consider
only d “ and d “ max, and the Hamming distance dH . In the case
ř
whenř d “ we obtain the distance-based procedure of Endriss et al. (2010b). We choose
RdH , because it captures the intuition of a majoritarian operator and RdH ,max because it captures the intuition of compromise between the individuals’ judgments (Brams et al., 2007;
Konieczny and Pino-Pérez, 2011). The minimization of the maximum distance minimizes
the disagreement with the least satisfied individual, hence guaranteeing some degree of compromise.
ř

We show that RdH , and RMWA are equal rules.
Proposition 2.2.15. For all P P Φn , RdH , pPq “ RMWA pPq.
ř

Proof. Given two complete judgment sets J and J 1 , and ϕ P A, define hpϕ , J, J 1 q “ 1 if
ϕ P pJzJ 1 q Y pJ 1 zJq and hpϕ , J, J 1 q “ 0 otherwise.
For any profile P “ xJ1 , . . . , Jn y P Φn and any J P Φ, we have
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řn
dH pJ, Ji q
řni“1 ř
hpϕ , J, Ji q
“ i“1
ϕ PA
¯
ř
řn ´ ř
ϕ
,
J,
J
q
`
ϕ
,
J,
J
q
“ i“1
hp
hp
i
i
ϕ PJ
ϕ RJ
¯
ř ´ř
ř
“ ni“1
ϕ
,
J,
J
q
`
hp
i
ϕ PJ
ϕ PJ hpϕ , J, Ji q
¯
ř ´ř
ř
“ ni“1
hp
hp
ϕ
,
J,
J
q
`
ϕ
,
J,
J
q
i
i
ř ϕ PJ
ř ϕ PJ
ř
“ ϕ PJ p ni“1 hpϕ , J, Ji q ` ni“1 hp ϕ , J, Ji qq
ř
“ ϕ PJ pn ´ NpP, ϕ q ` NpP, ϕ qq
ř
“ ϕ PJ 2pn ´ NpP, ϕ qq
“ 2n ˚ |J|´2wP pJq
ř
Therefore, ni“1 dH pJ, Ji q is minimum if and only if J P MWApPq, that is, wP pJq is maximum.
Since every element of MWApPq is a complete
judgment set, MWApPq is equal to the set
ř
of allř complete judgment sets minimizing ni“1 dH pJ, Ji q, which allows us to conclude that
RdH , and RW MA are equivalent.

Comparing Definition 25 and the definition of Prototyped we observe that for all profiles
P P Φn , RdH ,Σ pPq “ PrototypedH pPq. Consequently, for all profiles P P Φn , RMWA pPq “
PrototypedH pPq.
ř

As a consequence, RdH , is majority-preserving. This is however not the case for RdH ,max ,
which is the only one of our rules failing to satisfy majority-preservation.
Proposition 2.2.16. RdH ,max is not majority-preserving.
Proof. Consider the agenda A “ ta, a, b, bu and P “ xta, bu, ta, bu, t a, buy. Then
RdH ,max pPq “ tta, bu, t a, buu; however, P is majority-consistent and MpPq “ tta, buu.

Example 2.2.17. Consider the profile P for agenda
RdH ,Σ “ ttp ^ r, p ^ s, q, p ^ q,tuu while
$
’
’ t pp ^ rq, pp ^ sq,
’
’
t pp ^ rq,
p ^ s,
’
’
’
’
p ^ s,
& t pp ^ rq,
tp ^ r, pp ^ sq,
RdH ,max pPq “
’
’
tp ^ r, pp ^ sq,
’
’
’
’
tp ^ r,
p ^ s,
’
’
%
tp ^ r,
p ^ s,

A of Example 2.1.1. We obtain that
q,
q,
q,
q,
q,
q,
q,

pp ^ qq,
pp ^ qq,
p ^ q,
pp ^ qq,
p ^ q,
pp ^ qq,
p ^ q,

The full calculations are presented inwards Table 2.3.

,
tu, /
/
/
tu, /
/
/
/
tu, /
.
tu, .
/
tu, /
/
/
/
tu, /
/
/
tu

2.3 (Non)inclusion relationships between the rules
In this section we consider the equality and inclusion relationships between the rules we
have introduced. This analysis is necessary to establish how the collective judgments derived
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Ji tp ^ r, p ^ s,
J1
J2
J3
J4
J5
J6
J7
+
J8
J9
+
J10
+
J11
+
J12
+
J13
+
J14
+
J15
+
J16
+
J17
+
+
J18
+
+
J19
+
+
J20
+
+

q, p ^ q, tu dH pJ, J20 q dH pJi , J18 q dH pJi , J3 q
5
3
1
- +
4
2
2
+ 4
4
0
+ - +
3
3
1
+ + 3
5
1
+ + +
2
4
2
4
2
2
+ + +
2
4
2
4
2
2
- +
3
1
3
+ + 2
4
2
+ + +
1
3
3
4
2
2
- +
3
1
3
+ + 2
4
2
+ + +
1
3
3
3
1
3
- +
2
0
4
+ + 1
3
3
+ + +
0
2
4

ř

49
46
40
37
45
42
46
42
46
43
42
39
46
43
42
39
42
40
39
36

max
5
4
4
3
5
4
4
4
4
3
4
3
4
3
4
3
3
4
3
4

Table 2.3: The calculations for RdH ,Σ pPq and RdH ,max pPq. Recall that
6dH pJi , J20 q ` 4dH pJi , J18 q ` 7dH pJi , J3 q

řn

i“ j dpJi , J j q

“

from one rule compare to the collective judgments derived from another rule. We have the
following diagram (Table 2.4), where inc means “inclusion-wise incomparable”, Ă means
that TR1 pPq Ă TR2 pPq for every profile P P Φn , where R1 is the row rule and R2 is the column
rule, correspondingly for Ą. The number next to inc, Ă or Ą, denotes the proposition in
which the relationship is proved.
RMSA
RMCSA
RMWA
RRA
RY
RIY
RRY
RMR
RMNAC

RMCSA RMWA
RRA
RY
RIY
Ă, 2.3.1 Ă, 2.3.2 Ă, 2.3.3 inc,2.3.5 inc,2.3.16,2.3.21
inc,2.3.6 inc,2.3.7 inc,2.3.5 inc, 2.3.16,2.3.21
inc,2.3.10 inc,2.3.8 inc, 2.3.21,2.3.16
inc,2.3.9 inc, 2.3.16,2.3.21
Ą,2.3.15

RRY
inc,2.3.14
inc,2.3.12
inc,2.3.12
inc,2.3.12
inc,2.3.11
inc 2.3.11

RMR
Ą,2.3.18
Ą,2.3.19
Ą,2.3.19
Ą, 2.3.20
Ą,2.3.19
Ą,2.3.18
inc2.3.13

RMNAC
inc, 2.3.22
inc,2.3.21
inc,2.3.23
inc,2.3.23
inc,2.3.23
inc,2.3.23
inc,2.3.23
inc, 2.3.24

RdH ,max
inc, 2.3.4
inc,2.3.4
inc,2.3.4
inc,2.3.4
inc,2.3.4
inc,2.3.4
inc,2.3.4
inc,2.3.4
inc,2.3.4

Table 2.4: A summary of the (non)inclusion relationships between the proposed rules.
For every profile P P Φn , if a collective judgment is in all the judgment sets RMCSA pPq, or
RMWA pPq or RRA pPq, then that collective judgment is in all the judgment sets RMSA pPq. For
ever profile P P Φn , if a collective judgment is in all the judgment sets RMSA pPq, RMCSA pPq,
RMWA pPq, RRA pPq, RY pPq or RIY pPq, then that collective judgment is in all the judgment sets
RMR pPq. This means that the rules RMSA and RMR are very “weak” in the sense that they often
select a very large number of judgment sets. In this sense the rule RIY is weaker than RY . For
a decision reaching context in which the rule should select as little judgment sets as possible,

38

Chapter 2 Developing judgment aggregation rules based on minimization

we can choose from seven rules, out of which five, RMCSA , RRA , RY , RRY and RdH ,max have
not been studied in judgment aggregation.
Following are the proofs for these (non) inclusion relationships.
Proposition 2.3.1. For every profile P P Φn , TRMSA pPq Ă TRMCSA pPq.
Proof. If Y Ă A is a maxcard consistent sub-preagenda of A, with respect to P, then it is also
a maximal consistent sub-preagenda with respect to P. If α P TRMSA pPq, then α is inferred
in every maximal consistent sub-preagenda, and a fortiori in every maxcard consistent subpreagenda, therefore α P TRMCSA pPq.
To show that TRMCSA pPq Ę TRMSA pPq, consider the profile P in Example 2.1.1. As it can be
observed in Example 2.2.2, TRMCSA pPq |ù p ^ r, but we can observe from Example 2.2.1 that
TRMSA pPq * p ^ r.
Proposition 2.3.2. For every profile P P Φn , TRMSA pPq Ă TRMWA pPq.
Proof. If Y Ă A is a consistent sub-preagenda maximizing wP pY q, then MpPÓY q is a maximal
consistent sub-agenda with respect to P. If α P TRMSA pPq, then α is inferred in every maximal
consistent sub-preagenda, and a fortiori in every maxweight consistent sub-agenda, therefore
α P TRMWA pPq.
To show that TRMWA pPq Ę TRMSA pPq, consider the profile P in Example 2.1.1. As it can be
observed in Example 2.2.6, TRMWA pPq |ù q, but we can observe from Example 2.2.1 that
TRMSA pPq * q.

Proposition 2.3.3. For every profile P P Φn , TRMSA pPq Ă TRRA pPq.
Proof. In the construction of RRA pPq, let Z be the subset of A composed of the ψk such that
δ ^ ψk is consistent. Z is a maximal consistent sub-agenda with respect to P. Z is consistent
by construction, and maximal because every time a formula ψk is rejected, it is because it
produces an inconsistency with the formulas already present in δ . If α P TRMSA pPq, then α is
inferred in every maximal consistent sub-agenda, and a fortiori in Z, therefore α P TRRA pPq.
To show that TRRA pPq Ę TRMSA pPq, consider the profile P in Example 2.1.1. As it can be
observed in Example 2.2.8, TRRA pPq |ù q, but we can observe from Example 2.2.1 that
TRMSA pPq * q.
Proposition 2.3.4. RdH ,max is incomparable with all the other rules.
Proof. Let R be a majority-preserving rule. Take the profile P as in the proof of Proposition
2.2.16. Then a Ø b P TRdH ,max pPq, whereas a Ø b R TR pPq (since a Ø b P TR pPq); and
a P TR pPq, whereas a R TRdH ,max pPq. Therefore, RdH ,max is incomparable with all of the five
other rules.
Proposition 2.3.5. RY is incomparable with RMSA and RMCSA .
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a a Ñ pb _ cq b c a Ñ pd _ eq d e
`
`
`´
`
`´
`
`
´`
`
´`
`
´
´´
´
´´
Table 2.5: The profile P used in proving RY inc RMSA and RY inc RMCSA .
Proof. Consider the pre-agenda A “ ta, a Ñ pb _ cq, b, c, a Ñ pd _ eq, d, eu and the profile P
for this agenda for three agents given on Table 2.5.
We have that MpPq “ ta, a Ñ pb _ cq, b, c, a Ñ pd _ eq, d, eu. The minimal inconsistent subsets of MpPq are ta, a Ñ pb _ cq, b, cu and ta, a Ñ pd _ eq, d, eu. Consequently MpPq
has 10 maximal consistent subsets: 9 containing a and one equal to MpPqztau. The 9 sets
containing a contain two of the three formulas ta Ñ pb _ cq,
b,
cu and two of the
three formulas ta Ñ pd _ eq, d, eu. These 10 maximal consistent subsets correspond to
10 maximal sub-agendas. The only maxcard consistent sub-agenda is Aztau, and in this subagenda of A, a is inferred. Therefore, TRMCSA pPq |ù a. All sub-profiles of P of size two are
majority-consistent, and each of them accepts a, therefore TRY pPq |ù a. As a consequence,
RY and RMCSA are incomparable. For TRY pPq Ę TRMSA pPq, take the same profile as above and
note that a P TRY pPq but a R TRMSA pPq.
To show that TRMSA pPq Ę TRY pPq, assume the pre-agenda is extended with another agenda item
ϕ , on which the agents vote +, + and - correspondingly. We have ϕ P TRMSA but ϕ R TRY .
Proposition 2.3.6. RMWA is incomparable with RMCSA .
Proof. To show that RMWA Ć RMCSA take the following seven agent profile P:
a b a
3ˆ ` `
2ˆ ` ´
2ˆ ´ `

^b
`
´
´

We obtain RMWA pPq “ tta, b, a ^ buu and RMCSA pPq “ tta, bu, ta,
Consequently, a P TRMWA pPq and a R TRMCSA pPq.

a_

bu, tb,

a_

buu.

For the converse, that RMCSA Ć RMWA revisit the example of Proposition 2.3.5. We have
a R TRMWA pPq and a P TRMCSA pPq.
Proposition 2.3.7. RRA is incomparable with RMCSA .
Proof. Same profile P as in Proposition 2.3.5. We have that TRRA pPq |ù a. Hence a P TRRA pPq
and a P RMCSA pPq, see Proposition 2.3.5.
Proposition 2.3.8. RMWA is incomparable with RY .
Proof. Consider the following pre-agenda
A “ ta, a Ñ p1 , a Ñ q1 , a Ñ pp1 ^ q1 q, a Ñ p2 , a Ñ q2 , a Ñ pp2 ^ q2 q, a Ñ p3 ,
a Ñ q3 , a Ñ pp3 ^ q3 q, a Ñ p4 , a Ñ q4 , a Ñ pp4 ^ q4 qu.
Let the profile P be as given on Table 2.6.
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Agenda
a
a Ñ p1
a Ñ q1
a Ñ pp1
a Ñ p2
a Ñ q2
a Ñ pp2
a Ñ p3
a Ñ q3
a Ñ pp3
a Ñ p4
a Ñ q4
a Ñ pp4

^ q1 q

^ q2 q

^ q3 q

^ q4 q

Voters
ˆ1 ˆ1 ˆ1 MpPq NpP, ϕi q
+ + +
+
3
+ + +
2
+ - +
+
2
+ - 1
+ + +
2
+ - +
+
2
+ - 1
+ + +
2
+ - +
+
2
+ - 1
+ + +
2
+ - +
+
2
+ - 1

Table 2.6: The profile P used to show RMWA inc RY . The judgment sets are the second, third
and fourth column of the table.
We obtain that RMWA pPq “ tt a, a Ñ p1 , a Ñ q1 , pa Ñ pp1 ^ q1 qq, a Ñ p2 , a Ñ q2 ,
pa Ñ pp2 ^ q2 qq, a Ñ p3 , a Ñ q3 , pa Ñ pp3 ^ q3 qq, a Ñ p4 , a Ñ q4 , pa Ñ pp4 ^ q4 qquu.
Hence TRMWA pPq |ù a.
The result for RY pPq is obtained when exactly one, either one, of the voters is removed. For
RY pPq we obtain TRY pPq |ù a.
Proposition 2.3.9. RRA is incomparable with RY .
Proof. We have TRRA pPq Ę TRY pPq as a consequence of Propositions 2.3.3 and 2.3.5.
To show that TRY pPq Ę TRRA pPq, consider the pre-agenda A “ tp, q, p ^ q, r, s, r ^ s,tu and
the 18 agents profile P:
p q p^q r s r ^s t
1ˆ ` ` ` ´ ` ´ `
3ˆ ` ` ` ´ ` ´ ´
4ˆ ` ` ` ` ´ ´ ´
2ˆ ` ´ ´ ` ´ ´ ´
4ˆ ` ´ ´ ` ` ` `
4ˆ ´ ` ´ ` ` ` `
The minimal number of agents to remove to make the profile majority-consistent is two.
These two agents are the two agents of the fourth row (light gray shaded). We obtain
t P TRY pPq and t R TRRA pPq.
Proposition 2.3.10. RRA pPq is incomparable with RMWA .
Proof. Consider the same profile example in Proposition 2.3.8. We obtain that ϕ13 P TRRA pPq
and ϕ13 P TRMWA pPq.
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Proposition 2.3.11. RRY is incomparable with RY and RIY .
Proof. Consider the pre-agenda A “ tp, q, p ^ q, r, s, r ^ s,tu and the profile P for this
agenda given in Table 2.7.
Voters
1ˆ
3ˆ
4ˆ
2ˆ
4ˆ
4ˆ

p q p^q r s r
`` ` ´`
`` ` ´`
`` ` `´
`´ ´ `´
`´ ´ ``
´` ´ ``

^s t
´ `
´ ´
´ ´
´ ´
` `
` `

Table 2.7: The profile P used to show TRRY pPq |ù t.
We obtain RRY pPq “ tp, q, p ^ q, r, s, r ^ s, tu, by adding the fourth judgment set six times,
i.e., as MpP1 q, where P1 is the profile given in Table 2.8. Consequently TRRY pPq |ù t.

Voters
1ˆ
3ˆ
4ˆ
8ˆ
4ˆ
4ˆ
MpP1 q

p q p^q r s r
`` ` ´`
`` ` ´`
`` ` `´
`´ ´ `´
`´ ´ ``
´` ´ ``
`
´ `

^s t
´ `
´ ´
´ ´
´ ´
` `
` `
´ ´

Table 2.8: The profile P1 obtained from P of Table 2.7 by adding the fourth judgment set 4
times.
The RY pPq and RIY pPq are obtained by calculating MpP2 q, the profile P2 being given in
Table 2.9 and obtained from P by removing the fourth judgment set (both of them).
RY pPq “ RIY pPq “ tp, q, p ^ q, r, s, r ^ s,tu, hence TRY pPq |ù t and TRIY |ù t.

Voters
1ˆ
3ˆ
4ˆ
0ˆ
4ˆ
4ˆ
MpP2 q

p q p^q r s r
`` ` ´`
`` ` ´`
`` ` `´
`´ ´ `´
`´ ´ ``
´` ´ ``
`` ` ``

^s t
´ `
´ ´
´ ´
´ ´
` `
` `
` `

Table 2.9: The profile P2 obtained from P of Table 2.7 by removing the two judgment sets in
the fourth row.
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Proposition 2.3.12. RRY is incomparable with RMCSA and RMWA .
Proof. Consider the pre-agenda from Example 2.1.1 and the profile P given in Table 2.1. As
it can be observed in Example 2.2.12, RRY pPq “ t pp ^ rq, pp ^ sq, q, pp ^ qq,tu,
obtained by adding 3 of the judgment sets t pp ^ rq, pp ^ sq, q, pp ^ qq, tu.
Hence TRRY pPq |ù pp ^ rq.
For the same profile P we obtain that TRMCSA pPq |ù p ^ r and TRMWA pPq |ù p ^ r, see
Examples 2.2.2 and 2.2.6.
Proposition 2.3.13. RRY is incomparable with RMR .
Voters
1 ˆ J1
1 ˆ J2
1 ˆ J3
1 ˆ J4
1 ˆ J5
1 ˆ J6
1 ˆ J7
Ma jority

p q p^q r s r
`` ` ``
`` ` `´
`` ` `´
`´ ´ ``
`´ ´ ``
´` ´ ´`
´` ´ ´`
`` ´ ``

^s t u v w y
` ´´´´´
´ ``´´`
´ ``´`´
` `´`´´
` ´````
´ `´```
´ ´````
´ `````

Table 2.10: The profile P used to prove RMR inc RRY .
Proof. Consider the pre-agenda A “ tp, q, p ^ q, r, s, r ^ s,t, u, v, w, yu and the Profile P for
it given on Table 2.10. We obtain RRY pPq, by repeating the first judgment set once, namely,
as MpPRY q, PRY being given on Table 2.11. We obtain that RRY pPq “ tp, q, p ^ q, r, s, r ^ su
and as consequence TRRY pPq * t _ u _ v _ w _ y.
Voters
2 ˆ J1
1 ˆ J2
1 ˆ J3
1 ˆ J4
1 ˆ J5
1 ˆ J6
1 ˆ J7
Ma jority

p q p^q r s r
`` ` ``
`` ` `´
`` ` `´
`´ ´ ``
`´ ´ ``
´` ´ ´`
´` ´ ´`
`` ´ ``

^s t u v w y
` ´´´´´
´ ``´´`
´ ``´`´
` `´`´´
` ´````
´ `´```
´ ´````
´ `````

Table 2.11: The profile PRY constructed from profile P in Table 2.10.
The maximal rectangles are given in Table 2.12. We obtain, TRMR pPq |ù t _ u _ v _ w _ y.
Consequently TRMR pPq Ę TRRY pPq.
Now consider the pre-agenda A “ tp, q, p ^ qu and for it the profile P in Table 2.13.
We obtain RRY pPq “ ttp, q, p ^ qu, tp, q, pp ^ qqu, t p, q, pp ^ qquu. Consequently,
TRRY pPq |ù p _ q. The maximal rectangles for this profile are:
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Set Removed sets Removed issues
J8
tJ6 u
J9
tJ7 u
tJ1 ,J2 ,J3 u
J10
tJ1 ,J2 ,J4 u
J11
tJ1 ,J2 ,J5 u
J12
tJ1 ,J3 ,J4 u
J13
J14
tJ1 ,J3 ,J5 u
tJ1 ,J4 ,J5 u
J15
tJ2 ,J3 ,J4 u
J16
tJ2 ,J4 ,J5 u
J17
J18
tJ2 ,J3 ,J5 u
tJ3 ,J4 ,J5 u
J19
J20
tp,ru
J21
tp,su
tp,r ^ su
J22
tq,ru
J23
J24
tq,su
tq,r ^ su
J25
tp ^ q,ru
J26
tp ^ q,su
J27
tp ^ q,r ^ su
J28
J29
tJ2 u
tpu
tJ3 u
tpu
J30
tJ2 u
tqu
J31
tJ3 u
tqu
J32
J33
tJ2 u
tp ^ qu
tJ3 u
tp ^ qu
J34
tJ4 u
tru
J35
tJ5 u
tru
J36
J37
tJ4 u
tsu
tJ5 u
tsu
J38
tJ4 u
tr ^ su
J39
tJ5 u
tr ^ su
J40

tp,
tp,
t
t
t
t
t
t
t
t
tp,
t
t
t
t
tp,
tp,
tp,
tp,
tp,
tp,
t
t
tp,
tp,
tp,
tp,
tp,
tp,
tp,
tp,
tp,
tp,

q,
q,
q,
q,
q,
q,
q,
q,
q,
q,
q,
q,
q,
q,
q,
q,
q,
q,
q,
q,
q,
q,

pp
pp
pp
pp
pp

^
^
^
^
^

qq,
qq,
qq,
qq,
qq,

pp ^ qq

n

pp
pp
pp
pp

^
^
^
^

q,
q,
q,
q,
q,
q,
q,
q,

qq
qq
qq
qq

ResultingSets
r, s,
r, s,
s,
s, pr ^ sq,
s, pr ^ sq,
s, pr ^ sq,
s, pr ^ sq,
pr ^ sq,
s,
s, pr ^ sq,
s, pr ^ sq,
s, pr ^ sq,
s, pr ^ sq,
r,
pr ^ sq,
r, s,
s, pr ^ sq,
r,
pr ^ sq,
r, s,
s, pr ^ sq,
r,
pr ^ sq,
r, s,
r, s,
r, s,
r, s,
r, s,
r, s,
r, s,
s, pr ^ sq
s, pr ^ sq
r,
pr ^ sq
r,
pr ^ sq
r, s,
r, s,

u
t
v,
u, v,
t,
v,
u, v,
t,
v,
t, u, v
t
v

w,
w,
w
w,
w,
w
w

u, v
t,
t,
t,
t,
t,
t,
t,
t,
t,
t,
t,
t,
t,
t,
t,

u,
u,
u,
u,
u,
u,
u,
u,
u,

v,
v,
v,
v,
v,
v,
v,
v,
v,
v,
v,
v,
v,
v,
v,

w,
w,
w,
w,
w,
w,
w,
w,
w,
w
w
w

u,

w,

u,

w,

u,

w,

t
t
t

Table 2.12: Maximal rectangles for the profile in Table 2.10.
Voters
1 ˆ J1
1 ˆ J2
1 ˆ J3
MpPq

p q p^q
`` `
`´ ´
´` ´
`` ´

Table 2.13: The profile P, counter-example for RRY pPq P RMR pPq.
• ρ1 “ tJ2 , J3 u ˆ A giving rise to t pp ^ qqu,
• ρ2 “ tJ1 , J3 u ˆ A giving rise to tqu,
• ρ3 “ tJ1 , J2 u ˆ A giving rise to tpu,
• ρ4 “ N ˆ tq, p ^ qu giving rise to tq, pp ^ qqu,
• ρ5 “ N ˆ tp, p ^ qu giving rise to tp, pp ^ qqu,
• ρ6 “ N ˆ tp, qu giving rise to tp, qu,

u
u
yu
yu
u
yu
yu
yu
yu
u
u
yu
yu
yu
yu
yu
yu
yu
yu
yu
yu
u
yu
u
yu
u
yu
yu
u
yu
u
yu
u
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Due to t pp ^ qqu P RMR pPq we obtain that TRMR pPq * p _ q. Hence, TRRY pPq Ę TRMR pPq.
Proposition 2.3.14. RRY is incomparable with RMSA .
Proof. To prove that TRMSA pPq Ę TRRY pPq we consider the profile P from Example 2.1.1, and
Examples 2.2.12 and 2.2.1. We obtain that TRMSA pPq |ù t, but TRRY pPq * t.
To prove that TRRY pPq Ę TRMSA pPq we consider the profile P from Table 2.7. We obtain
TRRY pPq |ù t. However TRMSA pPq * t.
Proposition 2.3.15. For every profile P P Φn , TRIY pPq Ă TRY pPq.
Proof. If Y Ă A is a maxcard consistent sub-preagenda (w.r.t. P) of A then it is also a
maximal consistent sub-preagenda with respect to P. If α P TRIY pPq, then α is inferred in
every maximal consistent sub-agenda and a fortiori in every maxcard consistent sub-agenda.
Conseqeunetly α P TRY pPq.
To show that TRY pPq Ć TRIY pPq consider the profile from Example 2.1.1. For this profile we
obtain:
• RY pPq “ tt pp ^ rq, pp ^ sq, q, pp ^ qquu, see Example 2.2.10;
• RIY pPq “ tt pp ^ rq, pp ^ sq, q, pp ^ qqu, tp ^ r, p ^ s, q, p ^ q,tuu, see
Example 2.2.11.
It holds that TRY pPq |ù

pp ^ rq, while TRIY pPq *

pp ^ rq.

Proposition 2.3.16. There exists a P P Φn such that TRIY pPq Ę TRZ pPq for
Z P tMSA, MCSA, MWA, RA, RY, MR, MCR, MNACu.
Proof. Consider the pre-agenda A “ tp, q, p ^ q,t1 ,t2 ,t3 ,t4 ,t5 ,t6 ,t7 ,t8 u and for it the profile
P given on Table 2.14. We obtain RIY by removing any two voters:
Voters
J1 ˆ
J2 ˆ
J3 ˆ
J4 ˆ
J5 ˆ
J6 ˆ
MpPq

p q p ^ q t1 t2 t3 t4 t5 t6
++ + + - - - + +
++ + + + - - - +
+- +++ - - +- +++ - - + - - +++ - + - - - +++
++ -

t7
+
+
+
-

t8
+
+
+

t9
+
+
+

Table 2.14: The profile P.

• removing J1 and J2 we obtain t pp ^ qq, t1 ,t3 ,t4 , t6 ,t9 u
• removing J1 and J3 we obtain tq, pp ^ qq, t1 ,t4 , t7 ,t8 u
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• removing J1 and J4 we obtain tq, pp ^ qq, t7 ,t8 ,t9 u
• removing J1 and J5 we obtain tp, pp ^ qq,t2 , t5 u
• removing J1 and J6 we obtain tp, pp ^ qq,t2 ,t3 , t5 , t6 u
• removing J2 and J3 we obtain tq, pp ^ qq, t1 , t2 ,t4 ,t5 u
• removing J2 and J4 we obtain tq, pp ^ qq, t2 ,t5 ,t9 u
• removing J2 and J5 we obtain tp, pp ^ qq,t7 , t8 u
• removing J2 and J6 we obtain tp, pp ^ qq,t3 , t6 ,t7 , t8 u
• removing J3 and J4 we obtain tq, t2 t3 ,t5 ,t6 , t7 ,t8 u
• removing J3 and J5 we obtain tp, q, t3 ,t6 , t9 u
• removing J3 and J6 we obtain tp, q, t9 u
• removing J4 and J5 we obtain tp, q,t1 , t3 , t4 ,t6 u
• removing J4 and J6 we obtain tp, q,t1 , t4 u
• removing J5 and J6 we obtain tp,t1 ,t2 , t4 , t5 ,t7 t8 , t9 u
We have that RIY pPq “ RY pPq. Let us denote with α the formula t1 _ t2 _ t3 _ t4 _
t5 _ t6 _ t7 _ t8 _ t9 and with β the formula t1 _ t2 _ t3 _ t4 _ t5 _ t6 _ t7 _ t8 _ t9 .
We obtain that α P TRIY pPq, but β R TRIY pPq. For the rest of the rules we obtain:
• ttpu, tqu, tp ^ quu Ă RZ pPq, where Z P tMSA, MCSA, MR, MCRu hence α R TRZ pPq.
• Observe that NpP, pq “ 4, NpP, pq “ 2, NpP, qq “ 4, NpP, qq “ 2, NpP, p ^ qq “ 2,
NpP, pp ^ qqq “ 4, NpP,ti q “ NpP, ti q “ 3 , for i P r1, 9s. Observe that a judgment
set that include either one of tp, q, pu, t p, q, pp ^ qq or tp, q, pp ^ qq and any
consistent subset of tti , ti u, i P r1, 9s will have the maximum weight of 37. Consequently RMWA pPq contains the judgment sets:
tp, q, p ^ q,t1 ,t2 ,t3 ,t4 ,t5 ,t6 ,t7 ,t8 ,t9 u,
t p, q, pp ^ qq,t1 ,t2 ,t3 ,t4 ,t5 ,t6 ,t7 ,t8 ,t9 u,
tp, q, pp ^ qq,t1 ,t2 ,t3 ,t4 ,t5 ,t6 ,t7 ,t8 ,t9 u.
Consequently TMWA pPq * α .
• For the profile P we can construct the following order:
p „ q „ pp ^ qq ą t1 „ t1 „ t2 „ t2 „ t3 „ t3 „ t4 „ t4 „ t5 „ t5 „ t6 „
t6 „ t7 „ t7 „ t8 „ t8 „ t9 „ t9 ą p „ q „ p ^ q.
Correspondingly, we obtain, among others, the following judgment sets in RRA pPq:
tp, q,t1 ,t2 ,t3 ,t4 ,t5 ,t6 ,t7 ,t8 ,t9 u,
tp, pp ^ qq,t1 ,t2 ,t3 ,t4 ,t5 ,t6 ,t7 ,t8 ,t9 u,
tq, pp ^ qq,t1 ,t2 ,t3 ,t4 ,t5 ,t6 ,t7 ,t8 ,t9 u,
tp, q, t1 , t2 , t3 , t4 , t5 , t6 , t7 , t8 , t9 u,
tp, t1 , t2 , t3 , t4 , t5 , t6 , t7 , t8 , t9 u,
tq, t1 , t2 , t3 , t4 , t5 , t6 , t7 , t8 , t9 u,
tp, q,t1 , t2 , t3 , t4 , t5 , t6 , t7 , t8 , t9 u,
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tp,t1 , t2 , t3 , t4 , t5 , t6 , t7 , t8 , t9 u,
tq,t1 , t2 , t3 , t4 , t5 , t6 , t7 , t8 , t9 u,
etc.
Consequently α R TRRA pPq.
• RMNAC “ ttp, pp ^ qqu, tq, pp ^ qquu, hence α R TRMNAC pPq.

Proposition 2.3.17. There exists a profile P such that:
1. TRMSA pPq Ę TRIY pPq,
2. TRMCSA pPq Ę TRIY pPq,
3. TRMWA pPq Ę TRIY pPq,
4. TRRA pPq Ę TRIY pPq.
Proof. This relationship follows from TRIY pPq Ă TRY pPq, Proposition 2.3.15, and: Proposition
2.3.5, for items 1 and 2, Proposition 2.3.8 for item 3, and Proposition 2.3.9 for item 4.
Proposition 2.3.18. For every profile P P Φn , TRMR pPq Ă TRMSA pPq and TRMR pPq Ă TRIY pPq.
Proof. Removing only voters, as we do in RIY , corresponds to a rectangle in the form of
I ˆ A, while removing only votes on a subset of the agenda, like we do in RMSA , corresponds
to a rectangle in the form of N ˆ Y .
To show that TRMSA Ć pPqTRMR pPq, consider the profile P from Example 2.1.1. For this profile,
we obtain:
• RMSA pPq “ ttp ^ r, p ^ s, q,tu, tp ^ r, p ^ s, pp ^ qq,tu, tq, pp ^ qq,tuu, see
Example 2.2.1; and
• RIY pPq “ tt pp ^ rq, pp ^ sq, q, pp ^ qqu, tp ^ r, p ^ s, q, p ^ q,tuu, see
Example 2.2.11.
We obtain TRMSA |ù t, TRMSA * q, TRIY |ù q and TRMSA * t. Since RMSA pPq Y RIY pPq Ă RMR pPq
we obtain that TRMR * t and TRMR * q.
Proposition 2.3.19. For every profile P P Φn :
• TRMR pPq Ă TRMCSA pPq,
• TRMR pPq Ă TRMWA pPq, and
• TRMR pPq Ă TRY pPq.
Proof.
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• TRMR pPq Ă TRMCSA pPq is a consequence of TRMR pPq Ă TRMSA pPq, Proposition 2.3.15, and
TRMSA pPq Ă TRMCSA pPq, Proposition 2.3.1.
• TRMR pPq Ă TRMWA pPq is a consequence of TRMR pPq Ă TRMSA pPq, Proposition 2.3.15, and
TRMSA pPq Ď TRMWA pPq, Proposition 2.3.2.
• TRMR pPq Ă TRY pPq is a consequence of TRMR pPq Ă TRIY pPq, Proposition 2.3.18, and
TRIY pPq Ă TRY pPq, Proposition 2.3.15.
To show that TRMCSA pPq Ć TRMR pPq, TRMWA pPq Ć TRMR pPq and TRY pPq Ć TRMR pPq consider the
profile P from Example 2.1.1.
• As it can be observed from Example 2.2.2, hence TRMCSA pPq |ù t and we showed in the
proof of Proposition 2.3.18 that TRMR * t.
• As it can be observed from Example 2.2.6, RMWA pPq “ ttp ^ r, p ^ s, q, p ^ q,tuu,
hence TRMWA pPq |ù t and TRMR * t.
• As it can be observed from Example 2.2.6, RY pPq “ tt pp ^ rq, pp ^ sq, q, pp ^ qquu
hence TRMCSA pPq |ù q and we showed in the proof of Proposition 2.3.18 that TRMR * q.

Proposition 2.3.20. For every profile P P Φn , TRMR pPq Ă TRRA pPq.
Proof. This inclusion is a consequence of TRMR pPq Ă TRMSA pPq, Proposition 2.3.18 and
TRMSA pPq Ă TRRA pPq, Proposition 2.3.3.
Proposition 2.3.21. RMNAC is incomparable with RMCSA .
Proof. To show that there exists a profile P such that TRMCSA pPq Ć TRMNAC , consider the preagenda and profile in the proof of Proposition 2.3.5 in which we have that TRMCSA pPq |ù a.
There are 23 profiles Q at a minimal distance DpP, Qq “ 2. We obtain TRMNAC pPq * a
because
RMNAC pPq “ t ta, a Ñ pb _ cq, b, c, a Ñ pd _ eq, d, eu,
ta, a Ñ pb _ cq, b, c, a Ñ pd _ eq, d, eu,
ta, a Ñ pb _ cq, b, c, a Ñ pd _ eq, d, eu,
ta, a Ñ pb _ cq, b, c, a Ñ pd _ eq, d, eu,
ta, pa Ñ pb _ cqq, b, c, pa Ñ pd _ eqq, d, eu
t a, a Ñ pb _ cq, b, c, a Ñ pd _ eq, d, euu.
To show that that there exists a profile P such that TRMNAC Ć TRMCSA pPq, consider the profile
P from Example 2.1.1. We have TRMNAC pPq |ù q, see Example 2.2.14, but TRMCSA pPq * q, see
Example 2.2.2.
Proposition 2.3.22. RMNAC is incomparable with RMSA .
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Proof. To show that there exists a P such that TRMSA pPq Ę TRMNAC pPq, consider the pre-agenda
A “ tp, q, p ^ q, p ^ q, α1 , α2 , q ^ p, α3 , α4 u, where
α1 “ p ^ q ^ q,
α2 “ p ^ q ^ q ^ q,
α3 “ q ^ p ^ p,
α4 “ q ^ p ^ p ^ p.
A profile for this pre-agenda is given in Table 2.15.
Voters
1ˆ
1ˆ
1ˆ
MpPq

p q p ^ q p ^ q α1 α2 q ^ p α3 α4
++ +
- - ++
+ +
- - + - +
+ +
++ - - -

Table 2.15: The profile P, counter-example for TRMSA pPq Ă TRMNAC pPq.
We obtain
RMSA pPq “ ttq, pp ^ qq, pp ^ qq, α1 , α2 , pq ^ pq, α3, α4 u,
tp, pp ^ qq, pp ^ qq, α1 , α2 , pq ^ pq, α3, α4 u,
t pp ^ qq, pp ^ qq, α1 , α2 , pq ^ pq, α3, α4 uu
Consequently TRMSA pPq |ù p _ q.
Voters
1ˆ
1ˆ
1ˆ
MpPq

p q p ^ q p ^ q α1 α2 q ^ p α3 α4
- - - ++
+ +
- - + - +
+ +
- - - -

Table 2.16: After changing the first three judgments of the first agent.
To obtain RMNAC pPq, we need to change the first three judgments of the first voter, obtaining
the profile given in Table 2.16. This is the minimal change, since if either the second or the
third agent change either their judgment on p or their judgment on q, they have to change
additional other three judgments. We obtain RMNAC pPq “ t p, q, pp ^ qq, pp ^ qq,
α1 , α2 , pq ^ pq, α3 , α4 u. We observe that TRMNAC pPq * p _ q.
To show that there exists a P such that TRMNAC pPq Ę TRMSA pPq, consider the profile P from
Example 2.1.1. We have TRMNAC pPq |ù q, see Example 2.2.14, but TRMSA pPq * q, see Example 2.2.1.
Proposition 2.3.23. RMNAC is incomparable with RY , RIY , RRA, RRY and RMWA .
Proof. Consider the pre-agenda A “ tp, q, p ^ qu and the profile P from the proof of Proposition 2.3.11, given on Table 2.9. Since RMNAC pPq “ MpP1 q Y MpP2 q, where P1 and P2 are
as in Tables 2.17 and 2.18, we obtain that pp ^ qq P TRMNAC pPq.
On the other hand, we obtain:
• RY “ ttpu, tqu, t pp ^ qquu,
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Voters
1ˆ
1ˆ
1ˆ
MpPq

p q p^ q
++ +
- - - + - + -

Table 2.17: The first profile, P1 , used to prove
RMNAC is incomparable with RY , RIY , RRA , RRY
and RMWA .

Voters
1ˆ
1ˆ
1ˆ
MpPq

p q p^ q
++ +
+ - - - + - -

Table 2.18: The second profile, P2 , used to
prove RMNAC is incomparable with RY , RIY ,
RRA , RRY and RMWA ..

• RIY “ ttpu, tqu, t pp ^ qquu
• RRY “ ttp, qu, t q, pp ^ qqu, t p, pp ^ qquu
• RRA “ ttp, q, pp ^ qqu, tp, q, pp ^ qqu, tp, q, p ^ quu,
• RMWA “ ttp, q, pp ^ qqu, tp, q, pp ^ qqu, tp, q, p ^ quu.
Consequently TRMNAC pPq Ć TRZ pPq for Z P tY, IY, RY, RA, MWAu.
To show that TRY pPq Ć TRMNAC pPq consider the profile P from Example 2.1.1. As it can be
observed from Example 2.2.14, TRMNAC pPq |ù p ^ r, but we can observe in Example 2.2.10
that for this profile TRY pPq |ù pp ^ rq. Furthermore, we can observe in Example 2.2.11
that TRIY pPq * p ^ r; in Example 2.2.12 that TRRY pPq |ù pp ^ rq and in Example 2.2.8 that
TRRA pPq |ù pp ^ rq.
To show that TRMWA pPq Ć TRMNAC pPq, consider again the pre-agenda of the proof of Proposition 2.3.22 and its corresponding profile P given on Table 2.15. For this profile we get
that RMWA pPq “ tp, q, p ^ q, pp ^ qq, α1 , α2 , pq ^ pq, α3, α4 u, since for this
judgment set the weight is 17, and for the remaining three other possible judgment sets the
weights are: 14 for the set of the judgment sets of the second, and third agent and 16 for the
judgment set t p, q, pp ^ qq, pp ^ qq, α1 , α2 , pq ^ pq, α3 , α4 u. Consequently, TRMWA |ù p _ q. In the proof of Proposition 2.3.22 we show that TRMNAC pPq * p _ q
for this profile.
Proposition 2.3.24. RMNAC is incomparable with RMR .
Proof. To show TRMR pPq Ę TRMNAC pPq consider the first part of the proof of Proposition 2.3.22.
To show that TRMNAC pPq Ę TRMR pPq consider the profile given in Table 2.13. We obtain
TRMNAC pPq |ù pp ^ qq since RMNAC pPq “ ttp, q, pp ^ qqu, t p, q pp ^ qqu. However
TRMR pPq * pp ^ qq, see the second part of the proof of Proposition 2.3.13.

2.4 Conclusion
In this chapter we design judgment aggregation rules based on minimization. For a consensual group, a collective decision has to be such that it coincides with the view of the majority
of the agents in the group. A consistent issue-majority set, in which each judgment is supported by a strict majority of agents, does not exist for every profile. The profiles for which
such a set exists we call majority-consistent. We design judgment aggregation rules that
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minimally change the profile into a majority-consistent profile. When the profile is majorityconsistent, no change is necessary. As a consequence the issue-majority set is always selected
by our rules, when it exists. Each concept of minimal change gives rise to a new judgment
aggregation rule.
We define ten judgment aggregation rules based on minimization, grouped in four families.
We analyze how these rules relate to similar voting rules, but also to the judgment aggregation rules proposed in (Miller and Osherson, 2009). The aim of this chapter is to generate
a large selection of concrete judgment aggregation rules that are majority-preserving and
can be applied to any profile. Judgment aggregation theory normally follows the reverse
methodology, studying the minimal sets of properties that can be simultaneously satisfied by
a non-dictatorial or non-oligarchic rule or, such as the resent work of (Nehring et al., 2011;
Nehring and Pivato, 2011), the characterization of rules which select from a desirable collection of judgment sets.
To determine if two judgment aggregation rules are distinct, we study the inclusion relations
between the collective judgments selected by pairs of rules for the same profile. One purpose
of the inclusion analysis, summarized in Table 2.4, is to verify whether two rules select
different collective judgments for the same profile. Another purpose of this analysis is to
qualify the rules to be able to distinguish them. Our analyses shows that the rules RMSA and
RMR are very “weak” in the sense that they often select a very large number of judgment sets.
In this sense the rule RIY is weaker than RY .
The inclusion analysis enables us distinguish between the judgment aggregation rules based
on the number of judgment sets they select. A consensual group usually needs only one
collective judgment set to be selected by the judgment aggregation rule. Therefore the rules
RMSA , RIY and RMR are a bad choice for aggregation rules in consensual contexts. However
we still need to be able to distinguish between the remaining rules and pair them with particular problems of decision reaching in consensual groups. To this end we return to these rules
in Chapter 4 where we develop other properties for judgment aggregation rules and study
how they are satisfied by RMCSA , RRA , RMWA , RMNAC , RY , RRY and RdH ,max .
Since the aim of application for our rules are computational contexts, one can also distinguish
between rules by considering the complexity-theoretic properties of the rules. While we can
reasonably expect that for some rules such as RRA , finding the collective judgment sets can
be done in a computationally efficient way, for other others such as the young rules we can
expect that this task is not a problem of low computational complexity.
That the group decision minimizes the loss of information from the profile is only one way to
interpret adherence to majority. What we considered in this chapter is the utilitarian perspective of minimizing loss of information. Another way is to minimize the loss of information
from each individual judgment set in the profile, namely to take an egalitarian perspective.
The rule RdH ,max in particular embodies this concept. An interesting class of rules can be constructed that minimally change each judgment set in the profile to obtain a majority-consistent
profile. These types of rules would be of interests to groups of self-interested agents that need
to reach a consensus on how to share a resource, the so called fair division problems, see for
instance (Brams and Taylor, 1996, Introdcution).

3
Developing weighted ternary
distance-based judgment aggregation
rules
Abstract. Unlike in consensual groups, in hierarchical groups the adherence
of the group decision to some majority is not the most relevant concern. The
agent responsible for the decision in a hierarchical group needs to use the expertise of each agent that contributes opinions. Judgment weights can be used
to represent the expertise of an agent regarding a given issue. While in consensual groups each agent can be expected to give a judgment on each issue, in
hierarchical groups this is not necessarily the case. The aim of this chapter is
to develop judgment aggregation rules for hierarchical groups. We extend the
distance-based rules of the previous chapter into a class of judgment aggregation
rules that aggregate three-valued judgments with associated weights. We give
specific examples of rules and show the inclusion relationships between each
pair. For this class of rules we also consider the computational complexity of the
winner determination problem.

3.1 Introduction
Consider as an example of a hierarchical group a tourist recommender agent that needs to
find the best hotel for you, provided your demands and conditions. This agent assembles
information from various sources. While the hotel web page might be highly reliable on the
issue of Wi-Fi being available in the rooms, the web page on user experience is the one with
higher reliability than the hotel page when it comes to the issue of how silent the room is at
night. There would be certain information that the tourist agent would disregard, for instance
the quality of the bacon served for breakfast assessment from the vegetarian tourist blog. Also
the agent is not going to be able to find information on all demands and conditions from every
source. Consequently, the tourist recommender agent needs to use a judgment aggregation
rule that aggregates judgment sets in which some agents abstain on some issues, i.e., allow
for three-valued judgments, and have different weights regarding the issues.
In many aggregation contexts for hierarchical groups, it is not feasible or desirable to request
all the agents to vote on all the issues. In these contexts, different agents may have different levels of expertise on different issues and consequently their judgments should have a
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higher bearing on the collectively binding decisions. The rules introduced in Chapter 2 are
defined for binary and unweight judgment sets. The problem pursued in this chapter is the
development of weighted three-valued judgment aggregation rules.
Aggregation frameworks that allow for three-valued and even multi-valued judgments have
been considered in for instance (Gärdenfors, 2006; Pauly and van Hees, 2006; Dietrich, 2007;
Dokow and Holzman, 2010b; Li, 2010). Of these, only (Li, 2010) presents an actual rule,
the sequential rule, for aggregating such judgments. Of all the rules introduced in Chapter
2, the rules based on the weighted majority graph and the rules based on distances can be
extended to handle weights on judgments. From the rules based on the weighted majoritarian
graph, we defined the rule RRA and RMWA . A weighted three-valued extension of RRA can be
easily constructed following the definitions and analysis of (Li, 2010). The rule RMWA , as we
showed, is equivalent to the distance-based rule RdH ,Σ . Therefore, it is the class of distancebased rules the one we extend in this chapter. More precisely, we generalized further the
family of Rd,d . The generalization approach we take can be directly applied to generalize
RMNAC into a weighted three-valued rule. Observe that if we wanted to consider only weights
associated with agenda issues, we would be extending the rules based on the majority graph.
If we wanted to consider only weights associated with an agent, the rules RY , RRY and RIY
are the best candidates for extending.
The challenge in distance-based aggregation is not in aggregating multi-valued rules, but
rather in aggregating rules in which weights are assigned to the judgments. A judgment is
specified by a pair (agent, issue). Distance-based aggregation rules originate from belief
merging (Konieczny and Pino-Pérez, 1999, 2002; Konieczny et al., 2004). Given a set of belief sets and a set of constraints, belief merging theory studies how to merge a set of belief
bases in such a way that the resulting belief set, or sets, incorporate as much as possible
from the individual beliefs and satisfy all the given constraints. In belief merging, considering weights for an agent is not uncommon; see for instance (Revesz, 1995). Weights
assigned to an agent are also recently considered in judgment aggregation, (Nehring et al.,
2011; Nehring and Pivato, 2011), however in neither field do we encounter weights assigned
to an (agent,issue) pair, and weights assigned to issues are not considered in judgment aggregation. We solve the challenge of assigning weights to judgments by observing that sometimes a distance measure can itself be expressed using an arithmetic aggregator.
As in Chapter 2, here also we study inclusion relations between pairs of specific rules to
verify that these rules select different judgments for one profile. The example scenario of a
hierarchical group we consider in Chapter 5 is an example of agents making group decisions
in uncertain environments. Since these agents are severely resource bounded we make a
complexity-theoretic analysis for the family of aggregation rules we develop in this chapter.
This chapter is structured as follows. In Section 3.2 we introduce the necessary definitions.
In Section 3.3 we design the family of weighted distance-based rules for aggregating ternary
judgments and also give examples of specific rules in this family. In Section 3.4 we define
an inclusion relation between judgment aggregation rules and analyze this relations between
pairs of the specific rules introduced. Although we want a rule that aggregates ternary judgments, having only binary collective judgment sets selected by the rule can be desirable. In
Section 3.5 we show how the family of weighted rules can be further modified to allow the
decision-making agent to control structural properties of the selected (collective) judgment
sets. The binary value of the collective judgment sets is such structural property. In Section 3.5 we also show how known judgment aggregation rules can be defined and extended
when represented as a weighted distance-based rule. In Section 3.6 we show the computa-
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tional complexity of determining whether a judgment set is among the ones selected from a
distance-based merging rule. In Section 3.7 we make our conclusions.

3.2 Preliminaries
In this section we prepare the ground for building our family of extended distance based
judgment aggregation rules. We construct a general judgment aggregation framework for
representing three valued judgments. We also present the definitions of the family of rules
we start from.
3.2.1 A dual framework for representing judgment aggregation problems
The problem of aggregating judgments was formulated by (List and Pettit, 2002) using logic
representations. This problem, under the names of abstract or algebraic aggregation has
precursors in (Gilbaud, 1966; Wilson, 1975) and (Rubinstein and Fishburn, 1986).
To represent an aggregation problem in a logic-based framework, one needs to specify a
non-empty set L of well founded logic formulas and a binary (consequence) relation
|ù Ď PpLq ˆ L, where PpLq denotes the power set of L. L is called a language and its
elements propositions. Propositions are not necessarily atomic formulas.
Definition 26. A set of formulas S P L is logically interrelated if there exists at least one ϕ P S
such that either Sztϕ u |ù ϕ or Sztϕ u |ù ϕ .
Definition 27. A judgment aggregation problem is specified by a set of issues called an
agenda A Ď L. Issues are the propositions on which the judgments are cast. The issues are
interdependent, meaning that they share sub-formulas and/or are subject to an additionally
specified set of constraints, R Ď L. The set A Y R is logically interrelated.
A (binary) judgment on issue a P A is usually defined, see for instance (Dietrich, 2007), as
the choice of one element from the set ta, au. Pauly and van Hees (2006) construct a multivalued logic framework in which a judgment is a valuation v : A ÞÑ T , where T is a set of
values associated with gradient degrees of truth.
In an abstract framework no agenda is given, instead, the agents choose from a set of allowed
binary sequences. For example, if the agenda of the aggregation problem in propositional
logic were xp, p Ñ q, qy, then the corresponding set of allowed sequences in an abstract
framework would be tx0, 1, 0y, x0, 1, 1y, x1, 0, 0y, x1, 1, 1yu.
A dual framework for judgment aggregation with abstentions can be constructed: the judgments are represented both as propositions and as valuations. To this end, a ternary logic
language L3 is used. We do not discuss here the possible logics L3 that can be used to
represent the judgment aggregation problems and we do not concern ourselves with particular ternary logics. The choice of logic depends on the particular decision-problem that is
modeled.
L3 is the set of well formed formulas of propositional logic LProp (in BNF):

ϕ ::“ J | K | p | ϕ | ϕ ^ ϕ | ϕ _ ϕ | ϕ Ñ ϕ | ϕ Ø ϕ ,
where p P L0 , L0 being the set of atoms.
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The formulas of L3 are assigned values from the set T “ t0, 12 , 1u. A valuation is a function
v0 : L0 ÞÑ T , where the truth-values 0 and 1 are interpreted as in classical logic, v0 pKq “ 0
and v0 pJq “ 1. The intermediate truth-value 21 is interpreted depending on the semantics of
the particular ternary logic L3 used. The semantics of L3 also determines how the function
v0 is extended to a function v : L3 ÞÑ T .
A judgment sequence for an agenda A, with cardinality m, is the sequence A P t0, 21 , 1um of
judgments assigned to each of the issues in A. We write Apaq to denote the judgment assigned
to a P A according to sequence A. A judgment set for an agenda A is the set Â P 2A , where
A “ A Y t a | a P Au. A judgment sequence A corresponds to a judgment set Â and vice
versa, if and only if, for all a P A the value of a according to A is:
• 0 if and only if

a P Â,

• 1 if and only if a P Â, and
•

1
2

if and only if a R Â and

a R Â.

A consequence relation for a ternary logic, |ù3 , is defined in the standard way (Urquhart,
2001). Given a set of formulas Γ Ă L3 and a formula ψ P L3 , we say that ψ is entailed by Γ,
if and only if all assignments v that make Γ true, also make ϕ true. A formula ψ for which
H |ù3 ψ is a tautology of L3 . A formula ψ is satisfiable in L3 , if and only if there exists
at least one valuation v such that vpψ q “ 1. A set of formulas Γ is inconsistent in L3 if and
only if Γ |ù K, and consistent, denoted
Γ * K otherwise.
Observe that Γ is consistent if there
Ź
Ź
exists a valuation v such that vp Γq “ 1 or vp Γq “ 21 .
A judgment set Â is complete when there exists no a P A for which a R A and a R A.
Correspondingly, a judgment sequence A is complete when there exists no a P A for which
Apaq “ 21 .

Example 3.2.1 (Judgment sets and sequences). Consider an agenda A “ xc1 , c1 Ñ s1 , s1 y,
R “ H and agents N “ t1, 2, 3, 4, 5u. Let the judgment set for this agenda assigned by 1 and
2 be Â1,2 “ tc1 , c1 Ñ s1 , s1 u. The corresponding sequence for Â1,2 is A1,2 “ x1, 1, 1y. Let the
judgment set assigned by 3, 4 and 5 be Â3,4,5 “ t c1 u. The corresponding sequence for Â3,4,5
is A3,4,5 “ x0, 12 , 21 y. The judgment set and sequence for 1 and 2 are complete, while those for
3, 4 and 5 are not complete.
A judgment set Â and its corresponding sequence A are consistent for logic L3 , when
Â Y R * K. Given an agenda A and constraints R, we can generate the set of all consistent
judgment sets and corresponding sequences. The set of all consistent sequences A, with
respect to R, is ApA, R, |ù3 q, while the set of all corresponding consistent sets is ÂpA, R, |ù3 q.
To ease reading, we write simply A and Â whenever it is understandable from the context
what A, R and |ù3 are used. We denote by AÓProp and by ÂÓProp, the subsets of A and
Â correspondingly, which satisfy the property Prop. For example, Prop can be the subset
of all judgment sequences from t0, 1um ; the subset of all judgment sequences in which the
judgment on issue a is 21 etc.
Example 3.2.2. For agenda A “ ta1 , a1 ^ a2, a2 u and R “ H the sets Â and A are:
A “ t x0, 0, 0y, x 21 , 0, 0y, x0, 0, 21 y, x 12 , 0, 21 y, x1, 0, 0y, x0, 0, 1y, x1, 0, 12 y,
x 12 , 0, 1y, x1, 12 , 1y, x0, 12 , 0y, x 12 , 21 , 0y, x0, 21 , 12 y, x 21 , 12 , 21 y, x1, 12 , 0y,
x0, 12 , 1y, x1, 21 , 21 y, x 12 , 12 , 1y, x1, 1, 1yu
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Â “ t t a1 , pa1 ^ a2q, a2 u, t pa1 ^ a2 q, a2 u, t a1 , pa1 ^ a2 qu, t pa1 ^ a2qu,
ta1 , pa1 ^ a2 q, a2 u, ta1 , pa1 ^ a2q, a2 u, ta1 , pa1 ^ a2qu, t pa1 ^ a2 q, a2 u,
ta1 , a2 u, t a1 , a2 u, t a2 u, t a1 u, tu, ta1 , a2 u, t a1 , a2 u, ta1 u, ta2 u,
ta1 , pa1 ^ a2 q, a2 uu
In judgment aggregation, a judgment profile is a structure that contains all the judgments
made by agents N over the agenda items in A. We give a dual definition of a profile: as
a matrix of judgment and as a multiset of judgment sets. The profile defined as a matrix
corresponds to the definition of a profile in abstract aggregation.
We define π to be a n ˆ m matrix, where n “ |N| and m “ |A|. The elements of π are
judgments: each row of the matrix is the judgment sets of one agent from N for all issues
from A, while each column contains the judgment sets of all of the agents from N for one
issue from A. We define an operator ⊲ to retrieve a given row, and the operator ▽ to retrieve
a given column from the matrix. Thus π ⊲i returns the sequence of all judgments made by
agent i and π ▽a returns a sequence of all values assigned to agenda issue a.
Definition 28 (Profile matrix). Let N be a set of n agents and A an agenda of m issues. A
judgment profile π P t0, 12 , 1unˆm is a |N| ˆ |A|-matrix π “ rpi, j s where pi, j “ vi pa j q, and
i P N.
The operators ⊲ : t0, 12 , 1unˆm ˆ N ÞÑ t0, 21 , 1um and ▽ : t0, 12 , 1unˆm ˆ A ÞÑ t0, 12 , 1un are
defined as:

π ⊲i “ xpi, j | j P t1, . . . , muy, and
π ▽a j “ xpi, j | i P t1, . . . , nuy.
Since the judgment sequence can be seen as a 1 ˆ m matrix, A▽a “ Apaq denotes the value
assigned to issue a according to the judgment sequence A. We use the notation Ai “ π ⊲i, and
pi, j to denote the judgment pπ ⊲iq▽ j.
Example 3.2.3. Consider the crew of cleaning robots N “ tr1 , r2 , r3 u that renders judgments
on agenda A “ tp1 , p2 , p3 , gu where:
p1 : The meeting room is empty.
p2 : The floors in the meeting room are dirty.
p3 : There is garbage in the meeting room.
g: The group should clean the meeting room.
The constraint is that the group should clean the meeting room if and only if the room is empty
and the floors are dirty or there is garbage in the room, i.e., R “ tpp1 ^ pp2 _ p3 qq Ø gu.
One possible profile of judgments is:
p p p g
» 1 2 3 ﬁ
r1 1 1 1 1
π “ r2 – 0 1 21 0 ﬂ
r3 1 0 0 0
The judgment sequence of the robot r2 is π ⊲r2 “ x0, 1, 21 , 0y. The sequence of all judgments
for p3 is π ▽p3 “ x1, 12 , 0y.
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Alternatively we define a profile to be a multi-set of judgment sets, multi-set since more than
one agents can submit the same judgment set.
Definition 29 (Profile set). Let N be a set of agents and A an agenda. A judgment profile P
for A and N is a non-empty multiset of n judgment sets A P 2A .
Example 3.2.4. The profile P corresponding to profile π , from Example 3.2.3, is
P “ ptp1 , p2 , p3 , gu, t p1, p2 , gu, tp1 , p2 , p3 , guq.
3.2.2 Binary unweight distance-based judgment aggregation rules
A judgment aggregation function is typically defined as f pA1 , . . . , An q P t0, 1un , A1 , . . . , An P
Â, where Â is the set of all consistent and complete judgment sets. An abstract aggregation
function is instead defined as f : t0, 1umˆn ÞÑ t0, 1um . In the judgment aggregation literature
n
it is always assumed, and we assume it here also, that P P Â and that the allowed co-domain
of f should also be Â.
A judgment aggregation rule can be defined as F : An ÞÑ PpAq, where P denotes the nonempty power set. The distance-based procedure, DBP defined in (Endriss et al., 2010b) is a
judgment aggregation rule. We give the definition of this rule using our notation.
Let AÓ01 denote the subset of A which includes only the sequences from t0, 1um .
DBPpπ q “ arg min
Ó01
A PA

n
ÿ

δH pA, π ⊲iq.

i“1

The DBP chooses the collective judgment sequences in the following way. First the Hamming
distances δH between a judgment sequence A P AÓ01 and each of π ⊲i are calculated. A
Hamming distance between two binary sequences is defined as

δH pA, A1 q “

m
ÿ

|Apa j q ´ A1 pa j q|.

j “1

The rule selects those A P AÓ01 for which

i“1 δH pA, π ⊲iq

řn

is minimal.

3.3 The judgment aggregation rules
The distance-based belief merging rules developed in (Konieczny and Pino-Pérez, 1999) are
constructed by specifying a metric function (called a distance in the work in belief-merging)
and an arithmetic aggregation function. In one direction, we generalize the DBP in the fashion
of the operators of (Konieczny
and Pino-Pérez, 1999), by considering a general aggregation
ř
function instead of ni“1 and a general distance measure instead of δH .

If a judgment has assigned weight w we can see it as an unweighted judgment appearing w
times in the profile, as if w agents gave the same judgment. Consequently, the aggregated
judgments of DBP can be viewed as multiplied by a unique weight 1. We use this observation to generalize the DBP in another direction: before being aggregated the judgments are
multiplied with their assigned weights.
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3.3.1 Aggregation functions
Aggregation functions are defined in (Grabisch et al., 2009, pg.3). Since we use aggregation
functions extensively, we give this definition here.
Definition 30. Let I be a non-empty real interval. An aggregation function is a function
d : In ÞÑ I
that satisfies the following properties:
• if x ď y, then dpx1 , . . . , x, . . . , xn q ď dpx1 , . . . , y, . . . , xn q (non-decreasing);
• d satisfies the boundary conditions:
– in f d “ in f I ;
– sup d “ sup I.
ř
For example,
the
is an aggregation function defined for the interval p´8, `8q since
řn
lim
x
“
˘8.
i“1 i
xi Ñ˘8

We also include here the definitions of the most common properties of an aggregation function, as given in (Grabisch et al., 2009).
Definition 31. An aggregation function is:
• symmetric if and only if dpxq “ d prxsσ q, for every x P In and permutation σ
(Grabisch et al., 2009, pg.22);
• associative if Ť
and only if dpxq “ x for all x P I and dpx, dpx1 q, x2 q “ dpx, x1 , x2 q for
1 2
all x, x , x P nPN0 In (Grabisch et al., 2009, pg.22);
• idempotent if and only if dpx, x . . . , xq “ x for all x P I (Grabisch et al., 2009, pg.24).

In (Konieczny and Pino-Pérez, 1999) the minimality of aggregation functions is considered.
We give here the general definition of this property.
Definition 32. An aggregation function d satisfies minimality when dpxq “ in f I if and only
if x “ dpin f I, . . . , in f Iq.
As a consequence of the infimum boundary condition on d and the property of non-decreasing
we have that if x “ dpin f I, . . . , in f Iq then dpxq “ in f I. Therefore, d satisfies minimality
when if dpxq “ in f I then x “ dpin f I, . . . , in f Iq.
ř
We give the definitions of some common aggregation functions. The functions , Max,
and an ř
operator Gmax are considered in (Konieczny and Pino-Pérez, 1999; Konieczny et al.,
2004); ,Π, max and AM are presented
ř in (Grabisch et al., 2009, pg.6). The arithmetic mean
AM defined as AMpx1ř
, . . . , xn qř“ 1n px1 , . . . , xn q. Observe that, while it holds
ř that AMpxq ě
AMpyq if and only if pxq ě pyq, the function AM is idempotent, while is not.
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Definition 33. For x P In , the following functions are defined
ř

pxq
“ x1 ` . . . ` xn ;
maxpxq “ maxpx
1 , . . . , xn q;
1 řn
AMpxq “ n i“1 xi ;
Πpxq
“ x1 ¨ . . . ¨ xn ;
Gmaxpxq “ tpy1 , . . . , yn q | yi P x and y1 ě ¨ ¨ ¨ ě yn u.
The functions Σ, max, AM,
ř Π and Gmax are aggregation functions. The Gmax is also called
a leximax operator. The , max, AM and Gmax satisfy minimality on the interval I “ R` “
r0, `8q, while Π satisfies minimality on the interval I “ r1, `8q. To see that Gmax is
an aggregation function, observe that Gmax sorts the input vector in a descending order.
There is a one to one correspondence between the natural numbers and the sorted vector
Konieczny et al. (2004).
All aggregation functions we present here are symmetric and satisfy associativity. Only the
aggregation functions AM and max are idempotent.
3.3.2 Distance functions
Konieczny and Pino-Pérez (1999) define “distances” what Deza and Deza (2009) define to be
a “metric”. Here we follow the nomenclature and definitions of (Deza and Deza, 2009), primarily because we want to use a type of metric, not considered in (Konieczny and Pino-Pérez,
1999), that would enable us to construct weighted distance-based judgment aggregation rules.
We present the definitions from (Deza and Deza, 2009, pg.3-4) and (Deza and Deza, 2009,
pg.45) that we use.
Definition 34. Let X be a set. A function δ : X ˆ X Ñ R` is called a distance on X if the
following properties are satisfied for every x, y, z P X:
• δ px, yq ě 0 (non-negativity),
• δ px, yq “ δ py, xq (symmetry), and
• δ px, xq “ 0 (reflexivity).
A distance δ is called a metric on X when for every x, y, z P X:
• δ px, yq “ 0 if and only if x “ y (identity of indiscernible);
• δ px, yq ď δ px, zq ` δ pz, yq (triangle inequality).
The set pX, δ q is called a metric space when δ is a metric.
Definition 35. Let pX1 , d1 q, pX2 , d2 q, . . . , pXm , dm q be a finite, or countable, number of metric
spaces. A product metric d is a metric on the Cartesian product X1 ˆ X2 ˆ ¨ ¨ ¨ ˆ Xm “
tx “ px1 , x2 , ..., xm q : x1 P X1 , ..., xm P Xm u defined as a function f of δ1 , ..., δm .
Theorem 3.3.1. If X1 “ X2 “ . . . Xn “ X, pδ , Xq is a metric space and f is an aggregation
function for I P r0, `8q that satisfies minimality, then dpx, x1 q “ fni“0 δ pxi , x1i q is a metric.
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Proof. Assume that δ is a metric. As a consequence δ px1 , x2 q “ 0 if and only if x1 “ x2 ,
δ px1 , x2 q “ δ px2 , x1 q and δ px1 , x2 q ` δ px2 , x3 q ě δ px1 , x3 q for any x1 , x2 , x3 P X. We need to
show that d satisfies identity of indiscernible, symmetry and triangular inequality.
Identity of indiscernible
Since f satisfies minimality, then dpx, x1 q “ fni“0 δ pxi , x1i q “ 0 if and only if δ pxi , x1i q “ 0 for
each i. Therefore d satisfies the identity of indiscernible if δ satisfies this property.
Symmetry
From the definition dpx, x1 q “ fni“0 δ pxi , x1i q, while dpx1 , xq “ fni“0 δ px1i , xi q. We obtain that
dpx, x1 q “ dpx1 , xq if δ pxi , x1i q “ δ px1i , xi q for each i. Therefore d satisfies symmetry if δ satisfies symmetry.
Triangular inequality
Since δ satisfies triangular inequality, we have that δ px1i , x2i q ` δ px2i , x3i q ě δ px1i , x3i q for each
1 2
m
2 3
m
1 3
i P t1, . . . , mu. Consequently, fm
i“1 δ pxi , xi q ` fi“1 δ pxi , xi q ě fi“1 δ pxi , xi q since both f
and ` are non-decreasing.
The well known functions, the Hamming distance and the drastic distance, are both product
metrics that can be defined for any X. We will give their definitions, as well as introduce
some other product metrics and distances. Some of these functions are defined only for
X “ t0, 12 , 1u, since we are interested in three-valued judgments.
Definition 36 (Hamming product metric).
The Hamming metric is a function δH : X ˆ X ÞÑ t0, 1u, which indicates if two judgments
differ. It is defined as:

δH pa1 , a2 q “

"

0 when a1 “ a2
.
1 when a1 ‰ a2

The Hamming product metric dH is a function dH : X m ˆ X m ÞÑ N0 , which indicates the
number of judgments on which two sequences differ. It is defined as:
dH px, x1 q “

m
ÿ

δH pxi , x1i q.

i“1

Example 3.3.2. Consider the agenda A “ ta1 , a2 , a3 u and the sequences for it: A1 “ x1, 12 , 0y,
A2 “ x 12 , 1, 0y, A3 “ x1, 21 , 0y.
The Hamming metrics between these sequences are:
dH pA1 , A2 q “ 2 because the judgments in A1 and A2 differ on issues a1 and a2 ,
dH pA2 , A3 q “ 2 also because the judgments in A2 and A3 differ on issues a1 and a2 ,
dH pA1 , A3 q “ 0 because the judgments in A1 and A3 are the same on all issues.
The drastic distance between to sequences is one if the sequences are different and zero if
they are the same.
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Definition 37 (Drastic product metric).
The drastic distance is a function dD : X m ˆ X m ÞÑ N0 defined as:
dD px, x1 q “ maxpδH px1 , x11 q, δH px2 , x12 q, . . . , δH pxm , x1m qq.
Example 3.3.3. Consider the sequences A1 , A2 and A3 for the agenda from Example 3.3.2:
A1 “ x1, 12 , 0y, A2 “ x1, 1, 0y, A3 “ x1, 21 , 0y.
The drastic metrics between these sequences are:
dD pA1 , A2 q “ 1,
dD pA2 , A3 q “ 1,
dD pA1 , A3 q “ 0.
The Hamming distance does not make a difference by how much two judgments differ, but
whether they differ or not. When X “ t0, 1u, this is not a problem, but for X “ t0, 12 , 1u,
we might want to consider by how much do two judgments differ. One way to capture this
concept of distance is by the Taxicab metric, a measure introduced by Hermann Minkowski
(1864-1909). The Taxicab metric between two judgment sequences is the sum of the absolute
values of the difference between each judgment pairs in the sequences.
Definition 38 (Taxicab product metric).
A taxicab metric is a function
δT : t0, 21 , 1u ˆ t0, 21 , 1u ÞÑ t0, 12 , 1u, which indicates by how much do too judgments differ. It
is defined as:
δT px1 , x2 q “ |x1 ´ x2 |.
The Taxicab product metric is a function dT : t0, 12 , 1um ˆ t0, 21 , 1um ÞÑ N0 defined as:
dT px, x1 q “

m
ÿ

δT pxi , x1i q.

i“1

Observe that

ř

is an aggregation function that satisfies minimality on the interval I “ N0 .

Example 3.3.4. Consider A1 , A2 and A3 for the agenda from Example 3.3.2: A1 “ x1, 21 , 0y,
A2 “ x1, 0, 0y, A3 “ x 12 , 1, 0y.
The Taxicab metrics between these sequences are:
dT pA1 , A2 q “ |1 ´ 1| ` | 21 ´ 0| ` |0 ´ 0| “ 21 ,
dT pA2 , A3 q “ |1 ´ 12 | ` |0 ´ 1| ` |0 ´ 0| “ 1 21 ,
dT pA1 , A3 q “ |1 ´ 12 | ` | 12 ´ 1| ` |0 ´ 0| “ 1.
Observation 3.3.5. If A1 , A2 P t0, 1um then dH pA1 , A2 q “ dT pA1 , A2 q
The Taxicab metric does not make a difference whether the judgment is determined, 1/0 or an
abstention. With choosing the metric the designer chooses how to treat the abstentions with
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respect to judgments “yes” and “no”. By choosing the Hamming or the drastic metric, the
abstentions are treated as equal to the “yes” and “no” judgments. The “distance” functions
can be defined to treat the abstentions differently.
The distance mO assigns the distance zero from any judgment to an abstention, thus considering an abstention to equal to “yes” when compared to a “yes” judgment and “no” when
compared to a “no” judgment.
Definition 39 (Optimistic metric).
The optimistic distance is a function
mO : t0, 12 , 1um ˆ t0, 12 , 1um ÞÑ t0, 1u defined as
mO px, x1 q “

m
ÿ

tδT pxi , x1i qu.

i“1

Observation 3.3.6. The function mO satisfies non-negativity, symmetry
and reflexivity, but it
ř
does not satisfy identity of indiscernible. The function fpxq “ p ˝t uqpxq does not satisfy
minimality.
Example 3.3.7. Consider the agenda from Example 3.3.2 and the judgment sets A1 , A2 and
A3 for this agenda: A1 “ x1, 12 , 0y, A2 “ x 12 , 21 , 0y, A3 “ x0, 12 , 0y.
The optimistic metrics between these sequences are:
mO pA1 , A2 q “ 0 ` 0 ` 0 “ 0,
mO pA2 , A3 q “ 0 ` 0 ` 0 “ 0,
mO pA1 , A3 q “ 1 ` 0 ` 0 “ 1.
In all the metrics we presented, the number assigned to a pair of judgment sequences is
always obtained by comparing only the two sequences in the pair. (Duddy and Piggins, 2011)
introduce a more complex metric for complete judgment sets as a function g : AÓ01 ˆ AÓ01 ,
that is not a product metric. Their metric is defined in the following way. Let G “ pAÓ01 , Eq be
a graph where the vertices are the judgment sequences in AÓ01 . The set of edges E P AÓ01 ˆ
AÓ01 consists of pairs pA1 , A2 q P E for which there exists no A P AÓ01 such that dH pA1 , A2 q “
dH pA1 , Aq` dH pA, A2 q. A metric gpA1 , A2 q is the number of edges in the shortest path between
A1 and A2 .
We can extend the metric of (Duddy and Piggins, 2011) to incomplete judgments by using a
graph G3 “ pA, Eq and allowing for an edge to exist between A1 and A2 if an only if there exists
no A P A such that dT pA1 , A2 q “ dT pA1 , Aq ` dT pA, A2 q. We call this metric dG . We calculate
gpA1 , A2 q as the number of edges in the shortest path between A1 and A2 . However, whether
this metric is meaningful depends on the semantics of the ternary logics. For instance, for
the logics of Kleeney or Łukasiewicz, and a classical |ù3 , there is a judgment sequence at
a Taxicab distance 12 or at a Hamming distance 1 for each judgment sequence in A. This is
because a judgment set Â is consistent when Â Y R *3 K is false or unknown to be false, i.e.,
evaluated to 21 .
Other distances and metrics can be defined.
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3.3.3 Weights
Different agents may not be equally competent, or able, to give judgments on all agenda issues. Enriching the judgment aggregation problem representation with a collection of weights
captures this variety. There are three possible types of weights that can be considered: weight
associated with an agent, weight associated with an agenda issue and weight associated with
a judgment, i.e., with a pagent, issueq pair. All types of weights can be represented with a
weight matrix. Given a set of agents N and an agenda A, a weight matrix W is a rwi, j snˆm
matrix. The elements of W , wpi, jq P R` , are the weights assigned to the judgments given by
i P N for an a j P A.
One interpretation of the judgment weights is that of the weight representing reputation or
perceived accuracy of an agent i regarding issue a at a given time t. The reputation can be
defined simply as the ratio between the number of times an agent is asked to make a judgment
on issue a j before time moment t and the number of times, until t has his judgment been
confirmed. Assume that rpi, j,tq P r0, 1s is the normalized reputation of agent i regarding
a j P A. Weights can be constructed from reputation rpi, j,tq as wi, j ptq “ 1 ` rpi, j,tq, thus
maintaining that wi, j ě 1. When the reputation of the agent is 0, namely none of his judgments
is confirmed, his weight is 1, because the opinion of this agent still needs to be considered.
The cases when no weights are supplied, when weights associated with an agent are supplied,
or when weights associated with an agenda issue are supplied, can all be represented as a
special case of W . If no weights are given, then W “ U, where U is such that for each i and
j, wi, j “ 1.
If the weights associated with an agent are given then for each i, wi,1 “ wi,2 “ ¨ ¨ ¨ “ wi,m .
In judgment aggregation problems that use this type of weights, the reputation of the agents
is set beforehand and does not depend on the agenda. E.g., for a set of three agents and an
agenda of three issues the matrix W is a possible agent weight matrix.
»

ﬁ
1 1 1
W “ –1.2 1.2 1.2ﬂ
0.2 0.2 0.2
If the weights associated with agenda issues are given then for each j, w1, j “ w2, j “ ¨ ¨ ¨ “ wn, j .
This type of weights distinguishes between the relevance of one issue over another. These
weights do not depend on the agent who renders a judgment. If an issue a is more relevant
then issue a1 , then the difference in judgments on a is more severe than the difference in
judgments on a1 . E.g., for a set of three agents and an agenda of three issues the matrix W is
a possible issue weight matrix.
ﬁ
»
1 2 1.5
W “ –1 2 1.5ﬂ
1 2 1.5
Consider the so called “truth-functional” agendas, which can be partitioned into a set of
premises and a set of conclusions. Based on this partition, one can distinguish between
premise-based rules, which place higher importance on the premises and conclusion-based
rules that place higher importance on the conclusions. According to the premise-based aggregation rule defined in (Dietrich and Mongin, 2010), the collective judgments on the issues
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from the set of premises are the judgments supported by a strict majority. We can use the
weights to force a rule aggregator to be premise-based, by increasing the weights on the
premises, or conclusion based, by increasing the weights on the conclusions.
In this thesis we work under the assumption that the weights in W are specified by the agent
who aggregates the judgments. The presence of judgment weights in an aggregation problem
implies that one pre-established agent or service aggregates the judgments centrally. This implication is due to the collective judgments selected depending on who assigns the associated
weights.
Lastly the weights can be used to represent aggregation problems in which not all agents are
allowed to give judgments on all agenda issues. If the aggregating agent is not interested in
the judgment on a j of agent i, then he should set wpi, jq “ 0. The zero weight can also be
used in the case when the agents fail to report a judgment on a given issue due to for instance
technical difficulties in communication.

3.3.4 Distance-based rules, the generalization

We can now “lift” the definition of the premise-based procedure along the two directions and
construct a new family of weighted distance-based judgment aggregation rules.

Definition 40. Let A “ ta1 , . . . , am u be an agenda, R a set of constraints, N a set of agent
names, and ApA, R, |ù3 q the set of all consistent three-valued judgment sequences for A and
R. Let d be an aggregation function, and d a product metric. The metric d is constructed from
an aggregation function f that satisfies minimality and a distance δ . A weighted distancebased aggregation rule is a function ∆d,d : An ˆ pR` qnˆm ÞÑ PpAq, defined as:

∆d,d pπ ,W q “ arg min dni“1 fmj“1 wpi, jq ¨ δ pApa j q, π i, j q.
A PA

Example 3.3.8. Consider the profile π from Example 3.4.1 for agents N “ t1, 2, 3u. Let the
weight matrix be W .
a a a3
a a a3
» 1 2 ﬁ
» 1 2 ﬁ
1 1 23 2
1 1 21 12
W “ 2–1 43 45 ﬂ
π “ 2–1 0 0 ﬂ
3 1 32 47
3 000
ř
We use d “ f “ and δ “ δT . The sum of weighted distances between A1 “ π ⊲1, and
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each sequence of π , when f “

ř

is:

ř3 ř3
wpi, jq ¨ δT pA1 ▽a j , Ai ▽a j q
ř3i“1 j“1
“ i“1 pwpi, 1q ¨ δT pA1 ▽a1 , Ai ▽a1 q
`wpi, 2q ¨ δT pA1 ▽a2 , Ai ▽a2 q
`wpi, 3q ¨ δT pA1 ▽a3 , Ai ▽a3 qq
“ pwp1, 1q ¨ δT pA1 ▽a1 , A1 ▽a1 q ` wp1, 2q ¨ δT pA1 ▽a2 , A1 ▽a2 q ` wp1, 3q ¨ δT pA1 ▽a3 , A1 ▽a3 qq
` pwp2, 1q ¨ δT pA1 ▽a1 , A2 ▽a1 q ` wp2, 2q ¨ δT pA1 ▽a2 , A2 ▽a2 q ` wp2, 3q ¨ δT pA1 ▽a3 , A2 ▽a3 qq
` pwp3, 1q ¨ δT pA1 ▽a1 , A3 ▽a1 q ` wp3, 2q ¨ δT pA1 ▽a2 , A3 ▽a2 q ` wp3, 3q ¨ δT pA1 ▽a3 , A3 ▽a3 qq
“ p1 ¨ |1 ´ 1| ` 23 ¨ | 12 ´ 21 | ` 2 ¨ | 21 ´ 12 |
` 1 ¨ |1 ´ 1| ` 43 ¨ | 12 ´ 0| ` 54 ¨ | 12 ´ 1|
` 1 ¨ |1 ´ 0| ` 32 ¨ | 12 ´ 0| ` 74 ¨ | 12 ´ 1|
“ 0 ` 0 ` 0 ` 0 ` 46 ` 58 ` 86 ` 43 ` 78
“ 3.66
If the weight matrix contains weights associated with an agent, we can define a weighted
aggregation rule without the requirement that d is a product of distances. Let V be a weight
tuple V “ rwsnˆ1 containing the weight of each agent.
Definition 41. An agent-weighted distance-based aggregation rule is a function
∆Vd,d : An ˆ pR` qn ÞÑ PpAq, defined as:
∆Vδ ,d pπ ,V q “ arg min dpw1 ¨ dpA, π ⊲1q, . . . , wn ¨ dpA, π ⊲nqq.
A PA
The co-domain of the rules ∆ must be a power set of A. However, we can define the rules
∆ for a profile π P t0, 12 , 1unˆm instead of π P An , without much modification. This means
that the distance-based judgment aggregation rules can be applied to sequences which are not
consistent for the chosen logic. Miller (2008) studied the case when each agent is allowed to
use his own subjective rules Ri for the judgments he produces. In addition to this variation,
one can also conceive the case when each agent uses individual subjective semantics. Our
rules ∆d,d can be applied to both of these two cases. The definition of ∆d,d does not explicitly
consider the ternary logic semantics. This concern is resolved by defining the set A. The
difference between aggregating sequences consistent in for instance Post logic (Post, 1921)
and Kleeney logic (Kleene, 1938) is that the co-domain of ∆d,d is different for each of these
logics.

3.4 (Non)Inclusion relationships between specific rules
Each combination of d, f and δ gives rise to another aggregation rule, however not all of
these rules are meaningful. We call a rule meaningless if for every profile, except the profile
in which π1 “ π2 “ ¨ ¨ ¨ “ πn , each judgment set that is in the profile is also selected as a
collective judgment set. Namely, a rule is meaningless when for all π P An and for all i P N,
π ⊲i P ∆d,d pπ ,Uq. For instance, combining Π with any distance function gives rise to a
meaningless rule, since for each π P An we obtain that ∆d,Π pπ ,Uq “ π . Combining max
with dD gives rise to a meaningless rule as well, since unless π1 “ π2 “ ¨ ¨ ¨ “ πn we obtain
∆d,Π pπ ,Uq “ A.
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Combining max with dh or dt we obtain a rule that behaves as a plurality voting rule, namely
it selects the judgment sequence that is supported by the largest number of agents, regardless
of how big this number is with respect to the total number of agents n. When such a sequence
does not exist, the entire profile is selected.
To use Π we need to use a function whose domain is r1, `8q instead of r0, `8q. One such
function is mP : t0, 1um ˆ t0, 1um ÞÑ N defined as:
δH px1 ,xi q
.
mP px, x1 q “ Πm
i“1 2
1

We can then obtain an operatorř ∆m p ,Π . However, for every profile π , ∆mP ,Π pπ ,W q selects
the same judgment sets as ∆dH , pπ ,W q: it is enough to observe that for any three judgment
sequences A, A1 and A2 , from t0, 12 , 1um it holds
m
ÿ

w1,i ¨ δH pApiq, A1 piqq ď

i“1

m
ÿ

w1,i ¨ δH pApiq, A2 piqq

m
ź

w1,i ¨ 2δH pApiq,A2 piqq .

i“1

if and only if
m
ź

w1,i ¨ 2δH pApiq,A1 piqq ď

i“1

i“1

We can construct a judgment aggregation function for the interval I “ r1, `8q as
Π˚ pxq “ Πni“1 pxi ` 1q.
Using Π˚ “ Π ˝ g, where gpxq “ x ` 1, we can obtain meaningful judgment aggregation rules.
We can illustrate the specific rules that can be obtained with the metrics and aggregation
functions that we introduced through an example.
Example 3.4.1. Consider the agenda A and corresponding set A from Example 3.2.2, and
the profile:
ﬁ
1 21 21
π “ –1 0 0 ﬂ
000
»

Table 3.1 gives the results for ∆dH ,d pπ ,Uq, Table 3.2 gives the results for ∆dD ,d pπ ,Uq, Table
3.3 gives the results for ∆dT ,d pπ ,Uq, and Table 3.4 gives the results for ∆mO ,d pπ ,Uq. The
dark gray fields are the minima in each column corresponding to an aggregation rule. For this
π , all rules select x1, 0, 0y. However this is not the case with all profiles.
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A
dH pA, x1, 12 , 21 yq dH pA, x1, 0, 0yq dH pA, x0, 0, 0yq
x0, 0, 0y
3
1
0
1
x 2 , 0, 0y
3
1
1
x0, 0, 12 y
2
2
2
x 12 , 0, 12 y
2
1
2
x1, 0, 0y
2
0
1
x0, 0, 1y
3
2
1
x1, 0, 12 y
1
1
2
x 21 , 0, 1y
3
2
2
x1, 21 , 1y
1
1
3
1
x0, 2 , 0y
2
2
1
x 12 , 12 , 0y
2
2
2
x0, 12 , 12 y
1
3
2
x 21 , 21 , 12 y
1
3
3
1
x1, 2 , 0y
1
1
2
x0, 21 , 1y
2
3
2
x1, 12 , 12 y
0
2
3
x 12 , 12 , 1y
2
3
3
x1, 1, 1y
2
2
3

ř
4
5
6
5
3
6
4
7
7
5
6
6
7
4
7
5
8
7

Max
3
3
2
2
2
3
2
3
3
2
2
3
3
2
3
3
3
3

Gmax
(3,1,0)
(3,1,1)
(2,2,2)
(2,2,1)
(2,1,0)
(3,2,1)
(2,1,1)
(3,2,2)
(3,3,1)
(2,2,1)
(2,2,2)
(3,2,1)
(3,3,1)
(2,1,1)
(3,2,2)
(3,2,0)
(3,2,2)
(3,2,2)

Π˚
8
16
27
18
6
24
12
36
16
18
27
24
32
12
36
12
48
36

AM
1.33
1.66
2
1.66
1
2
1.33
2.33
2.33
1.66
2
2
2.33
1.33
2.33
1.66
2.66
2.33

Table 3.1: The Hamming metric between the sequences in π and the elements of A.
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A
dD pA, x1, 21 , 12 yq dD pA, x1, 0, 0yq dD pA, x0, 0, 0yq
x0, 0, 0y
1
1
0
1
x 2 , 0, 0y
1
1
1
x0, 0, 12 y
1
1
1
x 12 , 0, 12 y
1
1
1
x1, 0, 0y
1
0
1
x0, 0, 1y
1
1
1
1
x1, 0, 2 y
1
1
1
x 12 , 0, 1y
1
1
1
x1, 12 , 1y
1
1
1
1
x0, 2 , 0y
1
1
1
x 12 , 21 , 0y
1
1
1
1 1
x0, 2 , 2 y
1
1
1
x 12 , 21 , 12 y
1
1
1
x1, 12 , 0y
1
1
1
1
x0, 2 , 1y
1
1
1
x1, 12 , 12 y
0
1
1
x 12 , 21 , 1y
1
1
1
x1, 1, 1y
1
1
1

ř
2
3
3
3
2
3
3
3
3
3
3
3
3
3
3
2
3
3

Max
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

Gmax Π˚
(1,1,0) 4
(1,1,1) 8
(1,1,1) 8
(1,1,1) 8
(1,1,0) 4
(1,1,1) 8
(1,1,1) 8
(1,1,1) 8
(1,1,1) 8
(1,1,1) 8
(1,1,1) 8
(1,1,1) 8
(1,1,1) 8
(1,1,1) 8
(1,1,1) 8
(1,1,0) 4
(1,1,1) 8
(1,1,1) 8

AM
0.66
1
1
1
0.66
1
1
1
1
1
1
1
1
1
1
0.66
1
1

Table 3.2: The drastic metric between a sequence in π and the elements of A.

If a rule is not meaningless, how can we determine if it selects the same collective judgment
sequences as another rule? In Chapter 2 we defined the equivalence and set inclusion of
judgment aggregation rules through the logical theory of the rules. The majority of the rules
based on minimization select incomplete judgment sets. The logical theory based comparison
is adequate there since it compares the collective judgments selected by the two rules that are
being considered.
The distance-based judgment aggregation rules always select at least one collective judgment
for each agenda issue, therefore a more adequate relation analysis between the rules is one
that considers which judgment sequences as a whole are selected and not the individual judgments. We introduce a variant of rule relations, considering a rule to be more discriminant
than another rule when the set of sequences selected by the first rule always includes the set of
sequences selected by the second rule, under the same profile and weight matrix. We define
this rule relations concept formally.
Definition 42 (Rule Relations). Let F1 and F2 be two judgment aggregation rules defined as
F1 : Sn ˆ pR` qnˆm ÞÑ PpSq and F2 : Sn ˆ pR` qnˆm ÞÑ PpSq.
We say that rule F1 is included in rule F2 , denoted F1 Ă F2 , if for every π P Sn and
W P pR` qnˆm it holds that F1 pπ ,W q Ă F2 pπ ,W q.
A rule F1 is incomparable with rule F2 , denoted F1 ﬀ F2 , if there exists a pair π P Sn and
W P pR` qnˆm such that F1 pπ ,W q Ć F2 pπ ,W q and F2 pπ ,W q Ć F1 pπ ,W q.
A rule F1 is equal to rule F2 , denoted F1 “ F2 , if for every π P Sn and W P pR` qnˆm it holds
that F1 pπ ,W q “ F2 pπ ,W q.
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ř
A
dT pA, x1, 12 , 21 yq dT pA, x1, 0, 0yq dT pA, x0, 0, 0yq
x0, 0, 0y
2
1
0
3
1
1
x 21 , 0, 0y
1 12
1 12
3
2
2
1
1
1
1
x0, 0, 2 y
12
12
3 12
2
x 21 , 0, 21 y
1
1
1
3
x1, 0, 0y
1
0
1
2
x0, 0, 1y
2
2
1
5
1
1
1
1
x1, 0, 12 y
1
2
2
2
2
2
1
1
1
1
x 2 , 0, 1y
12
12
12
4 12
1
x1, 12 , 1y
1 12
2 12
4 12
2
1
x0, 12 , 0y
1 21
1 12
3 12
2
1 1
x 2 , 2 , 0y
1
1
1
3
x0, 21 , 12 y
1
2
1
4
1
1
1
1
x 12 , 21 , 12 y
1
1
3
2
2
2
2
1
1
1
1
x1, 2 , 0y
12
2 12
2
2
x0, 12 , 1y
1 21
2 12
1 12
5 12
1 1
x1, 2 , 2 y
0
1
2
3
1 1
x 2 , 2 , 1y
1
2
2
5
x1, 1, 1y
1
2
3
6

Max
2
1 21
1 21
1
1
2
1 21
1 21
2 21
1 21
1
2
1 21
1 21
2 21
2
2
3

Gmax
(2,1,0)
(1 21 , 21 , 12 )
(1 21 , 1 21 , 21 )
(1,1,1)
(1,1,0)
(2,2,1)
(1 21 , 21 , 12 )
(1 21 , 1 21 , 1 12 )
(2 21 , 1 21 , 21 )
(1 21 , 1 21 , 21 )
(1,1,1)
(2,1,1)
(1 21 , 1 21 , 21 )
(1 21 , 21 , 12 )
(2 21 , 1 21 , 1 12 )
(2,1,0)
(2,2,1)
(3,2,1)

Π˚
6
9.375
9.375
8
4
18
5.645
15.625
13.125
9.375
8
12
9.375
5.625
21.875
6
18
24

AM
1
1.16
1.16
1
0.6
1.6
0.83
1.5
1.5
1.16
1
1.3
1.16
0.83
1.83
1
1.66
2

Table 3.3: The taxicab metric between a sequences in π and the elements of A.
A
mO pA, x1, 12 , 21 yq mO pA, x1, 0, 0yq mO pA, x0, 0, 0yq
x0, 0, 0y
1
1
0
x 12 , 0, 0y
0
0
0
x0, 0, 21 y
1
1
0
x 12 , 0, 21 y
0
0
0
x1, 0, 0y
0
0
1
x0, 0, 1y
1
2
1
1
x1, 0, 2 y
0
0
1
x 12 , 0, 1y
0
1
1
x1, 12 , 1y
0
1
2
x0, 12 , 0y
1
1
0
x 12 , 21 , 0y
0
0
0
x0, 12 , 21 y
1
1
0
x 21 , 12 , 21 y
0
0
0
x1, 12 , 0y
0
0
1
x0, 12 , 1y
1
2
1
x1, 12 , 21 y
0
0
1
1 1
x 2 , 2 , 1y
0
1
1
x1, 1, 1y
0
2
3

ř
2
0
2
0
1
4
1
2
3
2
0
2
0
1
4
1
2
5

Max
1
0
1
0
1
2
1
1
2
1
0
1
0
1
2
1
1
3

Gmax Π˚
(1,1,0 ) 4
( 0,0,0) 1
(1,1,0 ) 4
( 0,0,0) 1
(1,0,0 ) 2
(2,1,1 ) 12
(1,0,0 ) 2
(1,1,0 ) 4
(2,1,0) 6
(1,1,0 ) 4
( 0,0,0) 1
(1,1,0 ) 4
( 0,0,0) 1
(1,0,0 ) 2
(2,1,1 ) 12
(1,0,0 ) 2
(1,1,0 ) 4
(3,2,0 ) 12

AM
0.66
0
0.66
0
0.33
1.33
0.33
0.66
1
0.66
0
0.66
0
0.33
1.33
0.33
0.66
1.66

Table 3.4: The optimistic metric between the sequences in π and the elements of A. Note
that since the sequence in which all judgments are 12 will always be closest to any judgment
sequence, we can disregard it.
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We show the inclusion properties of the distance-based aggregation rules built upon the specific aggregation functions we considered.
ř
ř
Proposition 3.4.2. ∆d, “ ∆d,AM for d such that f “ .
Proof. For n ě 1
n ÿ
m
ÿ

wpi, jq ¨ δ pA▽a j , Ai ▽a j q ă

i“1 j “1

n ÿ
m
ÿ

wpi, jq ¨ δ pA1 ▽a j , Ai ▽a j q

i“1 j “1

if and only if
n

n

m

m

1ÿÿ
1ÿÿ
wpi, jq ¨ δ pA▽a j , Ai ▽a j q ă
wpi, jq ¨ δ pA1 ▽a j , Ai ▽a j q.
n i“1 j“1
n i“1 j“1

Proposition 3.4.3. ∆d,max Ă ∆d,Gmax and ∆d,Gmax Ć ∆d,max for d such that f “
A
dH pA, x1, 0, 0yq dH pA, x1, 1, 1yq dH pA, x0, 0, 0yq
x0, 0, 0y
1
3
0
x0, 1, 0y
2
2
1
x1, 0, 0y
0
2
1
x1, 1, 1y
2
0
3

Max
3
2
2
3

ř

.

Gmax
(3,1,0)
(2,2,1)
(2,1,0)
(3,2,0)

Table 3.5: The Hamming metrics between the sequences in π and the elements of A. The
dark gray fields are the minima in the corresponding column.
Proof. For x1 , . . . , xn , y1 , . . . , yn P R` if Gmaxpx1 , . . . , xn q ă Gmaxpy1 , . . . , yn q then the first
element of Gmaxpx1 , . . . , xn q is smaller or equal to the first element of Gmaxpy1 , . . . , yn q. Since
the first elements of Gmaxpx1 , . . . , xn q is maxpx1 , . . . , xn q and the first element of
Gmaxpy1 , . . . , yn q is maxpy1 , . . . , yn q. Consequently, if
Gmaxni“1

m
ÿ

wpi, jq ¨ δ pA▽a j , Ai ▽a j q ă Gmaxni“1

m
ÿ

wpi, jq ¨ δ pA▽a j , Ai ▽a j q ď maxni“1

j “1

m
ÿ

wpi, jq ¨ δ pA1 ▽a j , Ai ▽a j q

j “1

then
maxni“1

j “1

m
ÿ

wpi, jq ¨ δ pA1 ▽a j , Ai ▽a j q.

j “1

To show that ∆d,Gmax Ć ∆d,max , it is sufficient to give an example of π . Consider d “ dH and
W “ U. Let A “ ta1 , a2 , a3 u, R “ ta3 Ø a1 ^ a2u and
»
ﬁ
100
π “ –1 1 1ﬂ.
000
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As it can be observed in Table 3.5, ∆dH ,max pπ ,Uq “ tx1, 0, 0y, x0, 1, 0yu, while
∆dH ,Gmax pπ ,Uq “ tx1, 0, 0yu.
ř
ř
Proposition 3.4.4. ∆d,Gmax ﬀ ∆d, for d such that f “ .
Proof. We give a counter-example.
Let A “ ta1 , a2 , a3 u, and A “ tx0, 0, 0y, x0, 1, 1y, x1, 0, 0y, x1, 1, 0yu, d “ dH , W “ U and
»
ﬁ
110
π “ –1 1 0ﬂ.
000
As it can be observed in Table 3.6, ∆d,Gmax pπ ,Uq “ tx1, 0, 0yu while
∆d,max pπ ,Uq “ tx1, 1, 0yu.
A
dH pA, x1, 1, 0yq dH pA, x1, 1, 0yq dH pA, x0, 0, 0yq
x0, 0, 0y
2
2
0
x0, 1, 1y
2
2
2
x1, 0, 0y
1
1
1
x1, 1, 0y
0
0
2

Gmax
(2,2,0)
(2,2,2)
(1,1,1)
(2,0,0)

ř
4
6
3
2

Table 3.6: The Hamming metrics between the sequences in π and the elements of A. The
dark gray fields are the minima in the corresponding column.

˚

Proposition 3.4.5. ∆d, ﬀ ∆d,Π where d is such that f “
ř

ř

.

Proof. We give a counter-example.
Let A “ ta1 , a2 , a3 , a4 , a5 , a6 , a7 , a8 , a9 , a10 , a11 , a12 , a13 , a14 u be an agenda. The set of all
consistent judgment sets for it A is given in Table 3.7.
A “ {a1 , a2 , a3 , a4 , a5 , a6 , a7 , a8 , a9 , a10 , a11 , a12 ,
A1 “ {a1 , a2 , a3 , a4 , a5 , a6 , a7 , a8 , a9 , a10 , a11, a12 ,
A2 “ { a1, a2 , a3 , a4 , a5 , a6 , a7 , a8 , a9 , a10 , a11 , a12 ,
A A3 “ { a1, a2 , a3 , a4 , a5 , a6 , a7 , a8 , a9 , a10 , a11, a12 ,
A4 “ { a1, a2 , a3 , a4 , a5 , a6 , a7 , a8 , a9 , a10 , a11, a12 ,
A5 “ { a1, a2 , a3 , a4 , a5 , a6 , a7 , a8 , a9 , a10 , a11, a12 ,

a13 ,
a13 ,
a13 ,
a13 ,
a13 ,
a13 ,

a14 }
a14 }
a14 }
a14 }
a14 }
a14 }

Table 3.7: The set A of consistent judgment sets for agenda A.
Let the profile ř
π be such that π ⊲1 “ A1 , π ⊲2 “ A2 and π ⊲3 “ A3 . As it can be observed in
˚
Table 3.8, ∆dH , pπ ,Uq “ tA1 , A2 , A3 u, while ∆dH ,Π pπ ,Uq “ tA4 u.
˚

Proposition 3.4.6. ∆d,Gmax ﬀ ∆d,Π for d such that f “

ř

.

Proof. Consider the same example of π as in the proof of Proposition 3.4.5;
˚
∆dH ,Gmax pπ ,Uq “ tA1 , A2 , A3 u, while ∆dH ,Π pπ ,Uq “ tA4 u.
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A P A dH pA, A1 q dH pA, A2 q dH pA, A3 q
A1
0
8
8
A2
8
0
8
A3
8
8
0
A4
5
5
5
A5
8
6
4

ř

16
16
16
15
18

Π˚
81
81
81
216
315

Table 3.8: The sum and product of Hamming metrics from an element in the set A to each of the
agent’s judgment sequences.

3.5 Representational abilities of ∆d,d
In this section we discuss the expressiveness of ∆d,d in terms of judgment aggregation problems it can be applied to. We show how the co-domain can be controlled to obtain desirable
properties for the collective judgment sequences. We also show how one can emulate the
premise and conclusion based procedures using the ∆d,d rules.
3.5.1 Co-domain restrictions for ∆d,d
A desirable property of an aggregation rule is to aggregate incomplete judgment sets but
select a complete collective judgment set. This means we want a judgment aggregation rule
that has incomplete judgment sets in its domain, but only complete judgment sets in its codomain. The co-domain of the ∆d,d rules is the set of all consistent judgment sequences
A. As a consequence, this property of completeness of the collective judgment sets is not
satisfied by the ∆d,d family. However we can extend the definition of ∆d,d to include the
co-domain as an additional parameter of the function.
Definition 43. Let X Ď A be the subset of judgment sequences that satisfy a certain property.
A X-restricted distance-based judgment aggregation rule is the rule
Λd,d : An ˆ Rnˆm ˆ PpAq ÞÑ PpPpAqq defined as:
Λd,d pπ ,W, Xq “ arg min dni“1 pfmj“1 wi, j ¨ δ pAp jq, pi, j qq.
A PX

To ensure that the selected judgment sequences are complete, one needs to set X “ AÓ01 .
Restricting the co-domain can also be used to engineer that all collective judgment sets adhere
to the view of the majority on particular agenda issues. As we know from the impossibility
results in judgment aggregation such as (Dietrich, 2007; Pauly and van Hees, 2006), for most
logics, the issue-majoritarian set is not always a consistent judgment set. However, for some
subset of agenda issues B Ă A, majority-adherence can be consistent and guaranteed. This
subset B must be such that for all a P B and any valuation, Bztau Y R *3 a.
3.5.2 Emulating other judgment aggregation rules with Λd,d
The first two judgment aggregation “rules” are the premise-based and conclusion-based procedure presented in (Kornhauser and Sager, 1993), under the names “issue-by-issue voting
and “case-by-case voting” respectively. These rules are applicable to agendas A that can be
partitioned to a set of premises A p and a set of conclusions Ac .
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Of the two procedures, the premise-based one has been more extensively studied in, for instance (Dietrich and Mongin, 2010; Mongin, 2008; Endriss et al., 2010b). According to the
premise-based procedure, the collective judgment on a premise is the judgment supported
by a majority of agents. According to the conclusion-based procedure, only the collective
judgments on the conclusions are derived, by selecting that judgment for each conclusion
that is supported by a majority of agents. Due to the “mandatory” incompleteness of the
selected judgment sets, this procedure is not much considered in the literature. We extended
the conclusion-based procedure with a distance-based procedure in (Pigozzi et al., 2009) to
obtain collective judgments on the premises as well. Here we build on the work presented in
(Pigozzi et al., 2009).
When the judgments are three-valued, there are two ways to define the majority function.
One is the m1 function which is used when aggregating binary profiles in Chapter 2.
Definition 44. Let N1 “ ti | π i, j “ 1u and N0 “ ti | π i, j “ 0u.
m1 : An ˆ pR` qnˆm ˆ A ÞÑ t0, 1u is defined as:

The

function

ř
ř
$
& 1 iff řiPN1 wi, j ą řiPN0 wi, j
m1 pπ , a j q “ 0 iff iPN1 wi, j ă iPN0 wi, j
%1
2 iff otherwise
ř
ř
The m1 function undefined when iPN1 wi, j “ iPN0 wi, j and biased against the undecided
judgment, namely the 21 is only selected if the number of agents who render judgment 1 is
the same as the number of agents who render the judgment 0. An unbiased majority function
can be defined as well.
Definition 45. Let N1 “ ti | π i, j “ 1u, N 1 “ ti | π i, j “ 21 u and N0 “ ti | π i, j “ 0u. The
2

unbiased, or absolute, majority function m2 : An ˆ pR` qnˆm ˆ A ÞÑ t0, 1u defined for a P A
as:
$
ř
ř
ř
’
& 1 iff řiPN1 wi, j ą řiPN0 wi, j ` řiPN1{2 wi, j
m2 pπ , a j q “ 0 iff iPN0 wi, j ą iPN1 wi, j ` iPN1{2 wi, j
’
%1
2 iff otherwise

Ma jpπ ,W q “ xm2 pπ ▽1,W q, . . . , m2 pπ ▽m,W qy

The function m2 is undefined when there is no one judgment that is supported by a majority
of agents in a pair-wise compartment (with the other two judgments). For ternary judgment
profiles we can define as many premise-based procedures as there are majority functions that
can be defined.
Definition 46. Given a profile π P An , an agenda A “ ta1p , . . . , akp u Y Ac and R. The biased
premise-based procedure B ´ PBP and the unbiased premise-based procedure U ´ PBP is
defined as
B ´ PBPpPq “ tm1 pπ , a p q | a p P A p u Y tac | ac P Ac , tm1 pπ , a1p q, . . . m1 pπ , akp qu Y R |ù3 ac u;
U ´ PBPpPq “ tm2 pπ , a p q | a p P A p u Y tac | ac P Ac , tm2 pπ , a1 q, . . . m2 pπ , ak qu Y R |ù3 ac u.
p

p
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Another way to view the premise- and conclusion-based procedures is as rules in which
the adherence to majority is guaranteed for the set of premises, or the set of conclusions
correspondingly. We can represent and extend the premise- and conclusion-based procedures
through a distance-based aggregation rule Λd,d .
The premise-based procedure is only applicable for those profiles P for which the set of
premises is logically independent. The premise sub-profile π p is the matrix obtained from
the sub-sequences containing only judgments on the premises. Intuitively, π p is the matrix
obtained when from π by removing the columns corresponding to the elements of Ac .
E.g., let agenda A be such that A p “ tp, p Ñ qu and A p “ tqu. If π is a profile for A, then
π p is the premise only sub-profile.
»
ﬁ
100
π “ –1 21 21 ﬂ
011

»
1
π p “ –1
0

0

ﬁ

1ﬂ
2

1

We can extend the biased and unbiased premise-based procedures B ´ PBP and U ´ PBP to
weighted distance-based judgment aggregation rules in the following way.
Definition 47 (Extended premise-based procedures). Let Xbp and Xup be co-domain restrictions defined as:
Xbp : A P Xbp if and only if Apaq “ m1 pπ , aq for all a P A p
Xup : A P Xup if and only if Apaq “ m2 pπ , aq for all a P A p .
The biased and unbiased premise-based weighted aggregation functions are defined as:
b ´ pbppπ ,W q “ Λd,d pπ ,W, Xbp q and
u ´ pbppπ ,W q “ Λd,d pπ ,W, Xup q.
If the agenda is such that the judgments on the conclusions are uniquely determined by the
judgments on the premises, then the choice of d and d are irrelevant. Otherwise there will be
as many premise-based procedures as there are pd, dq pairs.
In the similar manner we can define two extended conclusion-based procedures, b ´ cbp and
u ´ cbp.
Definition 48 (Extended conclusion-based procedures). Let the restrictions Xbc and Xuc be
defined as Xbc : A P Xbc if and only if A Ó a corresponds to m1 pπ , aq for all a P Ac
Xuc : A P Xuc if and only if A Ó a corresponds to m2 pπ , aq for all a P Ac .
We can define the extended conclusion-based procedures as:
b ´ cbppπ ,W q “ Λd,d pπ ,W, Xbc q and
u ´ cbppπ ,W q “ Λd,d pπ ,W, Xuc q.
We can go about another way to extend the premise-based procedures, by using ∆dT , . Let A
be an agenda containing only one issue a, R “ H and π a profile for this agenda. We obtain
that ApA, R, |ù3 q “ tx1y, x 12 y, x0yu.
řn
řni“1 |1 ´ Ai▽a| “ |N´ | ` |N0 |,
řni“1 |01´ Ai▽a| “ |N` | ` |N0 | and
i“1 t| 2 ´ Ai ▽a|u “ |N` | ` |N´ |.
ř
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The v selected by ∆dT , řpπ ,Uq corresponds to the unbiased majority m2 pπ , aq. When A has
more issues, then ř
∆dT , pπ p ,Uq returns the sequence corresponding to the set tm2 pP, a p q |
p
p
a P A u because ni“1 δh pA▽ j, π i, jq are minimal for the judgments that correspond to the
unbiased majority, due to
řn
dT pA, Ai q
řni“1 ř
“ i“1 mj“1 δT pA▽ j, π i, jq
ř ř
“ mj“1 ni“1 δT pA▽ j, π i, jq.
ř

Therefore,
we can define an unbiased premise-based rule UPBP also as follows. Let A p “
ř
∆dT , pπ p ,Uq. We concatenate to the sequence A p , the sequence of judgments on the conclup
sions obtained by deductively closing Â . We write
p

UPBPpπ q “ A p Y x vpaq | a P Ac and Â Y R |ù3 vpaqy.
Another judgment aggregation rule frequently considered in the literature is the sequential
judgment aggregation procedure (List, 2004a; Dietrich and List, 2007b; Li, 2010). This rule
pre-supposes that there exists a total order ľ over the agenda issues. The agenda issues are
ranked according to some parameter as for example, relevance of the issue. The sequential
procedure consists in applying the majority function m1 to a subset of the agenda, starting
from the issue ranked highest according to ľ and continuing down the order until the judgments on the remaining issues are determined by the m1 pπ , aq already calculated. If the order
is not total, then we can apply the Λd,d rules to ensure that the collective judgments on the
preferred issues correspond with m1 pπ , aq. We can use m2 as well.

3.6 Computational complexity of winner determination
Determining the complexity of the winner determination problem for social choice rules is
one of the fields of research in the focus of computational social choice (Chevaleyre et al.,
2007). The winner determination problem in voting theory is the problem of deciding whether
a particular candidate is selected as the winner for a given profile of votes when a particular
voting rule is used. The computational complexity of the winner determination problem is
used as an indication of how difficult it is to determine the output from a particular social
choice rule in the “worst case” profiles.
Endriss et al. (2010b) define the winner determination problem for judgment aggregation
rules in terms of collective judgments instead of collective judgment sets. Given a number K, a profile π , an agenda A and a judgment for agenda issue a, the winer determination
question is whether there exists a judgment sequence A P AÓ01 such that Apaq “ vpaq and the
distance from A to the profile is smaller or equal than
ř K. Endriss et al. (2010b) show that
this winner determination problem, for d “ dH , d “ and binary profiles, is solvable by a
non-deterministic Turing machine in polynomial time.
In judgment aggregation, the winner determination problem can be defined as the problem
of deciding whether a given judgment set is selected as the collective judgment set when a
particular judgment aggregation rule is applied to a given profile of judgments. This is the
approach we take because the distance based rules generate collective judgments for each
issue. When the judgment aggregation rule is resolute, and the collective judgment sets are
necessarily complete, it is a good choice to define the winner determination problem as in
(Endriss et al., 2010b) since by checking for each judgment whether it is selected as collective
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or not, once can compute the entire collective judgment sets. However, when the judgment
aggregation rule is irresolute, or the incomplete judgment sets can be selected as collective,
this approach of checking judgment by judgment does not lead to computing a collective
judgment sets.
We define the judgment rule winner determination problem and state it for an instance of an
agenda A, set of rules R, and a judgment aggregation rule F : An ˆ pR` qnˆm ÞÑ PpAq in
the following way.
Definition 49 (WinDet for F).
Let F be a judgment aggregation rule F : An ˆ pR` qnˆm ÞÑ PpAq. We consider an agenda
A of cardinality m, set of rules R, and a set of agent n names N. The WinDet problem for F
is specified by the following input and output.
Input: Profile π P pApA, R, |ù3 qqn , sequence A P ApA, R, |ù3 q and weight matrix W P pR` qnˆm .
Output: true if and only if A P Fpπ ,W q.
We show the computational complexity of the WinDet problem for ∆d,d and W “ U without
fixing the d and d.
Proposition 3.6.1. If d and d are computable in polynomial time then WinDet for ∆d,d is in
ΣP2 .
Proof. Σ2p is in the second level of polynomial-time hierarchy, see Figure 3.1.

Figure 3.1: The polynomial time hierarchy, under the common assumption that P‰NP. The
arrows denote inclusion.
Σ2p is the class of all decision problems that can be solved by a non-deterministic Turing machine in polynomial time, i.e., NP Turing machine, that has access to a non-deterministic oracle that takes polynomial time to respond to problems sent to it, i.e., NP oracle (Papadimitriou,
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1994, pg. 425). Each level i of the hierarchy is determined according to the following formulas, where the exponent is the class of the oracle:
• ∆Pi “ PΣi´1
P

• ΣPi “ NPΣi´1
P

• ΠPi “ coNPΣi´1
P

We prove the proposition by showing an algorithm for WinDet for ∆d,d .
Algorithm: WinDetpπ , Aq
1. guess a valuation v for the atoms in A;
2. if v is a model for A and not ExistBetterpπ , Aq
then returnptrueq else returnp f alseq;
Oracle: ExistBetterpπ , Aq
1. guess A1 P t0, 21 , 1um ;
2. guess a valuation v1 for the atoms in A;
3. if v1 is a model for A1 and dpdpA1 , π 1 q, . . . , dpA1 , π n qq ą dpdpA, π 1 q, . . . , dpA, π n qq then returnptrueq
else returnp f alseq;

A distance from a judgment sequence A to a profile π is the output of dni“1 dpA, π ⊲iq. The
algorithm proceeds as follows. Recall that A can contain both atomic and non-atomic formulas. First, a valuation for the atoms in A is guessed. We check that the valuation is a model
for A, i.e., such that for its corresponding judgment set Â it holds Â Y R * K. Then we make
a call to the NP oracle who returns a Boolean answer to the question of whether a judgment
sequence exists that is closer to the profile than A. If such a sequence is found, A is not among
the selected collective judgment sets.
The oracle determines its answer in the following way. First a judgment sequence A1 is
guessed and then a valuation for the atoms in A1 is guessed. We ensure that A1 is consistent
and then we compare the distance from A1 to the profile and the distance from A to the profile.
d,d
The algorithms and the result can be easily adapted for the weighted case of ∆W
.

The assumption we make for d and d is that they are computable in polynomial time. The
distances and aggregation functions we introduced in Section 3.3 are computable in polynomial time, with the possible exception of the distance dG proposed in (Duddy and Piggins,
2011).
To calculate dG pA1 , A2 q, one has to determine the shortest path between the vertices corresponding to A1 and A2 in the un-weighted bidirectional graph G “ pAÓ01 , Eq. Finding the
shortest path in a graph with non-negative weights can be solved using the Dijkstra’s algorithm (Dijkstra, 1959) in quadratic time over the number of vertices. However, complexity is
added by constructing the graph G. The set E is the set of edges defined as pA1 , A2 q P E if and
only if there exists no A P AÓ01 such that dH pA1 , A2 q “ dH pA1 , Aq ` dH pA, A2 q. Consequently,
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to construct G one has to check, for each A1 and A2 that there is no A between them. We
conjecture that this problem is not solvable in polynomial time.
In the weighted case, a weight matrix W is also a part of the input. If f and δ are computable
in polynomial time with respect to the size of π and W , then so is d, and the above result can
be easily adapted.
Let us define a score of a A P A, with respect to a weight matrix W and a profile π to be the
distance from A to π :
spA, π ,W q “ dni“1 fmj“i wi, j ¨ δ pA▽a j , π i, j q.
Depending on W and d, the number of possible scores can be known. For instance, for
a weight matrix in which wi, j “ 1 for all i and j, and the Hamming distance, the number
of possible scores is exactly the cardinality of the agenda m plus one. If the number of
possible scores for ∆d,d is known in advance and bounded by a polynomial in n, m then
computing WinDet for ∆d,d is in ΘP2 . ΘP2 “ PNPrlog ns is the class of problems solvable by a
polynomial-time deterministic Turing machine asking at most Oplog nq adaptive queries to
an NP oracle).1
The (conditional) membership in ΘP2 can be demonstrated by the following variation of the
algorithm.
For an ordered set X, let medpXq denote the median of X, X ` denote the subset of X from
medpXq up, and X ´ the part below medpXq. Let Val be the set of possible scores.
Algorithm: WinDetpπ , Aq
1. Poss :“ Val;
2. repeat
3.
k :“ medpPossq;
4.
if Existpπ , Poss´ q
then Poss :“ Poss´ else Poss :“ Poss` ;
5. until |Poss| “ 1;
6. if spA, π ,W q “ medpPossq
then returnptrueq else returnp f alseq;
Oracle: Existpπ , Possq
1. guess A1 P t0, 21 , 1um and a valuation v;
2. if v is a model for A1 and spA prime , π ,W q P Poss then returnptrueq else returnp f alseq;

According to this algorithm, we do a binary search to find the minimal score spA1 , π ,W q that
can be assigned to some A1 P A. The binary-search algorithm can be executed in logarithmic
number of steps, with respect to the size of Val and that is why there are logarithmic number
of calls made to the oracle. If the score of the candidate A is this minimal score then A is
among the sequences selected by ∆d,d pπ ,W q.
Endriss et al. (2010a) show that their winner determination problem for the premise-based
procedure is decidable in polynomial time. The complexity does not change when we consider our WinDet for the B ´ PBPpPq and U ´ PBPpPq rules.
1 I would like to thank an anonymous reviewer for the workshop of Social Choice and Artificial Intelligence held
in conjunction with the 22nd International Joint Conference on Artificial Intelligence for hinting the property and
sketching the proof.
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Proposition 3.6.2. The WinDet problem for B ´ PBPpPq and U ´ PBPpPq is in P.
To prove this proposition, it is sufficient to give a description of an algorithm that decides if
Â P B´PBPpPq or Â P B´PBPpPq. First we check whether the candidate Â is consistent. This
is a model checking problem for ternary logic which can be solved in polynomial time. Then,
p
for each judgment for a j in Â we check whether it corresponds to the biased or unbiased
p
majority of π ▽a j . This can be done in Opm ¨ nq time.
The complexity of a winner determination problem only indicates how difficult it is to verify that a judgment sequence is selected. In judgment aggregation, it would be of interest
to determine the complexity of the search problem. In a decision problem, we look for a
confirmation whether a given output can be produced by a function. In a search problem, we
instead look for the output that a function produces for a given argument.
The WinDet problem for ∆dT , while W “ U is (still) in NP. This can be proved by slightly
modifying the proof presented in (Endriss et al., 2010a).
ř

Theorem 3.6.3. The WinDet problem for ∆dT ,
Łukasiewitz logic.

ř

while W “ U is in NP for Kleene and

Proof. Endriss et al. (2010b) reduce their winner determination problem to the well known
NP hard problem of integer programming, see for instance (Williams, 2009, Chapter 2). We
can do the same. We write a variable xi P t0, 1, 2u for each a P A and xr P t0, 1, 2u for each
element of r P R. The constraints for xr is xr ą 0 for each j. The constraints for xi depend
on the ternary logic used. We show the constraints for the Kleene and Łukasiewitz logic.
The Kleene logic observes the relations between the connectives so we can give only the
constraints for and ^:
a2 “ a1 :
x2 “ 2 ´ x1
a 3 “ a 1 ^ a 2 : x3 ď x1 , x3 ď x2 , x1 ` x2 ď x3 ` 2
a3 “ a1 Ø a2 : x1 ` x2 ď x3 ` 2, x1 ` a3 ď x2 ` 2
xr ą 0

(3.1)

For the Łukasiewitz logic ϕ Ñ ϕ ” p ϕ ^ ϕ q does not hold, hence we need to specify the
constraints for xi for all of the connectives:
a2 “ a1 :
a3 “ a1 ^ a2 :

x2 “ 2 ´ x1
x3 ď x1 , x3 ď x2 , x1 ` x2 ď x3 ` 2

a3 “ a1 _ a2 :
a3 “ a1 Ñ a2 :

x3 ě x1 , x3 ě x2 , x1 ` x2 ě x3 ` 2
x3 ď 2, x3 ă 2 ´ x1 ` x2 , x1 ` x2 ď x3 ` 2

a3 “ a1 Ø a2 : x1 ` x2 ď x3 ` 2, x1 ` a3 ď x2 ` 2, x2 ` x3 ď x1 ` 2, 2 ď x1 ` a2 ` x3
xr ą 0
(3.2)
We omit the requirement in the proof of (Endriss et al., 2010b) that a for particular judgment
a j , the constraint x j “ 1 is added because we are not interested if one particular judgment is
selected as collective or not. We set the score K to be the score of any of the sequences in the
profile. The rest of the proof can be used unchanged.
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Let π P An , W “ U, and A P A. Let
1
2
n2 pAp jq, π ▽ jq “ #ti | δ pAp jq ´ π i, j q “ 1

n1 pAp jq, π ▽ jq “ #ti | δ pAp jq ´ π i, j q “

(3.3)

For d “ dT it holds that
n
ÿ

dT pA, π ⊲iq “

i“1

“
“

n ÿ
m
ÿ

δT pAp jq, π i, j q

i“1 j “1
n ÿ
m
ÿ

|Ap jq ´ π i, j |

i“1 j “1
m
ÿ

p¨n1 pAp jq, π ▽ jq ` 2n2pAp jq, π ▽ jqq

(3.4)

j “1

For d “ dH it holds that
n
ÿ

dH pA, π ⊲iq “

i“1

“
“

n ÿ
m
ÿ

i“1 j “1
n ÿ
m
ÿ

δH pAp jq, π i, j q
|rAp jq ´ π i, j s|

i“1 j “1
m
ÿ

n2 pAp jq, π ▽ jqq

(3.5)

j “1

To compute a winner under ∆dT ,
we need to find a sequence A P ApA, R, |ù3L q, or
A P ApA, R, |ù3K q correspondingly, characterized by variables x1 , . . . , xm that minimizes the
sum
n1 px1 , π ▽1q ` 2 ¨ n2px1 , π ▽1q ` ¨ ¨ ¨ ` n1 pxm , π ▽mq ` 2 ¨ n2pxm , π ▽mq.
ř

For the case dT we need to minimize the sum
n2 px1 , π ▽1q ` ¨ ¨ ¨ ` n2 pxm , π ▽mq.
To this end we introduce an additional set of integer variables y j ą 0 for j P r1, ms. We ensure
that y j “ n1 px j , π ▽ jq ` 2 ¨ n2px j , π ▽ jq by adding the constraints :
p@ j ď mq n1 px1 , π ▽1q ` 2 ¨ n2px j , π ▽ jq ď y j
p@ j ď mq n1 px1 , π ▽1q ` 2 ¨ n2px j , π ▽ jq ě y j

(3.6)

p@ j ď mq n1 px1 , π ▽1q ` 2 ¨ n2px j , π ▽ jq ď y j
p@ j ď mq n1 px1 , π ▽1q ` 2 ¨ n2px j , π ▽ jq ě y j

(3.7)

or the constraints
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correspondingly.
Now we need minimize

m
ÿ

yj ď K

j “1

subject to constraints (3.1) and (3.6) for Kleene logic and dT , to constraints (3.1) and (3.7)
for Kleene logic and dH , to constraints (3.2) and (3.6) for Łukasiewicz logic and dT , and to
constraints (3.2) and (3.7) for Łukasiewicz
logic and dH . This integer program is feasible if
ř
and only if A is a winner for ∆d, pπ ,Uq.

3.7 Conclusions
Judgment aggregation rules used by hierarchical groups should be able to aggregate incomplete judgment sets into complete judgment sets regardless of the number of agents or type
of agenda. The rules should also be able to aggregate weighted judgments. In this chapter we
develop a family of weight-sensitive distance-based judgment aggregation rules that satisfy
these requirements.
A distance-based judgment aggregation rule is fully specified by specifying a pair pd, dq of
product metric d (specified by another aggregation function f and a metric δ ) and aggregation function d. We present examples of distance functions and aggregation functions.
While the Hamming and Drastic distances have already been used in judgment aggregation, theřTaxicab distance is a new option. From the five aggregation functions we presented, , max and Gmax have been already introduced in the literature of belief merging
˚
by (Konieczny and Pino-Pérez, 1999), but
ř AM and Π ˚are new. When applied to the same
profile, AM gives the same results as . The rule Π , however, gives rise to truly new
aggregation operators. We summarize the (non) inclusion results between the families of
distance-based aggregation rules in Table 3.9.
∆d,
∆d,AM
∆d,max
∆d,Gmax
ř

˚

∆d, ∆d,AM ∆d,max ∆d,Gmax ∆d,Π
=
Ă
‰
‰
‰
=
=
‰
‰
‰
‰
‰
“
Ă
‰
‰
‰
Ą
=
‰
ř

Tableř3.9: The summary of the (non)inclusion results for d being a product metric constructed using

f“

.

In this chapter we also discuss the computational complexity of the winner determination
problem for the distance-based aggregation rule. For an unspecified d and d the complexity
is ΣP2 , which can be considered as high since ΣP2 in the second level of the polynomial time
hierarchy (Papadimitriou, 1994, pg. 425). This complexity is lowered to ΘP2 when certain
distances and aggregation operators are used, such as dH and Σ. In Section 3.5.2 we introduced the extended premise-based procedure. The complexity of the winner determination
problem for this procedure is considerably lower, but the premise-based procedure is not applicable to all agendas. Endriss et al. (2010a) show that checking whether an agenda is “safe”
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is a problem in the complexity class ΠP2 , which is in the same level in the hierarchy as ΣP2 .
Consequently, checking if the premise-based procedure can be applied safely is more difficult
than using the procedure (Endriss et al., 2010a). The distance-based aggregation rules have a
higher complexity, but they can always be applied.
Based on the complexity analysis in Section 3.6 we can make the conclusion that extending
a distance-based rule from binary to ternary judgments does not influence the complexity of
the WinDet problem for the rule. However, extending the rule from unweighted to weighted
judgments can influence the WinDet complexity.
Compared to Chapter 2, here we do not generate as many specific rules. However, we do give
a “template” for many weighted distance-based rules, each specified by a pair of aggregation
functions and a metric. Therefore we need to be able to distinguish among all possible specific
rules that can be generated using this “template”. This means that we need to know how to
select the aggregation functions d and f, and a metric δ so that the resulting rule is adequate
for a given decision-reaching problem.
In part we answer the question of selecting d, f and δ by the complexity analysis of the
WinDet problem. For well-behaved rule in terms of complexity of the WinDet problem, d,
f and δ should be computable in polynomial time and the co-domains of both d and f
should be enumerable. However this characterization of d, f and δ is still very general. In
the next chapter we define various structural and relational properties that enable us to further
specify d, f and δ and distinguish further among weighted distance-based rules.

Part II

Selecting judgment aggregation
rules
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4
Selecting judgment aggregation rules
Abstract. We need a way to distinguish between the judgment aggregation
rules we constructed. To accomplish this we qualify the judgment aggregation
rules by the properties they satisfy. In the judgment aggregation literature such
properties have been studied from a combinatorial, which properties are mutually consistent, or characterization point of view. One typically studies which
minimal set of properties can be satisfied by a judgment rule. Alternatively one
studies the properties that characterize all rules that select collective judgment
sets from a desirable set of judgment sets. Compared with properties studied in
voting theory, not many properties in judgment aggregation have been considered for judgment aggregation rules. In this chapter we construct properties for
judgment aggregation rules and we study which of our rules satisfy them.

4.1 Introduction
In Chapters 2 and 3 we introduced many judgment aggregation rules producing distinct judgment sets for the same profile. How can we choose which rule to use for a given multi-agent
system group decision problem? A judgment aggregation rule is a function that assigns a
non-empty set of collective judgment sets to a profile of individual judgments. How good is
a specific judgment aggregation rule for a particular problem?
The conventional approach to qualifying aggregation rules in social choice theory is a theoretical analysis of properties; one conceptualizes, defines and studies (un)desirable properties
for the rules. In this chapter we take the theoretical approach to qualifying judgment aggregation rules. In social choice theory, one studies which minimal set of properties can be
satisfied at the same time by a non-dictatorial or non-oligarchic judgment aggregation rule,
such is the work of (Dietrich and List, 2008a; Nehring and Puppe, 2010b), or the properties as
a way to characterize the rules that select from a specific collection of judgment sets, such as
(Grandi and Endriss, 2010, 2011; Nehring et al., 2011; Nehring and Pivato, 2011). This gives
rise to impossibility results along the line of the Arrow’s theorem (Arrow, 1963, Chapter 3).
In this chapter we are interested in constructing desirable properties for judgment aggregation
rule and in analyzing which of the rules introduced in Chapters 2 and 3 satisfy the constructed
properties. Each aggregation context gives rise to its own set of necessary, desirable, and
undesirable properties for a rule.
The properties of a judgment aggregation rule can be classified in two large groups: structural
characteristics and relational properties. The structural characteristics are the properties that
85

86

Chapter 4 Selecting judgment aggregation rules

are satisfied by the profile being aggregated and by the collective sets that are the aggregate,
i.e., these are properties of the domain and co-domain of the judgment aggregation rule. The
relational properties are the properties that hold between the input profile and each of the
assigned judgment sets. It is mainly the relational properties that have been considered in the
judgment aggregation literature.
The first desirable properties considered for judgment aggregation are universal domain,
anonymity and systematicity (List and Pettit, 2002), directly “imported” from the preference aggregation conditions of Arrow (Arrow, 1963, Chapter 3). Further properties have
been considered: independence of irrelevant information (Dietrich, 2006a), monotonicity
properties (Nehring and Puppe, 2010a; Dietrich and List, 2005; List and Puppe, 2009), and
(Dietrich and List, 2008a) as well as unanimity properties by for instance (Dietrich and List,
2008b; List and Puppe, 2009).
In the judgment aggregation literature (List and Polak, 2010), but also in the abstract and
binary aggregation literature (Dokow and Holzman, 2010a; Grandi and Endriss, 2011), one
considers a judgment aggregation function to be a function which associates a profile of binary judgments to a unique complete set of binary judgments, Figure 4.1 a). The listed
properties, universal domain, anonymity, systematicity, the monotonicity and the unanimity
properties, are defined for such judgment aggregation functions. In Chapter 2 we defined
judgment aggregation rules which are functions that associate a profile of binary judgments
to set of a possibly incomplete judgment sets, Figure 4.1 b). In Chapter 3 the judgment aggregation rules are extended to functions that associate a pair of profiles, of ternary judgments
and associated weights, to a set of sequences of ternary judgments, Figure 4.1 c).

Figure 4.1: Illustration of the different ways to define judgment aggregation functions.
The structural properties of judgment aggregation, particularly those referring to the domain,
can be considered without drastically adapting the definition available in the literature. However, for studying relational properties one needs to construct definitions for judgment aggregation rules that correspond to the properties defined for judgment aggregation functions.
The main culprit for these difficulties is the irresoluteness of judgment aggregation rules. A
judgment aggregation rule is resolute when for every profile, and every weight matrix in the
case of a weighted rule, the aggregate is a singleton set; and irresolute otherwise.
Consider for instance the unanimity principle which states that if all agent rendered the same
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judgment for issue a P A then this is the judgment for a in the collective judgment set. Since
we have more collective judgment sets, is the unanimity principle satisfied if the unanimous
judgment is contained in at least one, most of, or all of the collective judgment sets? We need
to define the relational properties for the generalized irresolute version of judgment aggregation rules. We construct these definitions by first defining when does a property of a resolute
rule corresponds to a property of an irresolute rule. As hinted by the example of the unanimity property, there can be several versions of an irresolute rule properties that correspond to
a given resolute rule property. We consider the most common properties encountered in the
judgment aggregation literature.
A common concern when constructing a social choice rule is its response to manipulative
agents. An agent is manipulative if he choses the information to submit (opinions, judgments, preferences, votes, etc.) instead of being honest, with the purpose of ensuring that the
aggregate is one he prefers. A social choice rule is strategy-proof when none of the agents
can benefit by being manipulative. Manipulability of judgment aggregation rules is more
difficult to study compared to that of e.g., voting theory, since the agents are not modeled
to hold preferences over the judgment sets. The research on manipulability of judgment aggregation function, by Dietrich and List (2005) and Endriss et al. (2010b), is conducted by
making the assumption that the smaller the distance between an agent’s judgment set and a
collective judgment set, the more that agent “prefers” that collective judgment set. The same
approach is taken by Everaere et al. (2007) for studying the manipulability of distance-based
belief merging operators.
Apart from the properties considered in the judgment aggregation literature, there are many
interesting properties that can be imported from voting theory. These are of interest for
judgment aggregation rules as well, both from social-theoretic and computational viewpoint.
In particular we can outline the property of separability (Smith, 1973), also called consistency
by (Young, 1975) and the independence of clones property (Tideman, 1987). The property
of separability in voting theory states that, given two profiles of votes for the same set of
candidates, if a candidate is among the winner of the both profiles, then the same candidate
is among the winners of the profile obtained by combining the both profiles. This property
is desirable from a computational point of view. Aggregating smaller profiles of judgments
is more efficient than aggregating large profiles. If a rule that satisfies separability is used, a
very large group of agents can be split and their profiles aggregated separately. Comparing
the winners from each profile can eliminate the need to aggregate the joint profile of all the
agents.
The property of independence of clones in voting theory states that when a candidate is added
to the set of candidates, and this candidate is identical to a candidate already in the set, the
winner of the election does not change. There are no candidates in judgment aggregation, but
the independence of clones can be defined for agenda items. Indeed, if two agenda issues are
logically equivalent, then the collective judgment on the both equivalent issues should be the
same, regardless the profile. We define the separability and independence of clones properties
in a judgment aggregation framework.
The manipulability of a social choice rule is an important issue when the outcome of the
rule constrains in some way the behavior of the agents. For example, a person in a group of
friends, choosing a restaurant for dinner by voting on a selection of restaurants, is expected
by social norm to go to the restaurant that is selected by the voting rule, even if he does not
particularly prefer it. In an agreement reaching setting, an agent is constrained to abide by the
results of the judgment aggregation, e.g., participate in solving the problem once a solution is
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agreed on. However, we made the assumption that the agents are non-manipulative and thus
we are not concerned with this aspect of the judgment aggregation rules.
In some aggregation contexts it is possible to evaluate the performance of a judgment aggregation rule experimentally. Consider Example 4.1.1.
Example 4.1.1. A group of three agents needs to agree on whether there is a fire in the
building they occupy. They consider the following set of issues:
• fire is observed ( f ),
• smoke is observed (s),
• the alarm went off (a).
The agenda is A “ t f , s, au and the constraints are R “ ts Ñ f , pa ^ sq Ñ f u. The robots
interpret their perceptual data to construct an opinion regarding the truth-values of f , s and
a. Since the perceptual data can be inconclusive or even wrong due to sensor malfunction,
the robots may observe an a P A as true even when a is false, or observe a as false even
when it is true. However, regardless of what the robots observe, there is a unique factual
truth-value assignment of f , s and a that corresponds to the actual state of the world.
Truth-tracking is the process of establishing these unique truth-values that correspond to the
actual state of the world (Hartmann et al., 2010). How good a judgment aggregation rule is
can be measured with respect to how good the rule is at truth-tracking, namely how often it
is the case that the collective judgment set assigns values that correspond to the actual state
of the world.
If the aggregation context is such that truth-tracking is the goal of the collective decision
then a good judgment aggregation rule is one that is good at truth-tracking. To ascertain the
truth-tracking quality of a rule, one needs to construct a simulation or experiment in which
one can compare the number of total aggregations with the number of aggregations in which
the collective judgment set produced by said rule are faithful to the truth. The experimental
approach to qualifying judgment aggregation rules in terms of truth-tracking is addressed in
(Ganesan, 2011).
This chapter is structured as follows. In Section 4.2 we give a definition of an aggregator
rule that generalizes the aggregators considered in Chapters 2 and 3. We also define when
a property defined for one type of rule corresponds to a property defined for another type of
rule. In Section 4.3 we define and analyze the structural properties considered in the judgment aggregation literature. In Sections 4.4 and 4.5 we define and analyze the first relational
properties studied in judgment aggregation: independence of irrelevant information, neutrality and anonymity. In Section 4.6 we define and study majority-adherence properties, in
Section 4.7 unanimity adherence properties, in Section 4.8 monotonicity properties and in
Section 4.9 separability properties. In Section 4.10 we give the definitions of properties that
can be desirable for a judgment aggregation rule, but we do not study how these properties
are satisfied by the rules we considered in Chapters 2 and 3. Lastly in Section 4.11 we give
an overview of which properties are satisfied by which rules and relate aggregation contexts
with structural and relational properties that are advantageous for rules used in these contexts.
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We begin by constructing a general definition of a judgment aggregation rule. The rules
introduced in Chapters 2 and 3, but also judgment aggregation functions in other literature,
e.g., (List and Polak, 2010; Dokow and Holzman, 2010b; Grandi and Endriss, 2011), are a
special case of this general rule. Using this definition we can define properties of rules that
are applicable for all categories of rules.
Definition 50. Let N be a set of n agent names, T a finite enumerable set of truth-values,
Ł a T -valued logic with an entailment operator |ùT , A Ď L an agenda of m elements and
R Ă L a set of constraints. ApA, R, |ùL q is the set of all sequences from T nˆm that satisfy the
constraints R and are consistent with respect to |ùT . Let R` be the interval of reals r0, `8q
and SI , SII Ď ApA, R, |ùL q. A weighted judgment aggregation rule is a function
F : SIn ˆ pR` qnˆm ÞÑ PpSII q.
We have so far worked with three types of sets SI and SII .
Example 4.2.1. Let the set S2 be the set of all consistent and complete (binary) judgment
sequences. Namely, S2 “ ApA, R, |ùq Ă t0, 1um , where |ù is the classical propositional logic
entailment operator. A judgment aggregation function (binary aggregation rule, abstract
aggregation rule) (List and Polak, 2010; Dokow and Holzman, 2010b; Grandi and Endriss,
2011) can be defined as
f : S2n ˆ t1unˆ m ÞÑ S2 .
Example 4.2.2. Let S3 “ ApA, R, |ù3 q Ă t0, 12 , 1um , where |ù3 is a classical entailment operator for some three-valued logic. The rules in Chapter 3 can be defined as
∆d,d : S3n ˆ pR` qnˆm ÞÑ PpS3 q.
Example 4.2.3. Let SL “ ApA, R, |ù3L q Ă t0, 12 , 1um be the set of all ternary judgment sequences consistent with respect to the ternary Łukasiewicz logic semantics (Łukasiewicz,
1920; Urquhart, 2001). We can define the rules based on minimization in Chapter 2 trough
Definition50 using SL as a co-domain.
Recall that most of these rules in Chapter 2 are such that the selected collective judgment sets
are incomplete. Each judgment set A incomplete on a judgment for a P A can be replaced
with two complete judgment sets A` and A´ such that a P A` and a P A´ ; the resulting
judgment sets being consistent under ternary Łukasiewicz logic semantics.
According to the semantics of the Łukasiewicz ternary logic, one can think of the truth-values
as sets of classical truth-values, namely 0 “ tFu, 1 “ tT u and 12 “ tT, Fu. The third value is
in a sense interpreted as a variable that can be replaced with either true or false. Therefore,
the co-domain of the aggregation rules from Chapter 2 is equivalent to PpSL q. The rules in
Chapter 2, can be defined as
R : S2n ˆ t1unˆm ÞÑ PpSL q.
Observe that S2 , SL Ď ApA, R, |ù3L q.
The relational properties of judgment aggregation rules that can be encountered in the literature are defined for functions that are resolute. How can a relational property defined for resolute rules be “lifted” to irresolute rules? Moreover, if we have a definition of relational property for irresolute rules, how does this property relate to a property defined for resolute rules?
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To answer this question we introduce the concept of lifting between properties. Observe that,
when restricted to the (possibly empty) domain An1 “ tπ | π P Anc and |Fpπ ,Uq| “ 1u, F is a
resolute rule. Recall that U was the weight matrix in which all weights wpi, jq “ 1. We consider the unweighted case W “ U only since the resolute rules considered in the literature,
and the properties defined for them, are unweight.
In addition to the difference in output cardinality, the resolute rules defined in the literature
are defined for binary judgments, while the rules defined in Chapter 3 are defined for ternary
judgments. Therefore, when constructing a definition of lifting, we also need to consider the
relation between the sets S for which the aggregators are defined.
Definition 51. Let the function f : Sn ÞÑ S be a resolute rule and let (γ ) be a property for
such defined functions. Let F : SIn ˆ pR` qnˆm ÞÑ PpSII q be a judgment aggregation rule that
satisfies some property (χ ). The sets S, SI and SII are such that S Ď SI and S Ď SII . A property
(χ ) lifts a property (γ ) if (γ ) is satisfied by F for every π P Sn such that |Fpπ ,Uq| “ 1.
For a relational property, there will always be more than one possible (χ ) property that lifts
the same (γ ) property due to the irresoluteness of the judgment aggregation rules. In the next
chapters we construct properties by lifting the most common properties for resolute rules.

4.3 Structural properties
Once we have the definition of a rule, we can consider its structural properties. The type
of judgments being aggregated characterizes the input, i.e., the domain, of a judgment aggregation rule. We can distinguish between two orthogonal types: the value-type and the
weight-type. The value-type specifies the values that the judgments in the profile can take.
We have considered binary and ternary judgment profiles. Multi-valued profiles are considered in (Pauly and van Hees, 2006) and (Li, 2010). The weight-type specifies the weights
that can be associated with the profile. We considered unweight profiles, agent-associated
weights, agenda issue associated weights and judgment weights.
One structural property considered in the judgment aggregation literature is universal domain,
defined in (List and Pettit, 2002) for judgment aggregation functions. The universal domain
is satisfied when the judgment aggregation function is defined for all profiles of complete
and consistent judgment sets. Universal domain is simple to generalize, since it only refers
to the rule’s domain. All introduced judgment aggregation rules satisfy universal domain by
construction.
Definition 52. A judgment aggregation rule F from Definition 50 satisfies the universal
domain if and only if, for every A, R and |ùL , SI Ď ApA, R, |ùL q.
Collective rationality (List and Puppe, 2009) is another structural property considered in the
literature. Collective rationality states that only rational collective judgments are admissible
as outputs. This means that the judgment aggregation rule always selects consistent judgment
sets. This property is also easy, when compared to other properties, to define for the judgment
aggregation rules of Definition 50.
Definition 53. A judgment aggregation rule F from Definition 50 satisfies collective rationality if and only if, for every π P SIN and W P pR` qnˆm , Fpπ ,W q Ď ApA, R, |ùL q.
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The judgment aggregation rules of Definition 50 satisfy collective rationality by construction.
The output, i.e., the co-domain, of a judgment aggregation rule is also characterized by valuetype as well, e.g., binary in the case of f , Łukasiewicz ternary in the case of R, ternary in the
case of ∆. The value-type of the output is expressed trough a property called completeness
(List and Puppe, 2009). A judgment aggregation function satisfies completeness if it always
selects complete judgment sets. We give a formal definition for rules.
Definition 54. Let AÓ01 be the binary restriction of the set ApA, R, |ùL q. A judgment aggregation rule F from Definition 50 satisfies completeness if and only if, for every π P SIN and
W P pR` qnˆm , Fpπ ,W q Ď AÓ01 .
Most of the rules we defined do not satisfy completeness. The exceptions are the rules RMWA
and RdH ,max in Chapter 2.
Additionally, the output is characterized by the cardinality, namely how many sequences are
included in the output. According to cardinality, we distinguish between resolute rules that
are also referred to as functions and always select a unique judgment sequence, and irresolute
rules. All the rules we introduced in Chapters 2 and 3 are irresolute by construction. As multiple impossibility results in judgment aggregation show, resolute rules that satisfy some minimal desirable conditions can only be defined for restricted domains (List and Polak, 2010;
Dietrich and List, 2010). We refer to resolute rules as function aggregators and irresolute
rules as rule aggregators.

4.4 Independence of irrelevant information
One of the first properties considered in judgment aggregation (List and Pettit, 2002) is the
property of systematicity. An unweight function aggregator for binary judgments satisfies
systematicity if it satisfies independence of irrelevant information1 and neutrality. The properties of systematicity and in particular independence of irrelevant information have been
among the most debated in the judgment aggregation literature, with (Dietrich and List, 2005;
Nehring and Puppe, 2005) deeming this property desirable, and (Chapman, 2002) discussing
its controversies.
In voting theory, the property of neutrality states that the order of the candidates in the candidate set has no bearing on who is selected as the winner. In judgment aggregation, if it is to be
a counterpart of the one in voting theory, then the property of neutrality should state that the
collective judgment selected for a collection of individual judgments does not depend on the
particular issue for which those judgment are rendered, i.e., the order in which the issues in
the agenda are given, does not influence the collective judgment set obtained. In judgment aggregation neutrality, when considered together with independence of irrelevant information,
is taken to mean that each issue is aggregated using the same aggregation rule for each issue.
Indeed, this latter view on neutrality is a consequence of the voting counterpart neutrality in
the presence of independence of irrelevant information.
We illustrate the voting counterpart neutrality with an example. Consider the following two
profiles for some agenda A “ ta1 , a2 , a3 u and A1 “ ta2 , a1 , a3 u correspondingly:
1 Independence

of irrelevant information is also sometimes called independence of irrelevant alternatives.
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»
ﬁ
100
π 1 “ –0 1 0ﬂ
111

»
ﬁ
010
π 2 “ –1 0 0ﬂ
111

Observe that the judgments for a1 in π 1 are the same as the judgments for a2 in π 2 . Assume
that a rule f is applied to both π 1 and π 2 , A1 “ f pπ 1 q and A2 “ f pπ 2 q. If f is neutral,
then necessarily A1 p1q “ A2 p2q, A1 p2q “ A2 p1q and A3 p3q “ A3 p3q. None of the rules we
defined considers the order of issues in A when selecting the collective sequences, therefore
by construction our rules satisfy neutrality.
The property of independence of irrelevant information states that the collective judgment on
each issue depends only on the individual judgments for that issue, and not on the judgments
rendered for the other issues in the agenda.
We call two matrixes M1 and M2 j ´ equal when M1 ▽ j “ M2 ▽ j. Two profiles π 1 and π 2
over the same N, A and R are a j -equal when π 1 ▽ j “ π 2 ▽ j for a a j P A. We illustrate the
property of independence of irrelevant information using the a1 -equal profiles π 1 and π 2 of
three agents for agenda A “ ta1 , a2 , a3 u.

»
ﬁ
100
π 1 “ –0 1 0ﬂ
111

»
ﬁ
100
π 2 “ –0 0 0ﬂ
111

It holds π 1 ▽a1 “ π 2 ▽a1 and π 1 ▽a2 ‰ π 2 ▽a2 . Let f pπ 1 q “ A1 and f pπ 2 q “ A2 . If f satisfies
the independence of irrelevant information, then A1 ▽a1 “ A2 ▽a1 .
There are many ways in which we can lift the function aggregator definition of the independence of irrelevant information property. The first one is by considering a bijective relation
between the outputs of the aggregator on two a j -equal profiles.
Definition 55. A judgment aggregation rule F satisfies (III-1) when for each a j -equal
profiles and weight matrices, π 1 , π 2 and W1 ,W2 correspondingly there exists a bijection
b f : Fpπ 1 ,W1 q ÞÑ Fpπ 2 ,W2 q such that if b f pAq “ A1 , then A▽ j “ A1 ▽ j.
Another way to lift the independence of irrelevant information is by assuring that a collective
judgment for a j , assigned according to some collective sequence for the profile π 1 , is also
included in some collective sequence for π 2 .
Definition 56. A judgment aggregation rule F satisfies (III-2) when for each j-equal profiles
and weight matrices, π 1 , π 2 and W1 ,W2 correspondingly, if A▽ j “ x for all A P Fpπ 1 q then
A1 ▽ j “ x for all A1 P Fpπ 2 q.
When (III-2) is satisfied, (III-1) may not be. Consider A “ tp, q, p^q, ru, R “ H, N “ t1, 2, 3u,
and the following r-equal profiles:
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Agent 1
Agent 2
Agent 3
Fpπ 1 ,Uq

p q p^q r
11 1 0
01 0 1
10 0 1
01 0 1
10 0 1

Agent 1
Agent 2
Agent 3
Fpπ 2 ,Uq

p q p^q r
00 0 0
00 0 1
00 0 1
00 0 1

In this case (III-2) is satisfied, but (III-1) is not because a bijection cannot exist between sets
of different cardinality. If (III-1) is satisfied, then (III-2) is necessarily satisfied. Consider
these other r-equal profiles, now for N “ t1, 2, 3, 4u:

Agent 1
Agent 2
Agent 3
Agent 4
Fpπ 1 ,Uq

p q p^q r
10 0 0
10 0 0
01 0 1
11 1 1
10 0 0
01 0 1

Agent 1
Agent 2
Agent 3
Agent 4
Fpπ 2 ,Uq

p q p^q r
00 0 0
00 0 0
00 0 1
00 0 1
00 0 0
00 0 1

In this case, (III-2) is the one that is satisfied. The property (III-1) is trivially satisfied since the
condition that A▽ j “ x for all A P Fpπ 1 q fails. Other lifting of the independence of irrelevant
information can be constructed as well. We do not dwell further on the independence of
irrelevant information since the construction of our rules is such that we can expect none of
themřto satisfy the introduced (III-1) and (III-2). As an illustration, consider an example for
∆dH , . Consider the the set A “ tp1, 0, 0q, p0, 1, 0q, p0, 0, 0q, p1, 1, 1qu and the profiles π and
π ˚:
»
ﬁ
»
ﬁ
000
100
π “ –0 0 0ﬂ
π ˚ “ –0 1 0ﬂ .
111
111
We have that
Ai ▽a2 “ A˚i ▽a3 , for all i P t1, 2, 3u. However, ∆dH , pπ ,Uq “ tAu “ tp0, 0, 0qu,
ř
d
,
H
while ∆
pπ ˚ ,Uq “ tA˚1 , A˚2 , A˚3 u “ tp0, 1, 0q, p1, 0, 0q, p1, 1, 1qu.
ř

4.5 Anonymity
Another property considered among the first in judgment aggregation is that of anonymity.
The property of anonymity states that the outcome of the function aggregator does not change
regardless of how one permutes the order of the judgment sets in the profile. Since this property does not hinge on the cardinality, input and output type-value of the function aggregator,
we can construct the most simple lifting. We begin by defining when a matrix is a permutation
of another matrix.
Definition 57. Let Mnˆm and Mn1 ˆm be matrices, let x “ x M⊲1, . . . , M⊲ n y and
x1 “ x M 1 ⊲1, . . . , M 1 ⊲ n y. M 1 is a permutation σ of M, denoted rMsσ if and only if
x1 “ rxsσ , for a permutation σ .
Definition 58. A judgment aggregation rule F from Definition 50 satisfies anonimity if for
every π P SIn ,W P pR` qnˆm , and every permutation σ , Fpπ ,W q “ Fprπ sσ , rW sσ q.
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The rules based on minimization are anonymous because the row order of the matrix is not
considered when selecting the collective output (and rUsσ “ U for every σ ). In the case of
the rules from Chapter 3, whether the rule is anonymous depends on the aggregation function
used to construct it.
Proposition 4.5.1. If d is a symmetric aggregation function (see Definition 31), then ∆d,d
satisfies anonymity.
Proof. Assume that d is symmetric function. A function d is symmetric if and only if
dpxq “ dprxsσ q for every x P In and permutation σ . It follows that dpx1 , . . . , xn q “ dpy1 , . . . yn q
for any two sequences of rational numbers px1 , . . . , xn q and py1 , . . . , yn q such that y is some
permutation σ of x.
Consider a π P An and W P pR` qnˆm and a permutation σ . Let A P A and let spA, π ,W q
denote the score of A with respect to π ⊲i and W calculated as
spiq “ fmj“1 wi, j ¨ δ pAp jq, π i, j ⊲1q.
The scores for rπ sσ and rW sσ are denoted sσ piq. The sequences x sp1q, . . . , spnq y and
xsσ p1q, . . . , sσ pnqy are permutations of each other. Therefore, it follows from the symmetry
of d that
dpsp1q, . . . , spnqq “ dpsσ p1q, . . . , sσ q.
Consequently, A P ∆d,d pπ ,W q if and only if A P ∆d,d prπ sσ , rW sσ q.

4.6 Adherence to majority
In Chapter 2 we already introduced one relational property, the majority-preservation. A
judgment aggregation rule satisfies majority-preservation if a judgment aggregation rule always selects as a collective set the issue-majoritarian set whenever this set exists and is consistent, with respect to R.
There are two possible ways of qualifying a collective judgment set in terms of majority
in individual judgments. The first way is to look at the individual judgment sets as atomic
information. In this case, a collective judgment set adheres to the majority if more than half
of the agents have this judgment set as their individual set. In the literature of distance-based
belief merging (Konieczny and Pino-Pérez, 1999, 2002, 2005) such majority-adherence rules
are called majoritarian. More-precisely, an operator is defined to be majoritarian when there
is a number k, such that when k agents have the same belief base, the result of the merging
includes that belief base.
The second approach is to consider the judgment set as a divisible and the individual judgments as the atomic information. In this case, a collective judgment set adheres to the majority
if, for each judgment in it, there are more than half agents who rendered that judgment. This
is how we defined the property of majority-preservation in Section 2.1.1.
The majority-preservation property in binary judgment aggregation, as we define it in Section 2.1.1, corresponds to a well-known property in voting theory, the Condorcet winner property. In this section we begin with a discussion on the relations between majority-preservation
in binary judgment aggregation and the Condorcet winner property in voting theory.
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95

In the presence of abstentions there are many different notions of majority on a single issue.
For each of these notions we can define an issue-majoritarian set and study if a distancejudgment aggregation rule selects it as a collective judgment set. In this section we discuss different majority notions and consider two majority adherence properties, majoritypreservation and majoritarianism, for a rule aggregator defined in Definition 50. We study
which of the rules from Chapter 3 are adherent to majority.
4.6.1 Condorcet winner property and judgment aggregation
A voting rule satisfies the Condorcet winner property if it selects as a winner the candidate
that defeats every other candidate in a pairwise comparison, whenever such candidate exits (Condorcet, 1785; Young and Levenglick, 1978). What is the counterpart of Condorcet
winner in judgment aggregation?
In a judgment aggregation context, the Condorcet winner property cannot be directly considered since no preferences between judgments or judgment sets are supplied. However, the
translation of a voting problem to a judgment aggregation problem used in (Dietrich and List,
2007a) can be used to “translate” the Condorcet winner property. This translation is for judgment aggregation in which only binary judgments are allowed. For each pair of options a and
b we use a proposition p that is true when a is preferred to b and false when b is preferred to
a. In this manner only strict preference orders can be translated.

Figure 4.2: Illustration of a Condorcet winner.
Consider as an example three agents that choose from among three options: the star, the
square and the circle. In this case we need three propositions in the agenda: p1 to denote that
the star is preferred to the square, p2 to denote that the star is preferred to the circle and p3 to
denote that the square is preferred to the circle. For instance, the rejection of p2 denotes that
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the circle is preferred to the star. In color (on the left-hand side), is the profile of individual
preferences. Figure 4.3 illustrates how the preferences from Figure 4.2 are transformed into
a judgment aggregation profile using this translation. While for the top profile no Condorcet
winner exists, the Condorcet winner of the bottom profile is the star. In gray, on the righthand side we give the pairwise comparisons. As it can be observed in the figure, the judgment
set that contains all the majority-supported judgments corresponds to a preference order in
which the top ranked alternative is the Condorcet winner.

Figure 4.3: Transforming the voting problem into a judgment aggregation problem. The
Condorcet winner corresponds to the proposition majoritarian judgment set.
The majority-preservation property in Definition 6 is the judgment aggregation counterpart,
for binary judgment aggregation problems, of the Condorcet winner property, as it was also
observed by Nehring et al. (2011).

4.6.2 Majoritarian rules
Let us consider a judgment sequence to be an indivisible whole. A rule aggregator is majoritarian when it necessarily selects, as a collective judgment sequence, the sequence supported
by the majority of agents, when such a sequence exists. We only define the majoritarian
property for underweighted judgments, namely when W “ U. When W ‰ U then the notion
of majoritarian rule is difficult to define if the weights are not agent-associated. To define
when a rule is majoritarian for weighted judgments, the weights should be associated with
an agent. When weights are associated with issues or with judgments, then these should be
transformed into agent associated weights. It is not straightforward how this transformation
should be done. Simply summing up the weights on the judgment or on the issue could be
one way. Another way is to find the average of the judgment weights for one agent. Yet a
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third way is to consider the maximum weight assigned to a judgment made by an agent. The
minimum of the judgment weights can also be considered a good candidate, etc.
We can consider at least two notions of a sequence being supported by a majority in a profile.
The first is the absolute majority and the second is the simple majority.
A sequence A is supported by an absolute majority, in a profile for n agents, if there are more
than half of the agents that selected A than any other sequence in A. We define this formally.
Definition 59. Let π P An . An absolute majority is a partial function Ma : An ÞÑ A defined
as
"
A
iff #ti|π ⊲i “ Au ą t n2 u ` 1
Ma pπ q “
unde f ined otherwise
A sequence A is supported by a simple majority, when there are more agents in the profile
supporting A when compared to any other sequence π ⊲i in the profile.
Definition 60. Let π P An . A simple majority is a partial function Ms : An ÞÑ A defined as
"
A
iff #ti|π ⊲i “ Au ą #ti|π ⊲i “ A1 u for all A1 P A s.t. A1 ‰ A
Ms pπ q “
unde f ined otherwise
If a sequence is supported by an absolute majority, then it is also supported by a simple
majority, but the reverse does not hold.
Example 4.6.1. Consider the profiles π 1 , π 2 and π 3 on Figure 4.4.

a
»1
E1 , E2 1
E —0
π1 “ 3 —
E4 –0
E5
0

a2 a3
0 0
0 0
1
2 1
0 1

a4 a5
ﬁ
a a
»1 2
1 1
0 0
E
,
E
1
2
1 1ﬃ
ﬃ
–
0 0
E
,
E
“
π
3
4
2
1
ﬂ
2 1
E5
0 12
0 0

a3 a4 a5
a a
»1 2
ﬁ
1 0 1
E1 , E2 , E3 0 0
0 1 1ﬂ π 3 “
E4 –0 0
1
E5
0 12
1 2 1

a3 a4 a5
ﬁ
1 0 1
0 1 1ﬂ
1 21 1

Figure 4.4: Examples for different notions of majority.
The sequence x1, 0, 0, 1, 1y is supported by a simple majority in π 1 , while the absolute majority is undefined for this profile. For the profile π 2 both majorities are undefined. The sequence
x0, 0, 1, 0, 1y is supported by both the simple and the absolute majority for π 3 .
From Example 4.6.1 we can observe that it does not take many agents for a sequence to
be supported by a simple majority, in fact two are enough. The simple majority is a very
weak notion when the number of available sequences is comparably larger than the number
of agents. Therefore we define the property of majoritarianism using the absolute majority
notion.
Intuitively, a judgment aggregation rule is majoritarian if for every profile π it selects as a
collective sequence the sequence Ma pπ q whenever Ma pπ q is defined. Consider the property
of majority-preservation we give in Chapter 2. If a rule R, is majority-preserving, then it is
necessarily majoritarian. Therefore we give the formal definition of majoritarianism for the
distance-based judgment aggregation rules.
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Definition 61. A judgment aggregation rule ∆d,d is majoritarian when for all π P An , if
Ma pπ q exists, then Ma pπ q P ∆d,d .
A weaker form of majoritarianism can also be defined by requiring Ma pπ q “ ∆d,d instead of
Ma pπ q P ∆d,d .
Not all aggregation functions d give rise to majoritarian rules.
Proposition 4.6.2. If d is a metric, then ∆d, is majoritarian.
ř

ř
Proof. Assume, without loss of generality, since is symmetric, that for the first k “ 2n ` 1
agents i it is the case that π ⊲i “ Ai “ A, while A j ‰ A for j ‰ i. We need to show that, for all
A1 P A,
n
n
ÿ
ÿ
n
dpA, Ai q ď p ` 1q ¨ dpA1, Aq `
dpA1 , Ai q.
(4.1)
2
i“k`1
i“k`1
n
ÿ

n
ÿ
n
dpA, Ai q ď 2dpA1 , Aq ` p ´ 1q ¨ dpA1 , Aq `
dpA1 , Ai q.
2
i“k`1
i“k`1

(4.2)

Since d is a metric, for every i it holds that
dpA, Ai q ď dpA1 , Aq ` dpA1 , Ai q, and consequently
n
ÿ

i“k`1

dpA, Ai q ď

n
ÿ

dpA1 , Aq `

n
ÿ

dpA1 , Ai q.

i“k`1

i“k`1

The inequality 4.2 can be rewritten as follows:
n
ÿ

n
ÿ
n
dpA, Ai q ď 2dpA1 , Aq ` p ´ 1q ¨ dpA1 , Aq `
dpA1 , Ai q.
2
i“k`1
i“k`1

Observe that

(4.3)

n
ÿ
n
p ´ 1q ¨ dpA1, Aq “
dpA1 , Aq for k “ n2 ` 1.
2
i“k`1

Since dpA1 , Aq ą 0, the inequality 4.3 is satisfied.
˚

Proposition 4.6.3. If d is a metric, then ∆d,Π is majoritarian.
Proof. When x, y, z P R` , if x ď y`z, then x`1 ď py`1q`pz`1q and x`1 ď py`1q¨pz`1q.
Therefore, the proof of Proposition 4.6.2 can be used to prove this proposition as well.
Assume, without loss of generality since Π˚ is symmetric, that for the first k “ 2n ` 1 agents
i it is the case that Ai “ A, while A j ‰ A for j ‰ i. We need to show that, for all A1 P A,
n
ź

n

p1 ` dpA, Aiqq ď ¨p1 ` dpA1 , Aqqp 2 `1q ¨

i“k`1

n
ź

p1 ` dpA1 , Ai qq

(4.4)

i“k`1

Since d is a metric, for every i it holds that
dpA, Ai q ď dpA1 , Aq ` dpA1 , Ai q, but also, since the metrics are positive non-null numbers
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p1 ` dpA, Aiqq ď p1 ` dpA1 , Aqq ¨ p1 ` dpA1, Ai qq, and
n
ź

p1 ` dpA, Aiqq ď

i“k`1

n
ź

p1 ` dpA1 , Aqq ¨

n
ź

p1 ` dpA1, Ai qq.

i“k`1

i“k`1

The inequality 4.4 can be rewritten as follows:
n
ź

p1 ` dpA, Ai qq ď ¨p1 ` dpA1, Aqq2 ¨

i“k`1

n
ź

p1 ` dpA1 , Aqq ¨

i“k`1

n
ź

p1 ` dpA1 , Ai qq

(4.5)

i“k`1

Proposition 4.6.4. ∆d,max is not majoritarian.
Proof. Consider the profile in the proof of Proposition 3.4.4. Two out of three agents select
the sequence x1, 1, 0y, however, ∆dH ,max pπ ,Uq “ tx1, 0, 0yu.
Corollary 4.6.5. ∆d,Gmax is not majoritarian.
Proof. A consequence of ∆d,Gmax pπ ,W q Ď ∆d,max pπ ,W q.
The propositions we show are unsurprising since they have been shown to hold for distancebased belief merging operators, see for instance (Konieczny and Pino-Pérez, 2002).
4.6.3 Majority-preservation
It is straightforward to extend the majority-preservation property from unweight to weighted
binary judgments. Instead of counting how many agents support a given judgment, we need
to consider the sum of the weights of the agent who support the particular judgment. The
challenge is in defining the majority-preservation property for ternary, and in principle multivalued, judgment profiles. The reason for this challenge lies in the many possible ways in
which majority on an issue can be defined in the multi-valued case.
Consider for instance the judgments in π ▽a1 and π ▽a2 in Figure 4.5. Two judgment majority
functions we define in Section 3.5. The first, m1 : is the biased-majority from Definition 44.
This majority considers only the number of agents who accept and reject an issue but not
those who abstain on an issue. It is defined for every π ▽i ternary vector of judgments. Using
this majority on the issues a1 and a2 from Figure 4.5, one accepts both a1 and a2 . This
majority is biased against the judgment 21 . Another way to define judgment majority is m2
from Definition 45: a majority supports a judgment on an issue if there are more agents that
select this judgment then any other for that issue. Using this judgment majority on the issues
a1 and a2 from Figure 4.5, one accepts a1 but abstains regarding a2 . This majority is not
biased against the judgment 12 , but it can be considered biased in favor of 21 since both the
judgment 12 and 1 for a2 are supported by an equal number of agents. This majority is also
defined for every π ▽i vector of ternary judgments.
More versions of total judgment majority functions can be constructed. For instance, a function can be defined to combine the biased and unbiased majority based on the number k of
agents that abstain on the issue in question:
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Figure 4.5: Illustration of the different ways to define majority on a single issue.

m3 pπ ▽aq “

"

m1 pπ ▽aq iff #ti|πi,a “ 21 u ď k
m2 pπ ▽aq iff #ti|πi,a “ 21 u ą k

The m3 can also be considered to be a quota rule (Dietrich and List, 2007b).
We can also define the simple and the absolute majority for judgments on an issue. The
intuition behind these two majority functions is the same as in the previous section, where we
define them for judgment sequences. A judgment is supported by a simple majority when it
is supported by more agents than any other judgment in a pair-wise comparison. A judgment
is supported by an absolute majority when there are strictly more than half of the agents
supporting it. The un-biased majority can be obtained from the absolute majority when 21
is assigned to all profiles for which the absolute majority is undefined. The simple majority
supported judgment is the same as the absolute majority supported judgment, whenever both
are defined. All these different notions of majority collapse into one when the judgments are
binary.
If a judgment is supported by a simple majority, then it is supported by an absolute majority,
and also by an un-biased majority. The judgment majority functions are voting rules applied
to choose from the set of options t0, 12 , 1u. The judgment supported by a simple majority is
in fact a Condorcet winner. For these reasons we use, and give the definition of, the weighted
simple majority on a judgment.
Definition 62. Let π P An , N a set of agents, A an agenda, a set of values T “ t0, 21 , 1u and
ř
x P t0, 12 , 1u. We define the set Nx p jq “ ti | π i, j “ xu and the value Vx p jq “ iPNx p jq wpi, jq.
The simple judgment majority, on a j P A, is a function ms : A ˆ An ˆ pR` qnˆm ÞÑ t0, 12 , 1u
defined as:
ms pa j , π ,W q “

"

x
iff Vx p jq ą Vy p jq for any y P t0, 12 , 1u, x ‰ y
undefined otherwise

˙

For each judgment majority function, we can define a corresponding issue-majoritarian sequence and also a majority-preservation property.
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Definition 63. Let m be a judgment majority function. Given a profile π , for an agenda A
and weight matrix W , the issue majority set Ma jpπ ,W q “ xmpa, π ,W q | a P Ay. If there is
π ▽ j such that mpa j , π ,W q is undefined, then Ma jpπ ,W q does not exist.
We can further distinguish between strong and weak majority-preservation. A rule is strongly
majority-preserving when it selects the set Ma jpπ ,W q as a unique collective judgment set for
π and W , whenever Ma jpπ ,W q is consistent and exists. A rule is weakly majority-preserving
if it includes Ma jpπ ,W q among the collective judgment sets, whenever Ma jpπ ,W q is consistent and exists.
Definition 64 (Weak and strong majority-preservation). A judgment aggregation
rule F : SIn ˆ pR` qnˆm ÞÑ SII is strongly majority-preserving when, if Ma jpπ ,W q exists and
Ma jpπ ,W q P SII , then Fpπ ,W q “ Ma jpπ ,W q. The rule F is weakly majority-preserving
when, if Ma jpπ ,W q exists and Ma jpπ ,W q P SII , then Ma jpπ ,W q P Fpπ ,W q.
As implied from their definitions, the weak majority-preservation is satisfied whenever the
strong majority-preservation is satisfied, but the reverse implication does not hold. The
rules we defined in Chapter 2, with the exception of RdH ,max , satisfy the strong majoritypreservation property. In this section we show which of the ∆d,d aggregators satisfy the weak
and strong, majority-preservation, with respect to the the simple judgment majority function.
From the specific aggregation functions and metrics we considered, we obtain rules that are
either strongly majority-preserving or do not satisfy this property at all.
We first prove that ∆dH , and ∆dT , are strongly majority-preserving. The proof presented is
more detailed than needed, but we construct it in this manner to be able to use it later to build
a conjecture regarding what characteristics of d and d give rise majority-preserving ∆d,d .
ř

ř

Proposition 4.6.6. If d “ f “
for δH and δT .

ř

then ∆d,d satisfies the simple strong majority preservation

Proof. We first prove that simple strong majority-preservation holds for single issue agendas
and than generalize to arbitrary large agendas.
Let us first consider an agenda with one issue A “ ta1 u. Let x, y, z P t0, 21 , 1u such that x ‰ y,
y ‰ z and x ‰ z.
If xxy “ ∆

,d pπ ,W q

ř

n ÿ
ÿ

then (4.6) holds.

j “ 1m pwpi, jq ¨ δ px, pi, j qq ă

i“1

n ÿ
ÿ

j “ 1m pwpi, jq ¨ δ py, pi, j qq

(4.6)

i“1

Note that (4.6) holds also when z is used instead of y. We can simplify (4.6) as (4.7).
n
ÿ

pwpi, 1q ¨ δ px, pi,1 qq ă

i“1

Since

ř

n
ÿ

pwpi, 1q ¨ δ py, pi,1 qq

i“1

is an associative function, we can rewrite (4.7) as (4.8).

(4.7)
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ÿ
ÿ
ÿ ÿ
pwpi, 1q ¨ δ px, yqq,
pwpi, 1q ¨ δ px, zqqq ă
p pwpi, 1q ¨ δ px, xqq,
iPNy

iPNx

iPNz

ÿ ÿ
ÿ
ÿ
p pwpi, 1q ¨ δ py, xqq,
pwpi, 1q ¨ δ py, yqq,
pwpi, 1q ¨ δ py, zqqq
iPNx

iPNy

(4.8)

iPNz

We can rewrite (4.8) as (4.9).
Vy pa1 q
Vz pa1 q
Vx pa1 q
Vz pa1 q
hkkkkikkkkj
hkkkkikkkkj
hkkkkikkkkj
hkkkkikkkkj
ÿ
ÿ
ÿ
ÿ
ÿ
ÿ
wpi, 1q, δ px, zq ¨
wpi, 1qq ă p0, δ px, yq ¨
wpi, 1q, δ py, zq ¨
wpi, 1qq (4.9)
p0, δ px, yq ¨
iPNy

iPNz

iPNx

iPNz

If δ “ δH , then δ px, yq “ δ py, zq “ δ px, zq “ 1 and (4.9) becomes (4.10).
ÿ
ÿ
p0,Vy pa1 q,Vz pa1 qq ă p0,Vx pa1 q,Vz pa1 qq
From (4.10) (and non-decreasing of

ř

(4.10)

) follows (4.11).

Vy pa1 q ă Vx pa1 q

(4.11)

Since (4.10) holds if we swap z and y, (4.12) also follows from (4.10).
Vz pa1 q ă Vx pa1 q

(4.12)

If the inequalities (4.11) and (4.12) hold, then Ma jpπ ,W q exists and Ma jpπ ,W q “ xxy.
Consider δ “ δT . We have the following cases:
(case1.1): x “ 0, y “ 21 and z “ 1
(case1.2): x “ 0, y “ 1 and z “ 21
(case2.1): x “ 21 , y “ 1 and z “ 0
(case2.2): x “ 12 , y “ 0 and z “ 1
(case3.1): x “ 0, y “ 1 and z “ 21
(case3.2): x “ 0, y “ 21 and z “ 1
We apply each of these cases on (4.10), obtaining (4.13), each line corresponding to each
case.
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1
1
1
¨Vy pa1 q ` Vz pa1 q ă ¨Vx pa1 q ` ¨Vz pa1 q
2
2
2
1
1
Vy pa1 q ` ¨Vz pa1 qq ă Vx pa1 q ` ¨Vz pa1 q
2
2
1
1
1
¨Vy pa1 q ` ¨Vz pa1 qq ă ¨Vx pa1 q ` Vzpa1 q
2
2
2
1
1
1
¨Vy pa1 q ` ¨Vz pa1 qq ă ¨Vx pa1 q ` Vzpa1 q
2
2
2
1
1
Vy pa1 q ` ¨Vz pa1 qq ă Vx pa1 q ` ¨Vz pa1 q
2
2
1
1
1
¨Vy pa1 q ` Vzpa1 qq ă ¨Vx pa1 q ` ¨Vz pa1 q
2
2
2
(4.13)
We can simplify (4.13) into (4.14).

Vy pa1 q ă Vx pa1 q ´ Vzpa1 q
Vy pa1 q ă Vx pa1 q
Vy pa1 q ă Vx pa1 q ` Vzpa1 q
Vy pa1 q ă Vx pa1 q ` Vzpa1 q
Vy pa1 q ă Vx pa1 q
Vy pa1 q ` Vz pa1 qq ă Vx pa1 q
(4.14)
In all cases except (case2.1) and (case2.2), we can use the same reasoning as in the case of δx
to conclude that x is supported by a simple majority in π if defined.
The case (case2.1) gives the same inequality as (case2.2). Since we can swap y and z, for
(case2.1) and (case2.2) we obtain that
Vy pa1 q ă Vx pa1 q ` Vzpa1 q
Vz pa1 q ă Vx pa1 q ` Vypa1 q
(4.15)
The (4.15) are possible when Vz pa1 q “ Vy pa1 q. We can have Vy pa1 q ě Vx pa1 q or Vy pa1 q ă
Vx pa1 q. If Vy pa1 q ě Vx pa1 q then ms pa1 , π ,W q is undefined and Mpπ ,W q does not exist. If
Vy pa1 q ă Vx pa1 q then also Vz pa1 q ă Vx pa1 q and ms pa1 , π ,W q “ x. Consequently Ma jpπ ,W q “
xxy.
Now let us assume that A has m elements. Assume that Mpπ ,W q exists and Mpπ ,W q “ A˚ ,
A˚ P A. From the proofs for |A| “ 1 we obtain that, for any A P A, A ‰ A˚ , and every
j P t1, . . . , mu, (4.16) holds.
n
ÿ

i“1

wpi, jq ¨ δ pA˚ p jq, pi, j q ď

n
ÿ

i“1

wpi, jq ¨ δ pAp jq, pi, j q

(4.16)
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From (4.16) and the non-decreasingness of
ÿ

j “ 1m

n
ÿ

ř
, we obtain (4.17).

wpi, jq ¨ δ pA˚ p jq, pi, j q ď

i“1

ÿ

n
ÿ

wpi, jq ¨ δ pAp jq, pi, j q

(4.17)

j “ 1m wpi, jq ¨ δ pAp jq, pi, j q

(4.18)

j “ 1m

i“1

Inequality (4.17) is equivalent to (4.18).
n ÿ
ÿ

j “ 1m wpi, jq ¨ δ pA˚ p jq, pi, j q ď

i“1

n ÿ
ÿ

i“1

From (4.18) we can conclude that if Mpπ ,W q P A, then ∆d, “ Mpπ ,W q, for d “ dH and
d “ dT .
ř

We show that the rest of the examples of distance-based rules we considered do no satisfy the
weak, and with that neither the strong, majority-preservation property. For the non majoritarian rules this result is implied.
Proposition 4.6.7. ∆d,max and ∆d,Gmax are not (weakly) majority-preserving.
Proof. It is sufficient to observe that if a sequence in the profile is supported by an absolute
majority of agents then each judgment in that sequence is suported by a simple majority.
Therefore, the counter-examples that show that ∆d,max and ∆d,Gmax are not majoritarian, are
also counter-examples that show that these rules are not majority-preserving.
More interesting is the case of d “ Π˚ and ∆dD , . These rules are majoritarian, but not
majority-preserving.
ř

˚

˚

Proposition 4.6.8. ∆dH ,Π and ∆dT ,Π are not (weakly) majority-preserving.
Proof. One binary counter-example suffices for both dH and dT . Let A “ ta1 , a2 , a3 , a4 u and
"
*
x1, 1, 1, 1y, x0, 0, 0, 0y, x1, 1, 0, 0y,
A“
.
x0, 0, 1, 1y, x1, 0, 1, 0y
Consider the profile
»
ﬁ
1111
—1 1 1 1ﬃ
—
ﬃ
—0 0 0 0ﬃ
—
ﬃ
ﬃ
π “—
—0 0 0 0ﬃ.
—1 1 0 0ﬃ
—
ﬃ
–0 0 1 1ﬂ
1010
We have that Ma jpπ ,Uq “ tx1, 0, 1, 0yu. However there exists an A P A such that
n
ź
i“1

p1 ` dH pA, π ⊲1q, . . . 1 ` dH pA, π ⊲nqq ă

n
ź
p1 ` dH pAm , π ⊲1q, . . . 1 ` dH pAm , π ⊲nqq.
i“1
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Namely
7
ź
p1 ` dH pAm , π ⊲1q, . . . 1 ` dH pAm , π ⊲7qq “ 3 ¨ 3 ¨ 3 ¨ 3 ¨ 3 ¨ 3 ¨ 1 “ 729, but
i“1

7
ź
p1 ` dH pπ ⊲1, π ⊲1q, . . . 1 ` dH pπ ⊲1, π ⊲7qq “ 1 ¨ 1 ¨ 1 ¨ 5 ¨ 3 ¨ 3 ¨ 3 “ 675, and
i“1

7
ź
p1 ` dH pπ ⊲3, π ⊲1q, . . . 1 ` dH pπ ⊲3, π ⊲7qq “ 675.
i“1

Proposition 4.6.9. ∆dD , is not (weakly) majority-preserving.
ř

Proof. We show that there is a profile π such that Ma jpπ ,W q R ∆dD , pπ ,W q ‰ ma jpπ q but
Ma jpπ ,W q P A. Let A “ ta, a Ñ pb ^ cq, b, cu. The set A for A is
"
*
x0, 1, 0, 0y, x0, 1, 0, 1y, x0, 1, 1, 0y, x1, 0, 1, 0y,
A“
x0, 1, 1, 1y, x1, 0, 0, 0y, x1, 0, 0, 1y, x1, 1, 1, 1y
ř

Consider the following profile, a1 denotes the expression a Ñ pb ^ cq:
»a a1 b cﬁ
1 0100
π “ 2–0 1 1 1ﬂ.
3 1111
The řMa jpπ ,Uq “ tx0, 1, 1, 1yu is an element of A, however it is not among the outputs of
∆dD , pπ ,Uq, as shown on Table 4.1.
A P A dD pA, A1 q dD pA, A2 q dD pA, A3 q
x0, 1, 0, 0y
0
1
1
x0, 1, 0, 1y
1
1
1
x0, 1, 1, 0y
1
1
1
x0, 1, 1, 1y
1
0
1
x1, 0, 0, 0y
1
1
1
x1, 0, 0, 1y
1
1
1
x1, 0, 1, 0y
1
1
1
x1, 1, 1, 1y
1
1
0

ř
2
3
3
2
3
3
3
2

Table 4.1: Theř sum of Hamming metrics from an element in A to each of the judgment
sequences. ∆dD , pπ ,Uq “ tx0, 1, 0, 0y, x0, 1, 1, 1y, x1, 1, 1, 1yu .
The simple judgment majority function is not defined for every column π ▽ j in a profile. How
can we define a total judgment majority function and not violate the majority-preservation
of the distance-based rules that satisfy it? To form this question differently, which default
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judgment should be assigned when the majority is undefined. Since a distance-based merging
rule selects the judgment that minimizes distances, the default judgment should be the one in
the set of valuations T which is at a minimal distance from each other judgment in T . In the
case of δT the default judgment should be 21 , while in the case of dH , both 0 and 1 together
should be the default judgment.
Example 4.6.10. Consider for example2 the single-issue profile π and weight matrix W .
» ﬁ
» ﬁ
1
5
W “ –1ﬂ
π “ – 21 ﬂ
5
0
The simple majority is undefined for this π . We obtain ∆dT , pπ ,W q “ x 21 y, while ∆dH , pπ ,W q “
tx1y, x0yu.
ř

ř

We can define the median of T with respect to a distance δ .
Definition 65. Let T be a set of values and let δ : T ˆ T ÞÑ R` be a metric. The median of
T with respect to δ is the set medδ pT q “ tx | x P T and for all y, z P T, δ px, zq ď δ py, zqu.
We can now define a total simple judgment majority mts function as:
˙
"
x
iff Vx p jq ą Vy p jq for any x, y P t0, 12 , 1u, x ‰ y
mts pa j , π ,W q “
medδ pT q otherwise
An inevitable question to ask at this point is what are the properties of d, f and δ that
give rise to a majority-preserving ∆d,d . It can be řconjectured that all majority-preserving
d 1 ,d are such that ∆d 1 ,d “ ∆d, , for some product metric d constructed
distance-based
ř rules ∆
using f “ .
Let us start with an associative aggregation function
d that satisfies minimality. We obtain
ř
(4.19) by re-writing (4.8) using d instead of .
d pdiPNx pwpi, 1q ¨ δ px, xqq, diPNy pwpi, 1q ¨ δ px, yqq, diPNz pwpi, 1q ¨ δ px, zqqq ă
dpdiPNx pwpi, 1q ¨ δ py, xqq, diPNy pwpi, 1q ¨ δ py, yqq, diPNz pwpi, 1q ¨ δ py, zqqq

(4.19)

Inequality (4.19) is equivalent to (4.20).
d pdiPNy pwpi, 1q ¨ δ px, yqq, diPNz pwpi, 1q ¨ δ px, zqqq ă
dpdiPNx pwpi, 1q ¨ δ px, yqq, diPNz pwpi, 1q ¨ δ py, zqqq

(4.20)

To derive any relation
between (4.20) and the simple majority, there must be a relation
ř
between dřand . More precisely, there must be an order-preserving mapping between
dpxq andř pxq. If such an order-preserving map exists, then dpxq ă dpyq if and only if
ř
pxq ă pyq. But in this case, ∆d,d selects the same judgment, on an single-issue agenda,
2I

thank an anonymous reviewer for providing me with this example.
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δH px1 ,xi q we defined in Secas ∆ ,d . As an example, consider the distance mP px, x1 q “ Πm
i“1 2
tion 3.4. Thisřfunction has f “ Π. Selecting d “ Π we do obtain a majority-preserving rule
∆mP ,Π “ ∆dH , pπ ,W q.
ř

1

To do the extension from a single-agenda to an arbitrarily large agenda, namely to go from
(4.17)řto (4.18), we need that f commutes with d.ř The only functions f that commute
with
are such that fpxq is a linear transform of pxq. Such a function, for instance, is
the arithmetic mean AM. In principle, we can always take f “ d to ensure that f and d
commute.
The conjecture can be proved by showing the following: there is no majority-preserving ∆d,d
for not commuting d and f.
Although the search for majority-preserving rules is discouraging, the observation made here
can be used to construct other distance-based rules. Instead of aggregating row by row, we
can design a distance-based rule to aggregate column by column. This is what we accomplish
when we
řswap the order between d and f, when they commute. The judgment majority rules
use the to aggregate the judgments in the column. For instance, in the presence of weights
we can use f “ max to obtain the judgment on an issue that is associated with the highest
weight. Using d “ sum the distance-based rule aggregator will return the sequence with the
highest weighted judgments, whenever such sequence exists and is consistent.

4.7 Unanimity adherence
Unanimity is one of the most natural relational properties in social choice stating that if
all agents submit the same individual information to be aggregated, then the aggregate is
precisely that information. As in the case of majority-adherence, the judgment sequence can
be seen as a whole and agents are unanimous when every agent selects the same judgment
sequence. For instance, a sequence-unanimous profile in this sense is:
»
ﬁ
1001
π “ –1 0 0 1ﬂ.
1001
Unanimity is a property satisfied by a function aggregators, defined in e.g., (List and Puppe,
2009), when for every profile π sequence-unanimous on A, f pπ q “ A.
The judgment sequence can also be seen as a partitionable collection of judgments and unanimity can be considered in the case of profiles in which the agents are unanimous in their
judgments on a given issue. For instance, a judgment-unanimous profile in this sense is:
»
ﬁ
1101
π “ –0 0 0 1ﬂ.
1001
The judgment-unanimous profiles are considered by a property called unanimity principle
(Dietrich and List, 2008b). The unanimity principle considers whether the unanimously selected judgment is included in the collective judgment sets. For function aggregators, the
unanimity principle is defined in (Dietrich and List, 2008b) in the following way. For every
profile xA1 , . . . , An y in the domain of the aggregation function f and all ϕ P A, if ϕ P Ai for
all individuals i, then ϕ P f pA1 , . . . , An q.
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The unanimity principle is a stronger property than unanimity, since all functions that satisfy the unanimity-principle are also unanimous. We lift both the unanimity and unanimity
principle and study when they are satisfied by the rules we introduced.
4.7.1 Unanimity
Unanimity is a relatively weak property in voting theory and preference aggregation, satisfied by virtually all rules. In judgment aggregation, this property is still weak enough to be
satisfied by all the rules we introduce.
Definition 66. A judgment aggregation rule F (Definition 50) is unanimous when for every
W P pR` qnˆm if π is such that π ⊲1 “ ¨ ¨ ¨ “ π ⊲n “ A, then Fpπ ,W q “ tAu.
A profile such that π ⊲1 “ ¨ ¨ ¨ “ π ⊲n “ A is majority-consistent, therefore all the majoritypreserving rules defined in Chapter 2 are unanimous as well. The rule RdH ,max is a special case
of the rule aggregator ∆dH ,max . This aggregator is unanimous as a corollary of the following
proposition.
Proposition 4.7.1. If
1. f satisfies minimality (Definition 32);
2. in f d “ dpxq “ k if and only if x “ 0;
then ∆d,d is unanimous.
Proof. Recall that if d satisfies minimality, then it has a unique minimum k “ 0 for x1 “
x2 “ ¨ ¨ ¨ “ xn “ 0. When A1 “ A2 “ ¨ ¨ ¨ “ An “ A and f satisfies minimality dpA, Ai q “ 0. If
d satisfies minimality, then dpdpA, A1 q, . . . , dpA, An qq “ 0 . Every other judgment sequence
will have a score higher than 0. The aggregation function Π˚ has a unique minimum in k “ 1,
but since the only values for which Π˚ pxq “ 1 when x P pR` qn are x1 “ ¨ ¨ ¨ x2 “ 0, the rule
˚
∆d,Π is unanimous as well.
4.7.2 Unanimity principle
We lift the unanimity principle of (Dietrich and List, 2008b) to two properties which we call
the weak and the strong unanimity principle.
Definition 67. Let W be some weight matrix. A judgment aggregation rule F satisfies:
• weak unanimity (WU) when, for every π such that π 1, j “ ¨ ¨ ¨ “ π n, j “ x for a a j P A,
there exists a A P Fpπ ,W q such that Ap jq “ x;
• strong unanimity (SU) when, for every π such that π 1, j “ ¨ ¨ ¨ “ π n, j “ x for a a j P A,
for all A P Fpπ ,W q, Ap jq “ x.
If (SU) is satisfied by F, then so is (WU).
We show which of the rules based on minimization from Chapter 2 and the distance based
rules from Chapter 3 satisfy (WU) and (SU). We consider the rules: RMSA (Definition 11),
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RMCSA (Definition 12), RMWA (Definition 15), RRA (Definition 16), RY (Definition 17), RRY
(Definition 19) and RMNAC (Definition 23). The rule RdH ,max (defined in Section 2.2.4) we
consider as part of the distance based rules. We do not analyze the rules RIY (Definition 18)
and RMR (Definition 21) since these rules are very weak. Namely these rules select a very
large number of collective judgment sets and are more (with respect to their theories) general
than most rules.
Proposition 4.7.2. RMSA satisfies weak unanimity but not strong unanimity.
Proof. Let P be a profile on an agenda A, and ϕ P A on which all agents give the same judgment x. There always exists a maximal consistent sub-agenda, with respect to set inclusion,
that contains ϕ . Consequently there exists a judgment set in RMSA pPq that contains x.
As a counter-example for RMSA pPq satisfying strong unanimity, consider the profile P of the
proof of Proposition 2.3.5. RMSA does not satisfy strong unanimity, because a R TRMSA pPq.

Proposition 4.7.3. RMCSA does not satisfy weak (or strong) unanimity.
Proof. Consider again the profile P of the proof of Proposition 2.3.5. The only maxcard
consistent sub-agenda of P contains a (and does not contain a). Consequently RMCSA does
not even satisfy weak unanimity.

Proposition 4.7.4. RMWA does not satisfy weak (or strong) unanimity.
Proof. See again the counterexample that can be found in (Pigozzi et al., 2009), which we
presented in the proof of Proposition 2.3.8.

Proposition 4.7.5. RRA satisfies strong (and weak) unanimity.
Proof. Let P be a profile and YP Ď A be the subset of the agenda consisting of all elements on
which there is unanimity among the agents. Because individual judgment sets are consistent,
the conjunction of all elements of Y is consistent. Now, when computing RRA pPq, the elements of Y are considered first, and whatever the order in which they are considered, they are
included in δ because no inconsistency arises. Therefore, for all α P YP and all Â P RRA pPq,
we have α P Â.
Proposition 4.7.6. RY satisfies strong (and weak) unanimity.
Proof. Observe that if α is unanimously accepted by all agents in the set N, it is consequently
unanimously selected by all consistent subsets of N.
Proposition 4.7.7. RRY satisfies strong (and weak) unanimity.
Proof. Similar as the proof of Propositions 4.7.6. If α is in all judgment sets for a profile P,
then α is in all judgment sets for any super-profile of P constructed by repeating the judgment
sets from P.
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Proposition 4.7.8. RMNAC does not satisfy weak (nor strong) unanimity.
Proof. Again consider the agenda and profile P in the proof of Proposition 2.3.8. Since
RMNAC pPq “ RMWA pPq, this example of a profile is a counter-example for RMNAC satisfying
weak unanimity as well.
Not all ∆d,d satisfy unanimity. We consider the d given in Section 3.3.2 and the d given in
Section 3.3.1.
Proposition 4.7.9. ∆dD ,d satisfies the strong unanimity principle.
Proof. Recall that the drastic metric is defined as dpA, A1 q “ 0 if A “1 and dpA, A1 q “ 1 otherwise. As a consequence of this definition and the non-decreasing of d, A P ∆dD ,d pπ ,W q, if
and only if there exists an i such that A “ π i , i.e., A is necessarily in the profile.

Proposition 4.7.10. ∆d, does not satisfy the weak unanimity principle for d P tdT , dH u.
ř

Proof. It is sufficient to give a counter-example for W “ U. We consider the same example
as in the proof of Proposition 3.4.5. As it can be observed in Table 3.8, although the agents
are unanimous on Ai ▽a13 “ 1, the only value for a13 is A4 ▽a13 “ 0.
Proposition 4.7.11. ∆d,max does not satisfy the weak unanimity principle for d P tdT , dH u.
Proof. As we did in the proof of Theorem 4.7.10, here also it suffices to give the counterexample for W “ U. Consider the agenda A “ ta1 , a2 , a3 , a4 , a5 , a6 , a7 u. The set of consistent
judgment sets A is given in Table 4.2, first column. Let the profile consist of the judgment
sets:
Â1 “ ta1 , a2 , a3 , a4 , a5 , a6 , a7 u;
Â2 “ t a1 , a2 , a3 , a4 , a5 , a6 , a7 u;
Â3 “ t a1 , a2 , a3 , a4 , a5 , a6 , a7 u.
It is the case that a7 P Â1 , a7 P Â2 and a7 P Â3 . However, as it can be observed from
Table 4.2, the rule ∆dH ,max selects a unique judgment set that does not contain a7 .

ta1 ,
t a1 ,
t a1 ,
t a1 ,

a2 ,
a2 ,
a2 ,
a2 ,

Â P Â
a3 , a4 ,
a3 , a4 ,
a3 , a4 ,
a3 , a4 ,

dH pÂ, Â1 q dH pÂ, Â2 q dH pÂ, Â3 q max

a5 ,
a5 ,
a5 ,
a5 ,

a6 ,
a6 ,
a6 ,
a6 ,

a7 u
a7 u
a7 u
a7 u

0
4
4
3

4
0
4
3

4
4
0
3

4
4
4
3

Table 4.2: The max of Hamming metrics from an element in the set Â to each of the agent’s
judgment sets. The judgment set chosen by the rule ∆dH ,max does not contain the unanimously
selected a7 .

˚

Proposition 4.7.12. ∆d,Π does not satisfy the weak unanimity principle for d P tdT , dH u.
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˚

Proof. We give a counter-example for ∆dH ,Π when W “ U. Consider an agenda A. The
set of all consistent judgment sequences, for A, is given in the first column (from the left) in
Table 4.3.
APA
A1 “ p1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1q
A2 “ p0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1q
A3 “ p0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 1q
A4 “ p0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 1q
A5 “ p0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 1q
A6 “ p0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 1q
A7 “ p0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0q
Table 4.3: The set of consistent judgment sentences for A.
Consider the profile π where π ⊲i “ Ai for i P r1, . . . , 6s. All the judgment sequences are
unanimous on the last issue, assigning it a judgment 1. However, as it can be observed from
˚
Table 4.4, the judgment sequence selected by ∆dH ,Π is A7 which assigns a judgment 0 to the
last sequence.
A P A dH pA, A1 q dH pA, A2 q dH pA, A3 q dH pA, A4 q dH pA, A5 q dH pA, A6 q
A1
0
8
8
8
8
8
A2
8
0
8
8
8
8
A3
8
8
0
8
8
8
A4
8
8
8
0
8
8
A5
8
8
8
8
0
8
A6
8
8
8
8
8
0
A7
5
5
5
5
5
5

Π˚

59 049
59 049
59 049
59 049
59 049
59 049
46 656

Table 4.4: The Π˚ of Hamming metrics from an element in the set A to each of the agent’s
˚
judgment sequences. The judgment sequence chosen by the rule ∆dH ,Π is A7 for which
A7 ▽a25 “ 1 although in the profile Ai ▽a25 “ 0 for all i.

We can observe that in general, whether the unanimity-principle is satisfied by a distancebased rule does not depend on the properties of d and d, but rather on the ratio between
the cardinality of the agenda on one side, and the number of agents and associated weights
for each judgment, on the other side. Let x be the judgment supported by all agents for a
in a profile π . Unanimity-preservation will be satisfied always when the minimal value of
dni“1 wpi, jqδ py, π q for y ‰ x, is larger than the minimal value of dni“1 fna j ‰a wpi, jqδ py, π q.
These conditions for unanimity-preserving are very strict, therefore they are not included as
a proposition.
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4.8 Monotonicity properties
In voting theory monotonicity is a standard property considered for voting rules. When a
voting rule is monotonic, an improvement in the ranking of the winning alternative, ceteris
paribus, does not diminish that alternative’s likelihood of being a winner. When the purpose
of aggregation is to select an alternative that is representative of the individual input, then it
is desirable that additional support for an input should not make that input less likely to be
the aggregate (Nurmi, 2004).
In judgment aggregation monotonicity has also been considered as a desirable relational property. There are three versions of monotonicity defined for function aggregators: monotonicity
on an agenda issue as a property imposed on an aggregation function (List and Puppe, 2009),
monotonicity as a property imposed on a subset of the agenda (to address manipulability issues) (Dietrich and List, 2005), and monotonicity on a judgment set by (Dietrich and List,
2008a). The first property is the strongest, subsuming the other two.
The monotonicity property defined for function aggregators in (List and Puppe, 2009) can be
lifted to monotonicity for rule aggregators in the following way.
Definition 68 (Monotonicity). A profile P1 is called an i-variant of profile P when for all
i ‰ j, i, j P r1, ms, Â j P P if and only if Â j P P1 . A judgment aggregation rule F is monotonic
1
when, for every P, P1 P SIn such that P “ pÂ1 , . . . , Âi , . . . , Ân q and P1 “ pÂ1 , . . . , Âi , . . . , Ân q
its i-variant, and a W P pR` qnˆm if there is an a P A such that
• a R Âi ;
1

• a P Âi ;
• a P TF pPq;
then a P TF pP1 q and FpP1 ,W q “ FpP,W q.
The monotonicity property defined as above is a very strong property. There are no con1
1
straints imposed on Âi with respect to Âi , therefore it can happen that Âi X Âi “ H and for
rules that do not satisfy independence the collective judgment set can be affected on more
issues than just ϕ . We can define a weaker monotonicity property and we consider whether
our rules satisfy it. The intuition behind our new property is closer to the intuition behind the
monotonicity property as studied in voting theory. Namely, the ceteris paribus improvement
in the support for a judgment that is already included in all collective judgment sets, should
not diminish that judgment’s likelihood of being in all collective judgment sets. This is the
property of insensitivity to reinforcement of collective judgments.
First we define when a profile is an
T Ď t0, 12 , 1u.

α -improvement

of

another profile for the case of

Definition 69. Given two profiles π , π 1 P An , α P t0, 1u and a j P A, the profile π 1 is called
an α -improvement of π when
• for all k ‰ i and for all r ‰ j π k,r “ π 1k,r ;
• π i, j ‰ α ;
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• π 1i, j “ α .
For binary judgments, the condition π i, j ‰ α implies that π i, j “
reinforcements for the judgment 21 .

α . We do not consider

Consider for example the agenda A “ ta1 , a2 , a3 u, R “ tpa1 ^ a2 q Ø a3 u, |ù3L (Łukasiewicz
logic) and N “ t1, 2, 3u. The profiles π 1 and π 2 are correspondingly a 0-improvement and
1-improvement of π for a1 .
»1

ﬁ
00
π “ – 0 1 0ﬂ
1 12 21
2

ﬁ
000
π 1 “ –0 1 0 ﬂ
1 21 21
»

ﬁ
100
π 2 “ –0 1 0 ﬂ
1 21 21
»

»1

ﬁ
00
π 3 “ – 0 1 1ﬂ
1 12 21
2

The profile π 3 is not a improvement of π since it is not in A3 .
As with the other relational properties, many versions of insensitivity to reinforcement property can be defined. We construct two versions.
Definition 70 (IR-s). Let α be a judgment for a P A. F satisfies strict insensitivity to
reinforcement of collective judgements I if for all α -improvement profiles π 1 P SIn of π P SIn if
[for all A P Fpπ ,W q, Apaq “ α ] then Fpπ ,W q “ Fpπ 1 ,W q.
Definition 71 (IR). Let α be a judgment for a P A. F satisfies insensitivity to reinforcement
of collective judgements I if for all α -improvement profiles π 1 P SIn of π P SIn if [for all A P
Fpπ ,W q, Apaq “ α ] then [for all A1 P Fpπ ,W q, A1 paq “ α ] .
If a rule F is monotonic, then it satisfies (IR-s). If F satisfies (IR-s), then it satisfies (IR).
We show which of the rules based on minimization from Chapter 2 satisfy (IR-s). We do not
consider RIY and RMR . The rules from Chapter 3 we analyze with respect to (IR).
Proposition 4.8.1. RMSA and RMCSA satisfy (IR-s).
Proof. We consider RMSA . Assume that α P TRMSA pPq and P1 an α ´ rein f orcement of P.
Let Y Ď A be a maximal agenda for which PÓY is majority-consistent. Because α P TRMSA pPq,
we must have α P Y . P1ÓY must be majority-consistent as well due to the conditions of
Definition 69. Moreover
MpP1ÓY q “ MpPÓY q.
(4.21)
From (4.21) it is infered that
all maximal majority-consistent sub-agendas for P1 contain some maximal
majority-consistent sub-agenda forP1 .

(4.22)

Let Y Ď A be a maximal agenda for which P1ÓY is majority-consistent. If α R MpP1ÓY q then a
fortiori α R MpPÓY q, which contradicts (4.22). Therefore, α P MpP1ÓY q, and because of (4.22),
it is also a maximal majority-consistent sub-agenda for P. We have shown that the maximal
majority-consistent sub-agendas for P and P1 coincide, therefore RMSA pPq “ RMSA pP1 q. The
proof for RMCSA can be generated in exactly the same way.
Proposition 4.8.2. RRA satisfies (IR-s).
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Proof. Let α P A and assume that α P TRRA pPq. Then all sub-agendas in RRA pPq contain
α . Let P1 be an α -improvement of P. Then NpP1 , α q ą NpP, α q, NpP1 , α q ă NpP, α q,
whereas for all ϕ ‰ α , α , NpP1 , ϕ q “ NpP, ϕ q. Note that in ěP1 , α appears either at an
earlier position or in the same position as in ěP . Therefore, if ą1 is an order refining ěP1 ,
when α is considered in ą, otherwise there would be an order ą refining ěP resulting in a
sub-agenda not containing α . Therefore α belongs to all sub-agendas in RApP1 q.

Proposition 4.8.3. RMWA i.e., ∆dH , , satisfies (IR-s).
ř

Proof. Let P be a profile P “ pÂ1 , . . . , Âk , . . . , Ân q. Let the α -reinforcement of P be a profile
1
1
1
˚
P1 “ pÂ1 , . . . , Âk , . . . , Ân q “ pÂ1 , . . . , Âk , . . . , Ân q. Let Â be the ř
set of all consistent and
complete judgment sets over an agenda A. Let us define DpÂ, Pq “ ni“1 dH pA, Ai q.
We have the following assumptions:
• α R Âk ,
˚

• α P Âk ,
˚

• for all ψ P A, ψ R tα , α u it holds ψ P Âk iff ψ P Âk ,
• α P Â, for all Â P RdH ,Σ pPq.
We first show that all the judgment sets Â P Rdh ,Σ pPq are such that Â P Rdh ,Σ pP1 q and that there
1
1
1
1
exists no Â P Â such that: α P Â , Â R Rdh ,Σ pPq, but Â P Rdh ,Σ pP1 q.
ř
Let the score of the winner judgment sets Â for P be c, namely let c “ ni“1 dH pA, Ai q, for all
1
Â P Rdh ,Σ pPq. We have that, for all Â P Â, when the cardinality of the pre-agenda is m:
1
dH pA1 , Ak q “ m ´ |Âk X Â |,
˚
1
dH pA1 , A˚k q “ m ´ |Âk X Â |.
1

1

1

˚

1

Let Â P Â be such that α P Â . Since dH pAk , A˚k q “ 1, we have that |Âk X Â | ´ |Âk X Â | “ 1.
Hence dH pA1 , Ak q “ 1 ` dH pA1 , A˚k q and
1

1

DpÂ , Pq “ 1 ` DpÂ , P1 q.

(4.23)

For all the winners Â for P, we obtain that DpÂ, Pq “ 1 ` DpÂ, P1 q, hence
DpÂ, P1 q “ c ´ 1.
1

1

(4.24)
1

If an Â R Rdh ,Σ pPq, then DpÂ , Pq ą c and due to 4.23, DpÂ , P1 q ą c ´ 1. We can conclude
1
1
1
1
that there is no Â P Â such that α P Â and Â R Rdh ,Σ pPq but Â P Rdh ,Σ pP1 q.
2

2

2

2

We now show that there exists no Â P Â such that α R Â and Â R Rdh ,Σ pPq but Â P Rdh ,Σ pP1 q.
We construct a proof by contradiction, starting with the assumption that there exists such a
2
Â P Rdh ,Σ pP1 q.
2

Since Â R Rdh ,Σ pPq, we obtain
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2

DpÂ , Pq ą c.
˚

(4.25)

1

Since α P Âk and α R Â , we obtain dH pA2 , Ak q ă dH pA2 , A˚k q and consequently
2

2

DpÂ , Pq ă DpÂ , P1 q.

(4.26)

Putting together inequalities 4.25 and 4.26 we obtain
2

DpÂ , P1 q ą c

(4.27)

However, the inequality 4.27 and inequality 4.24 are contradictory with the assumption that
2
Â R Rdh ,Σ pPq. This completes the proof that Rdh ,Σ is insensitive to reinforcement of collective
judgements.

Proposition 4.8.4. RY does not satisfy (IR-s).

Voters
2ˆ
2ˆ
1ˆ
4ˆ
MpPq
Table 4.5: P on the left, and the
not satisfy (IR-s).

p q p^q r
++ + +
+- - +
+ - - +
- + - ++ - +

Voters
2ˆ
2ˆ
1ˆ
4ˆ
MpPq

p q p^q r
++ + +
+- - +
- - - +
- + - - + - +

p-reinforcement P1 on the right used to show that RY does

Proof. We use a proof by counter-example. Let the agenda be A “ tp, q, p ^ q, ru. Consider
the profile P in Table 4.5. P is not majority-consistent, but removing any voter who has p in
her judgment set suffices to restore consistency, therefore RY pPq “ tq, pp ^ qqu.
Consider the p-reinforcement profile P1 , Table 4.5 right-most. RY pP1 q “ t p, q, pp ^ qq, ru.
Observe that although p P TY pPq and p P TY pP1 q, RY pPq ‰T RY pP1 q.

Proposition 4.8.5. RRY does not satisfy (IR-s).
Proof. Consider again the profile P given on Table 4.5. We obtain RRY pPq by adding the
fourth judgment set once, so that it appears five times in the profile instead of four.
RRY pPq “ tq, pp ^ qqu, hence TRRY pPq |ù p and TRRY pPq * t. Consider the
p-reinforcement P1 given on Table 4.5. RRY pP1 q “ MpP1 q “ t p, q, pp ^ qq,tu. It can be
observed that RRY pPq ‰ RRY pP1 q.
Proposition 4.8.6. RMNAC does not satisfy (IR-s).
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Voters
1 ˆ Â1
1 ˆ A2
1 ˆ Â3
MpPq

p q
``
`´
´`
``

p^q
`
´
´
´

p^r
´
`
´
´

p^s
´
´
`
´

Voters
1 ˆ Â1
1 ˆ A2
1 ˆ Â3
MpP1 q

p q
``
`´
´`
``

p^q
`
´
´
´

p^r
´
´
´
´

p^s
´
´
`
´

Table 4.6: The profiles P (left) and P1 (right), an example that RMNAC is not insensitive to
reinforcement of collective judgements.

Proof. Consider the agenda A “ tp, q, p ^ q, p ^ r, q ^ su and the profile P given in Table 4.6.
There are 6 profiles Pi such that DpP, Pi q “ 2, see Table 4.7. RMNAC pPq “ ttp, q, p ^ q, pp ^ rq,
pp ^ squ, tp, q, pp ^ qq, pp ^ rq, pp ^ squ, t p, q, pp ^ qq, pp ^ rq, pp ^ squu.
We have that TRMNAC pPq |ù pp ^ rq.
P1 is a pp^ rq-reinforcement of P, but RMNAC pP1 q “ tt p, q, pp ^ qq, pp ^ rq, pp ^ squu,
since DpP1 , P3 q “ 1.

Voters
1ˆ
1ˆ
1ˆ
MpP1 q

p q
`´
`´
´`
`´

p^q
´
´
´
´

p^r
´
`
´
´

p^s
´
´
`
´

Voters
1ˆ
1ˆ
1ˆ
MpP4 q

p q
``
``
´`
``

p^q
`
`
´
`

p^r
´
`
´
´

p^s
´
´
`
´

Voters
1ˆ
1ˆ
1ˆ
MpP2 q

p q
´`
`´
´`
´`

p^q
´
´
´
´

p^r
´
`
´
´

p^s
´
´
`
´

Voters
1ˆ
1ˆ
1ˆ
MpP5 q

p q
``
`´
´´
`´

p^q
`
´
´
´

p^r
´
`
´
´

p^s
´
´
´
´

Voters
1ˆ
1ˆ
1ˆ
MpP3 q

p q
``
´´
´`
´`

p^q
`
´
´
´

p^r
´
´
´
´

p^s
´
´
`
´

Voters
1ˆ
1ˆ
1ˆ
MpP6 q

p q
``
`´
``
``

p^q
`
´
`
`

p^r
´
`
´
´

p^s
´
´
`
´

Table 4.7: The profiles Pi , i P r1, 6s for which DpP, Pi q “ 2. Note that DpP1 , P3 q “ 1.

Proposition 4.8.7. RdH ,max does not satisfy (IR-s).

Proof. Consider the agenda A “ tp ^ r, p ^ q, q,tu, the profile P for three agents:
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Voters
1ˆ
1ˆ
1ˆ
and its

p^r
´
`
´

p^q q t
` ´`
´ ´´
´ ``

pp ^ qq-reinforcement (in the first voter’s judgment set) P1 :
voters
1
2
3

p^r
´
`
´

p^q q t
´ ´`
´ ´´
´ ``

As it can be observed from Table 4.8, pp ^ qq P TRdH ,max pPq, since RdH ,max pPq “
tt pp ^ rq, pp ^ qq, q, tu, t pp ^ rq, pp ^ qq, q,tu, tp ^ r, pp ^ qq, q,tuu.
However, as it can be observed from Table 4.9, RdH ,max pP1 q “ tt pp ^ rq, pp ^ qq, q, tu,
t pp ^ rq, pp ^ qq, q,tu, tp ^ r, pp ^ qq, q,tu, t pp ^ rq, pp ^ qq, q, tuu. Thus,
pp^qq P TRdH ,max pP1 q and RdH ,max pPq ‰ RdH ,max pP1 q. Furthermore, since q P TRdH ,max pPq,
but q R TRdH ,max pP1 q, we obtain that RdH ,max pPq ‰T RdH ,max pP1 q.
dH pÂ, Â5 q dH pÂ, Â8 q dH pÂ, Â4 q
Â P Â
2
1
2
Â1 t pp ^ rq, pp ^ qq, q, tu
Â2
t pp ^ rq, pp ^ qq, q,tu
1
2
1
3
2
1
Â3
t pp ^ rq, pp ^ qq, q, tu
Â4
t pp ^ rq, pp ^ qq, q,tu
2
3
0
0
3
2
Â5
t pp ^ rq, p ^ q, q,tu
2
3
2
Â6
t pp ^ rq, p ^ q, q, tu
1
4
1
Â7
t pp ^ rq, p ^ q, q,tu
3
0
3
Â8
tp ^ r, pp ^ qq, q, tu
Â9
tp ^ r, pp ^ qq, q,tu
2
1
2
3
2
3
Â10
tp ^ r, p ^ q, q, tu
Â11
tp ^ r, p ^ q, q,tu
2
3
2

max
2
2
3
3
3
3
4
3
2
3
3

Table 4.8: The max of Hamming metrics from an element in the set Â to each of the agent’s
judgment sets in profile P.

We now consider the ∆ rules.
Proposition 4.8.8. If d P tdT , dH u then ∆d,d satisfies (IR).
Proof. Consider a profile π for A, a β P A, a profile π 1 which is a β -reinforcement of π .
The k-th row is the row on which π and π 1 differ. Observe that, for β P tb, bu or b “ β
pπ 1 ⊲kq▽b “ vpbq, vpbq P t0, 1u and pπ ⊲kq▽b P t0, 21 , 1u. Let A P ∆d,d pπ ,W q, A▽b “ vpbq.
We need to show that all A1 P ∆d,d pπ 1 ,W q are such that A1 ▽b “ vpbq. We construct a proof
by contradiction.
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Â P Â
dH pÂ, Â2 q dH pÂ, Â8 q dH pÂ, Â4 q
2
1
2
Â1 t pp ^ rq, pp ^ qq, q, tu
t pp ^ rq, pp ^ qq, q,tu
1
2
1
Â2
t pp ^ rq, pp ^ qq, q, tu
1
2
1
Â3
0
3
0
Â4
t pp ^ rq, pp ^ qq, q,tu
Â5
t pp ^ rq, p ^ q, q,tu
2
3
2
1
3
2
Â6
t pp ^ rq, p ^ q, q, tu
Â7
t pp ^ rq, p ^ q, q,tu
1
4
1
3
0
3
Â8
tp ^ r, pp ^ qq, q, tu
Â9
tp ^ r, pp ^ qq, q,tu
2
1
2
2
2
3
Â10
tp ^ r, p ^ q, q, tu
1
3
2
Â11
tp ^ r, p ^ q, q,tu

max
2
2
2
3
3
3
4
3
2
3
3

Table 4.9: The max of Hamming metrics from an element in the set Â to each of the agent’s
judgment sets in profile P1 .
We use the notation
dw pA, Ai q “

m
ÿ

wpi, jq ¨ δ pA▽a j , Ai ▽a j q,

j “1

where δ P tδH , δT u.
From A P ∆d,d pπ ,W q it follows that
dni“1 dw pA, π ⊲iq ă dni“1 dw pA1 , π ⊲iq.

(4.28)

Since dw pA, π ⊲kq ě dw pA, π 1 ⊲kq it follows, from the non-decreasingness of d:
dni“1 dw pA, π ⊲iq ě dni“1 dw pA, π 1 ⊲iq.

(4.29)

It follows from (4.28) and (4.29) that:
dni“1 dw pA, π 1 ⊲iq ă dni“1 dw pA1 , π ⊲iq.

(4.30)

Assume that there is a A1 P ∆d,d pπ 1 ,W q such that A1 ▽b ‰ vpbq, and as such A1 R ∆d,d pπ ,W q.
It follows that
dni“1 dw pA1 , π 1 ⊲iq ă dni“1 dw pA, π 1 ⊲iq.

(4.31)

From (4.30) and (4.31), it follows that
dni“1 dw pA1 , π 1 ⊲iq ă dni“1 dw pA1 , π ⊲iq.

(4.32)

From (4.32), since π 1 ⊲i “ π ⊲i, for all i ‰ k, it follows that
dw pA1 , π 1 ⊲kq ă dw pA1 , π ⊲kq.

(4.33)
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Recall that
dw pA1 , π 1 ⊲kq “

m
ÿ

wpk, jq ¨ δ pA1 ▽a j , π 1k, j q

m
ÿ

wpk, jq ¨ δ pA1 ▽a j , π k, j q

j “1

and
dw pA1 , π ⊲kq “

j “1

Since π k, j “ pk, j , for all a j ‰ b It follows that (4.33) holds, if and only if
1

δ pA1 ▽b, π 1k,b q ă δ pA1 ▽b, π k,b q

(4.34)

For δH , the inequality (4.34) holds only when δ pA1 ▽b, π 1k,b q “ 0, however that would imply
that A1 ▽b “ π 1k,b which is a contradiction with the assumption that A1 ▽b ‰ vpbq.
For δT , the inequality (4.34) holds only when it is possible that δ pA1 ▽b, π 1k,b q “ 21 or
δ pA1 ▽b, π k,b q “ 1. If δ pA1 ▽b, π 1k,b q “ 12 , then A1 ▽b “ 12 due to vpbq P t0, 1u. However, if A1 ▽b “ 12 , then δ pA1 ▽b, pπ ⊲kq▽bq P t0, 12 u and we reach a contradiction again.
Proposition 4.8.9. ∆dD ,d satisfies (IR).
Proof. We make the same assumptions as in Proposition 4.8.8. Consider a profile π for A,
a β P A, a profile π 1 which is a β -reinforcement of π . The k-th row is the row on which
π and π 1 differ. Observe that, for β P tb, bu or b “ β pπ 1 ⊲kq▽b “ vpbq, vpbq P t0, 1u
and pπ ⊲kq▽b P t0, 21 , 1u. Let A P ∆dD ,d pπ ,W q, A▽b “ vpbq. We need to show that all
A1 P ∆dD ,d pπ 1 ,W q are such that A1 ▽b “ vpbq. We construct a proof by contradiction.
We use the notation
dw pA, Ai q “ maxpwi,1 ¨ δh pAp1q, Ai p1qq, . . . , wi,m ¨ δh pApmq, Ai pmqqq.
From A P ∆dD ,d pπ q it follows that
dni“1 dw pA, π ⊲iq ă dni“1 dw pA1 , π ▽iq.

(4.35)

Since dD pA, π ▽kq ě dD pA, π 1 ▽kq it follows, from the non-decreasingness of d:
dni“1 dw pA, π ▽iq ě dni“1 dw pA, π 1 ▽iq.

(4.36)

It follows from (4.35) and (4.36) that:
dni“1 dw pA, π 1 ▽iq ă dni“1 dw pA1 , π ▽iq.

(4.37)

Assume that A1 P ∆dD ,d pπ 1 ,W q and A1 R ∆dD ,d pπ ,W q. It follows that
dni“1 dw pA1 , π 1 ▽iq ă dni“1 dw pA, π 1 ▽iq.
From (4.37) and (4.38), it follows that

(4.38)
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dni“1 dw pA1 , π 1 ▽iq ă dni“1 dw pA1 , π ▽iq.

(4.39)

From (4.39), since π 1 ▽i “ π ▽i, for all i ‰ k, it follows that
dD pA1 , π 1 ▽kq ă dD pA1 , π ▽kq.

(4.40)

The inequality (4.40) is only possible when dD pA1 , π 1 ▽kq “ 0, however that would imply that
A1 ▽b “ pπ 1 ⊲kq▽b which is a contradiction with the assumption that A1 ▽b ‰ vpbq.

4.9 Separability
In addition to the relational properties that are considered in judgment aggregation, and which
we lifted in the previous sections, we can also introduce relational properties inspired by
properties of interest studied in voting theory.
In voting theory, the separability property states that if an alternative is a winner under a
voting rule, for two distinct profiles under the same set of candidates, then that alternative
is a winner, under the same voting rule, for the profile obtained by combining the two profiles. The property of separability is defined in (Smith, 1973), also defined as consistency in
(Young, 1975), and it is sometimes called reinforcement as well. This property is best known
as one of the conditions, together with neutrality and anonymity, used by Young in his characterization of scoring social choice rules (Young, 1975). The voting rules that do not satisfy
the separability property are subject to occurrences of Simpson’s paradox (Blyth, 1972).
In judgment aggregation, the separability property is of interest as well. One reason is that
the separability property is a natural requirement to make: if a judgment set is among the collective judgment sets for profile π 1 and for profile π 2 , then it should be among the judgment
sets for the combined profile P.
Since the judgment aggregation sequence can be considered as a solid piece of information
or as divisible collection of judgments, we can define at least two versions of a separability
property in judgment aggregation: sequence-separability (S-s) and issue-separability (S-i).
Definition 72 (Horizontal merge). Let M1 be a n1 ˆ m matrix and M2 a n2 ˆ m matrix. The
matrix M is called a horizontal merge of M1 and M2 if M⊲i “ M1 ⊲i for all i P r1, n1 s and
M⊲p j ` n1 q “ M1 ⊲ j for all j P r1, n2 s.
Definition 73 (S-i). A rule F satisfies issue-separability when for every π P SIn1 ,
W1 P pR` qn1 ˆm and π P SIn2 , W2 P pR` qn2 ˆm and their horizontal merge π P SIn1 `n2 ,
W P pR` qpn1 `n2 qˆm if [for all A P Fpπ 1 ,W1 q, Ap jq “ α ] and [for all A1 P Fpπ 2 ,W2 q,
A1 p jq “ α ], then [for all A2 P Fpπ ,W q, A2 p jq “ α ].
Definition 74 (S-s). A rule F satisfies sequence-separability when for every π P SIn1 ,
W1 P pR` qn1 ˆm and π P SIn2 , W2 P pR` qn2 ˆm and their horizontal merge π P SIn1 `n2 ,
W P pR` qpn1 `n2 qˆm if Fpπ 1 ,W1 qX Fpπ 2 ,W2 q ‰ H, then Fpπ 1 ,W1 qX Fpπ 2 ,W2 q Ď Fpπ ,W q.
The issue-separability states that if a judgment is in the theory of the rule on a profile π 1
and it is in the theory of profile π 2 , both being profiles on the same agenda and constraints,
then the same judgment is in the theory of the horizontal merge of π 1 and π 2 . The sequenceseparability looks at whole sequences instead of judgments. If a sequence is selected as
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collective by a rule for π 1 and the same sequence is selected as collective for π 2 , then that
sequence is among the collective sequence selected by the rule for the horizontal merge of π 1
and π 2 .
Unlike with unanimity and unanimity principle, majoritarianism and majority-preservation,
and (IR-s) and (IR), one of the separability properties does not imply the other. We study
issue-separability for the rules based on minimization (again not considering RIY and RMR )
and sequence-separability for the weighted distance-based rules.
For the rules in Chapter 2 we study (S-i) by establishing a general result3 which shows that
majority-preservation and rule (S-i) are incompatible. This result can be seen as the judgment
aggregation counterpart of the result that states that every Condorcet-consistent voting rule
violates reinforcement, see Theorem 9.2 (Moulin, 1991, pg.237).
Proposition 4.9.1. If a rule aggregator is majority-preserving then it violates issue-separability.
Proof. Let R be a majority-preserving rule, and assume furthermore that R satisfies (S-i). Let
A “ tp, q, p _ qu, and P the 10-voter profile as follows:
voters
1, 2
3, 4
5, 6
7, 8, 9, 10

p q
``
´`
`´
´´

p_q
`
`
`
´

Consider the two sub-profiles P1 consisting of voters t1, 3, 4, 7, 8u and P2 consisting of voters t2, 5, 6, 9, 10u. P1 and P2 are majority-consistent, with MpP1 q “ t p, q, p _ qu and
MpP2 q “ tp, q, p _ qu. Since R is majority-preserving, we have RpP1 q “ ttp, q, p _ quu
and RpP2 q “ ttq, p, p _ quu; therefore, p Ø q P TR pP1 q and p Ø q P TR pP2 q, from
which, by (S-i),
p Ø q P TR pP1 Y P2 q “ TR pPq.
(4.41)
Consider now the two sub-profiles P3 consisting of voters t1, 2, 3u and P4 consisting of voters 4 to 10. The profiles P3 and P4 are majority-consistent, with MpP3 q “ tp, q, p ^ qu
and MpP4 q “ t p, q, p ^
qu. Since R is majority-preserving, we have RpP3 q “
tp, q, p ^ qu and RpP4 q “ t p, q, p ^ qu. As a consequence
p Ø q P TR pP3 q and p Ø

q P TR pP4 q.

(4.42)

From (4.42), by separability,
p Ø q P TR pP1 Y P2q “ TR pPq.

(4.43)

The equation (4.43) is in contradiction with (4.41).
As a corollary, all the rules based on minimization except RdH ,max violate issue-separability.
Corollary 4.9.2. The aggregation rules RY , RMSA , RMCSA , RMWA , RRA , RRY , and RMNAC do
not satisfy (S-i).
3 This

theorem was proved by Jérôme Lang.
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The only one of our rules which is not majority-preserving is RdH ,max . However, this one
does not satisfy (S-i) either, which shows that it seems extremely difficult to find a reasonable
judgment aggregation rule that satisfies (S-i).
Proposition 4.9.3. RdH ,max does not satisfy (S-i).
Proof. Let A “ tp, q, r, p Ñ pq ^ rqu, and the 5-voter profile P:
voters p q r p Ñ pq ^ rq
1, 2, 3 ` ` ´
´
4, 5 ` ` `
`
Consider also the two sub-profiles P1 consisting of voters 1, 2 and 3, and P2 consisting of
voters 4 and 5. Observe that RdH ,max pP1 q “ ttp, q, r, pp Ñ pq ^ rqquu and RdH ,max pP2 q “
ttp, q, r, p Ñ pq ^ rquu, thus p P TRdH ,max pP1 q and p P TRdH ,max pP2 q. However,
RdH ,max pPq “ ttp, q, r, pp Ñ pq ^ rqqu, tp, q, r, p Ñ pq ^ rqu, t p, q, r, p Ñ pq ^ rqu,
tp, q, r, pp Ñ pq ^ rqquu, therefore p R TRdH ,max pPq.
Regarding sequence-separability and the weighted distance-based rules, there are more positive results.
Proposition 4.9.4. If d is associative (see Definition 31), then ∆d,d satisfies (S-s).
Proof. Let spA, Ai q “ fmj“1 wpi, jqδ pAp jq, Ai p jqq. Due to associativity
dpspA,
A1 q, . . . , spA, Ak1 q, looooooooooomooooooooooon
spA, Ak2 q, . . . , spA, An qq “ dpdpxpAqq, dpypAqqq.
looooooooooomooooooooooon
x pA q

y pA q

Due to the non-decreasing of d, if
xpAq ď xpA1 q and ypAq ď ypA1 q,

(4.44)

then dpxpAq, ypAqq ď dpxpA1 q, y, pA1 qq.
Let π 1 P An1 , π 2 P An2 , W1 P pR` qn1 and W2 P pR` qn2 . If A P ∆d,d pπ 1 ,W1 q, A P ∆d,d pπ 2 ,W2 q,
then (4.44) holds for each A1 P A and consequently A P ∆d,d pπ ,W q for the horizontal merges
π and W .
The function Π˚ is not associative, however it satisfies sequence-separability.
˚

Proposition 4.9.5. ∆d,Π satisfies (S-s).
Proof. The proof can be constructed similarly as the proof of Theorem 4.9.4. Observe that
ź
pspA, π ⊲1q ` 1, . . ., spA, π ⊲n1 q ` 1, spA, π ⊲pn1 ` 1qq ` 1, . . .spA, π ⊲n2 q ` 1q

can be written as
ź
ź
pspA, π 1 ⊲1q` 1, . . . , spA, π 1 ⊲n1 q` 1q¨ pspA, π 2 ⊲1q` 1, . . . , spA, π 2 ⊲n2 q` 1q. (4.45)
For x1 , x2 , y1 , y2 P R` if x1 ă x2 and y1 ă y2 , then x1 ¨ y1 ď x2 ¨ y2 . Consequently,
˚
˚
˚
if A P ∆d,Π pπ 1 ,W1 q and A P ∆d,Π pπ 2 ,W2 q, then A P ∆d,Π pπ ,W q.
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4.10 Other properties for judgment aggregation rules
In addition to separability, we can construct other properties that might be desirable for an
aggregation rule to satisfy, inspired by properties studied in voting theory. In this section we
give their definitions.
Tideman (1987) introduced the clone independence criterion for voting rules. This property
states that when a candidate is added to the set of candidates, and this candidate is identical
to a candidate already in the set, the winner of the election will not change.
There are no candidates in judgment aggregation, but the independence of clones can be
defined for agenda items. Indeed, if two agenda issues are logically equivalent, then the
collective judgment on the both should be the same. An idea that the rule should be insensitive
to agenda clones already appears in (Dietrich, 2006b), where a similar property is defined as
logical agenda manipulation. The difference between our definition and the one in (Dietrich,
2006b) is that in (Dietrich, 2006b) one speaks of settled issues, namely issues whose truthvalue is determined by any judgment set (consistent and complete).
Cariani et al. (2008) define a property for function aggregators called translation invariance.
A function aggregator is translation invariant if the collective judgment set does not depend
on the particular language used to model the agenda. Namely, if two agendas are semantically equivalent and two equal profiles, each for one of the agendas, are aggregated, then the
collective judgment sets selected for each profile should be the same. Cariani et al. (2008)
prove that whether a function is translation invariant depends on the atoms in the agenda.
We define clones as issues in the agenda that are logically equivalent. All clones are settled
issues, but not all settled issues are clones.
Definition 75 (Clones). Given an agenda A, issues a, a1 P A are clones when for all A P SI ,
Apaq “ x if and only if Apa1 q “ x.
Let M be a n ˆ m matrix and Y Ă r1, ms a set of columns. The sub-matrix M ÓY is
the n ˆ pm ´ |Y |q matrix obtained by removing the columns in Y from M. Consider as an
example the 3 ˆ 3 matrix M , Y “ t2u and M ÓY :
»

ﬁ
100
M “ – 0 1 0ﬂ
111

M ÓY

»

ﬁ
00
“ – 1 0ﬂ
11

Definition 76 (IAC). Let A be an agenda containing the clones a and ak , and let Y “ tku. A
judgment aggregation rule F is independent of agenda clones when for every profile π P SIn ,
if A P Fpπ ,Uq and A1 P FppÓY ,W ÓY q, then for all a j ‰ ak Ap jq “ A1 p jq.
Example 4.10.1. Let A “ tp, q, p ^ q, p ^ pu. We can observe that p and p ^ p are clones.
Consider the profiles P and the reduced P1 in Table 4.10. On this profile the rule RY is
insensitive to clones, while the rule RMCSA is not.
There are aggregation contexts in which a group of agents needs to make judgments on the
same agenda in various moments in time.
Example 4.10.2. Consider a group of agents that develops and maintains software. The
group needs to make decisions regarding the resources spent on developing and maintaining
the software. Let the issues be:
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RY

RMCSA

p q p^q p^ p
+- +
- + ++ +
+
+
+
+
++
+
+
+

RY

RMCSA

p q p^q
+- - + ++ +
+
+
++
+
+ -

Table 4.10: The profile P containing the judgments on the clones (left) and the sub-profile P1
without the judgments on p ^ p.
• release new version (p),
• fix known bugs (q),
• improve the user interface (s) ,
• advertise the product (t).
Let the relations between these issues be p Ñ t, q Ñ p and q Y s4 .
As long as the software is maintained, the group would need to make decisions on the same
or some of the agenda issues. At a given moment, after eliciting the group opinions on the
full agenda, the group might need to use the decisions regarding p, q and t but determines
that s is not really of interest.
In Example 4.10.2, how should a collective judgment on p change if the agenda, and profile,
is reduced by s? It is intuitively undesirable that the decision on p should change since. We
call this property insensitivity to agenda shrinking.
Definition 77 (IAS). Let A be an agenda, ak P A and Y “ tku. A judgment aggregation rule
F satisfies the strong insensitivity to agenda shrinking when for all π P SIn , W P pR` qnˆm
if [ for all A P Fpπ ,W q and for all k ‰ j, Ap jq “ x], then [for all A1 P Fpπ ÓY ,W ÓY q and for
all k ‰ j, A1 p jq “ x].
Example 4.10.3. Consider A “ tp, q, q Ñ p, p Ñ t, s, q Y su , the profile P for it, and the
profile P1 for A shrunk for s, given on Table 4.11. As we can observe from the table,
TRMCSA pPq |ù p but TRMCSA pP1 q * p, hence the rule RMCSA does not satisfy the property.
When a rule is based on minimization, we can expect that it will be sensitive to the shrinking
of the agenda for an arbitrary issue, since the removed issue might share sub-formulas with
other issues, as it was the case in Example 4.10.3. We can consider the insensitivity to agenda
shrinking when the issues removed are atomic and not part of other issues. This property we
call insensitivity to atomic agenda shrinking.
4 The

connective Y is the exclusive or, defined as ϕ Y ψ ” p ϕ ^ ψ q _ pϕ ^ ψ q.
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RY

p q qÑ p pÑt
- - +
+
- + +
++ +
+
+
+

s qYs
+ +
- - +
+

RY

RMCSA
RMCSA

+

+

+

-

+

p q q Ñ p p Ñ t qYs
- - +
+
+
- + +
++ +
+
+
+
+
+
+
- +
-

+
+

+
+
+

+
+
+

Table 4.11: The profile P containing the judgments on the full agenda and the sub-profile P1
without the judgments on t.
Definition 78 (IAAS). Let A be an agenda and let Y Ă A be the set of the indexes of each
atomic formula p P A that is not a sub-formula for any formula ϕ P AzY . A judgment aggregation rule F is insensitive to atomic agenda shrinking when for all π P §nI , W P pR` qnˆm
if [ for all A P Fpπ ,W q and for all k ‰ j, Ap jq “ x], then [for all A1 P Fpπ ÓY ,W ÓY q and for
all k ‰ j, A1 p jq “ x].
Another aggregation property regarding the agenda is the agenda separation. We first define
what it means for an issue to be independent in an agenda.
Definition 79 (Independence of an issue). An issue a is independent in an agenda A, when
for any consistent judgment set A Ă A and â P ta, au, Aztau * a and Aztau * a.
Another way to define independent agenda issues is as conflict-free: a does not belong to any
minimal inconsistent subset of A. When an agenda contains an independent issue a, then it
is reasonable to expect that, regardless of what the judgments on the other agenda issues are,
the collective judgment on a always coincides with the majority of the judgments regarding
a.
Definition 80 (AS). Let A be an agenda, and a j P A an independent issue. A judgment
aggregation rule F satisfies agenda separation when for every π P SIn , W P pR` qnˆm if for
all A P Fpπ ,W q, Ap jq “ mpπ ▽ j,W q.
Example 4.10.4. Consider the agenda A “ tp, q, p ^ q, ru and the profile for this agenda
given in Table 4.12.
Although this example satisfies the agenda separability property for both the RY and RMNAC
rules, this is not always the case. Finding a counter-example for RY is fairly simple.
The agenda separation property is desirable since it allows for profiles to be split into a part
of judgments on dependent and part of judgments on independent issues, with only the judgments on dependent issues to be aggregated.
One property considered in voting theory is the property of invulnerability to a no-show
paradox. Fishburn and Brams (1983) define the no-show paradox as “the addition of identical
ballots with candidate x ranked last may change the winner from another candidate to x”. The
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RY

p q p^q r
+- - +
- + - +
++ + +
+
- +

RMNAC - +
+-

-

+
+

Table 4.12: The profile P containing the judgments on A “ tp, q, p ^ q, ru and the corresponding outputs from RY and RMNAC .
no-show paradox occurs when a group of voters is better off by not voting than by voting
according to its preferences (Nurmi, 2004). Moulin (1988) show that when there are at least
four options (candidates), every voting rule that elects the Condorcet winner must generate
the no-show paradox.
Are judgment aggregation rules susceptible to the no-show paradox as well? We can define
when a rule is invulnerable by the no-show paradox.
Definition 81 (INS). A judgment aggregation rule F satisfies the invulnerability to the noshow paradox when, for every π P SIn , W P pR` qnˆm and A˚ P SI , V P pR` qm such that
A˚ p jq “ x if for all A P Fpπ ,W q, Ap jq “ x, then for all A1 P Fpπ 1 ,W 1 q. The profile π 1 and
weights W 1 are the horizontal merge of π with A˚ and W with V correspondingly.
Example 4.10.5. Consider the agenda A “ tp, q, p ^ qu and the profiles P and P1 given in
Table 4.13. We can observe that pp ^ qq P TRMNAC pPq and pp ^ qq P TRMNAC pP1 q, hence
for this profile RMNAC is invulnerable to the no-show paradox.

RMNAC

p q p^q
+- - + ++ +
+- - + -

RMNAC

p q p^q
+- - + ++ +
- - -

Table 4.13: The profile P (left) and an its extension P1 (right) with t p, q, pp ^ qqu.

4.11 Conclusions
In this chapter designed rule aggregator properties and analyzed, with respect to these properties, the rules we defined in Chapters 2 and 3. We intend to use these properties to distinguish
among the rules from Chapters 2 and 3 correspondingly.
Properties in judgment aggregation have been defined for function aggregators and binary
unweight judgments. We first defined the correspondence between, on one side, a property
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defined for weighted rule aggregators and ternary judgments, and on the other side, a property defined for an unweight binary function aggregator. Due to the irresoluteness of the
rule aggregators, there are multiple rule aggregator properties correspond to each function
aggregator property.
There are not many properties considered in judgment aggregation theory. For each of the
known property we defined at least one corresponding rule property and analyzed which of
our rules satisfies it. The following rule aggregation properties have been included: universal
domain, anonymity, neutrality, independence of irrelevant information, collective rationality,
majority-preservation, majoritarianism, unanimity, unanimity preservation and monotonicity. In addition we considered separability, a rule aggregation property corresponding to a
(separability) property in voting theory.
All the families of judgment aggregation rules we introduced satisfy the structural properties
of universal domain, anonymity, neutrality, and collective rationality. None of the introduced
rules satisfies the independence of irrelevant alternatives (in any of the defined versions). The
relational properties we considered were majority adherence properties, unanimity properties,
monotonicity properties and separability properties. The results are summarized in Table
4.14.

RY
RMSA
RMCSA
RMWA
RRA
RdH ,max
RRY
RMNAC

Majority
Preservation
X
X
X
X
X
no
X
X

Weak
Unanimity
X
X
no
no
X
no
X
no

Strong
Unanimity
X
no
no
no
X
no
X
no

IR-s

S-i

no
X
X
X
X
no
no
no

no
no
no
no
no
no
no
no

Table 4.14: Summary of the results for the social theoretic properties of the judgment aggregation rules.
We considered the same properties for the examples of distances and aggregation functions
we introduced. In Table 4.15 we summarize the results. With d, when no index is specified,
we denote any product metric and with d any aggregation function.
Whether a property holds for a distance-based rule sometimes depends on the properties of
the chosen d and d, as was the case with anonymity and separability. On the other hand,
e.g., whether unanimity-principle is satisfied depends on the ratio between the cardinality
of the agenda and the number of agents. Unanimity holds whenever
d řis a function that
ř
satisfies minimality. Majority-preservation holds only for ∆dH , and ∆dT , . The sequenceseparability (S-s) holds for all aggregation function d which are associative, however, as the
example with the non-associative Π shows, there exist non-associative arithmetic aggregation
functions that satisfy (S-s).
The literature of judgment aggregation, see for example (List and Polak, 2010; Pigozzi, 2006),
discusses the anonymity and independence of irrelevant information for distance-based rules,
but does not formally define or prove these properties since it is rather simple to show that
they hold, and not hold respectively. The belief-merging operators are analyzed with re-
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Property
Unanimity

Satisfied
pd, Σq
pd, maxq
pd, Gmaxq
pd, Π˚ q
Weak unanimity principle pdD , dq

Strong unanimity principle pdD , dq
Majoritarian
pd, Σq
pd, Π˚ q
Majority-preserving
pdH , Σq
pdT , Σq

IR
S-s

Not satisfied

pdi , Σq
pdi , maxq
pdi , Gmaxq
pdi , Π˚ q
di P tdH , dT u
pd, maxq
pd, Gmaxq
pdD , Σq
pd, maxq
pd, Gmaxq
pd, Π˚ q

pd, dq
pd, Σq
pd, maxq
pd, Gmaxq
pd, Π˚ q

Table 4.15: The summary of the properties which holds for the d and d examples we introduced.

spect to unanimity and majoritarianism (Konieczny and Pino-Pérez, 1999). In addition to the
aggregation functions and distances considered there, we also introduce the Π˚ , which is majoritarian but not majority-preserving. The rest of the properties, to the best of our knowledge,
have not been previously considered for judgment aggregation rules or functions.
Which properties should a rule aggregator satisfy? The structural properties are desirable in
all the settings, as is the property of unanimity. In all consensual groups it is required that
the adherence to majority properties are satisfied, as well as the unanimity principle at least
in its weak version. The properties of insensitivity to reinforcement are particularly desirable
in contexts in which the agents give judgments on the same issues several times, irrelevant
of weather the group is consensual or hierarchical. A rule insensitive to reinforcement can
save the agents from executing unnecessary aggregations. The properties of separability are
particularly desirable for aggregators used by distributed consensual sub-groups. If a rule
satisfies separability, then the smaller sub-group of agents can aggregate its judgments and
send the result. The whole group may not need to aggregate the whole profile, but just
consider these sub-results.
For group decision problems, ideally one would prefer resolute rules. However, from the
impossibility results in judgment aggregation, see (List and Polak, 2010) for an overview,
and social choice theory in general, we can conclude that only for restricted domains resolute
aggregators can be constructed. If the domain cannot be restricted, and usually this is the
case, then irresoluteness must be dealt with by tie-breaking mechanisms. If resoluteness
is not feasible, then the rules should at least select a small number of collective judgment
sequences as possible. For this reason, rules such as RIY , RMR and ∆d,max are undesirable.
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The rules we consider are in principle all desirable rules. As we can observe from Tables 4.14 and 4.15, the properties we considered are insufficient to fully distinguish among
the rules. To this end more properties need to be developed. We made the initial efforts along
this path in Section 4.10 where we discussed and defined five new rule aggregator properties.
The family of interesting rule aggregator properties is still not large enough and the search
for these properties is an open question in judgment aggregation theory.
In the third part of the thesis we consider instances of hierarchical and consensual groups
in multi-agent systems and give judgment aggregation based models of decision-making for
these groups. We pair rules from Chapters 2 and 3 with each of these decision-making problems using the properties we developed in this chapter.

Part III

Applying judgment aggregation
rules in multiagent systems
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5
Recognition-primed group decisions
for hierarchical teams
Abstract. In this chapter we give an example of a hierarchical group decision problem in a multi-agent system context. When operating in uncertain
environments, agents cannot rely on negotiation to reach agreements since the
state of the world might change while they negotiate. We propose a model for
reaching a group decision without negotiation. Our model lifts the RecognitionPrimed Decision (RPD) model, constructed in an experimental psychology, from
a single agent to an agent group. The lifting is executed by embedding judgment
aggregation as a tool for amalgamating individual information. The RPD model
models adaptive behavior. While it executes its actions, the group may adapt the
decisions it acts upon in light of new information. We consider revision strategies
for our group.

5.1 Introduction
Groups of agents need to be able to reach collectively binding decisions in order to coordinate
and cooperate. We consider a hierarchical team of agents. In such a team, there exists one
agent that is responsible for producing the group decision. To reach the group decision this
agent needs to consider and combine the opinions of the rest of the team members. How can
a hierarchical team reach collectively binding decisions in an uncertain environment?
According to traditional theory of decision-making, see for example (Peterson, 2009, Chapter 1), making decisions is driven by the concept of rationality associated with the decisionmaker. A rational agent chooses, given his knowledge about the world, those options that are
optimal in the sense that they maximize the agent’s expected utility. Optimizing is difficult
when the agents’ resources are limited, as initially pointed out by (Simon, 1955, 1956). Furthermore, rationality is a concept associated with a decision-maker (an individual) and it is not
simple to apply this concept to groups, see for instance the analysis of (Stirling and Nokleby,
2009).
People are not good rationalizers (Hardy-Vallèe, 2007, pg. ix), however groups of people
are able to function successfully even when all adequate information is not available, when
their goals are unclear and the procedures they have to follow are poorly defined, consider
for instance firefighters and other emergency rescue teams. In life-threatening situations and
dangerous environments it is desirable to replace human teams with artificial agents. Can
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artificial agents be endowed with such skills of decision making and adaptation that people
possess? This question begets another question. How do people make collectively binding
decisions under time pressure, in dynamic conditions and in uncertain environments? Can
we use a model of human decision-making to build a procedure that can be used by artificial
agents?
Using computational modeling, i.e., multiagent based simulation of group-decision making
theories built and studied in experimental psychology, is used to validate and analyze human decision-making models (Ilgen et al., 2005; Hulin and Ilgen, 2000). The less explored
direction is the use of experimental psychology models to build decision-making or agreement reaching procedures for artificial agents. One reason for this might be found in the
non-simplicity and high non-determinism of the experimental models.
Compared to studies of consensual groups, the hierarchical team decision-making is far less
studied in experimental psychology and social sciences (Humphrey et al., 2002). A summary
of theories on how hierarchical team-decision making is done, or should be done, is given
in (Humphrey et al., 2002). A well known model is the multi-level theory of team decisionmaking of (Hollenbeck et al., 1995). This theory however is rather intricate and it would be
difficult to translate into a group-decision making model for artificial agents.
How firefighter commanders make decisions under extreme time pressure was studied by
Klein et al. (2010). They found that, when a commander has prior experience with a problem,
which is usually the case, he acts according to the recognition-primed decision (RPD) model,
summarized on Figure 5.1.

Figure 5.1: The recognition-primed decision model (Klein et al., 2010, pg. 203).
According to the RPD model, a commander tasked with a problem first assess the current
situation and then matches the current situation to a prototypical solution based on similarity
of goals, perceptual clues, causal factors and information about them.
As a running example we consider the overpass rescue example given in (Klein, 1999, pg. 18).
Example 5.1.1. The overpass rescue(Klein, 1999, pg. 18).
“A lieutenant is called out to rescue a woman who either fell or jumped off a
highway overpass. She is drunk or on drugs and is probably trying to kill herself.
Instead of falling to her death, she lands on the metal supports of a highway sign
and is dangling there when the rescue team arrives.
The lieutenant recognizes the danger of the situation. The woman is semiconscious and lying bent over one of the metal struts. At any moment, she could
fall to her death on the pavement below. If he orders any of his team out to help
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her, they will be endangered because there is no way to get a good brace against
the struts, so he issues an order not to climb out to secure her.
Two of his crew ignore his order and climb out away. One holds onto her
shoulders and the other to her legs.
A hook-and-ladder truck arrives. The lieutenant doesn’t need their help in
making the rescue, so tells them to drive down to the highway below and block
traffic in case the woman does fall. He does not want to chance that the young
woman will fall on a moving car.
Now the question is how to pull the woman to safety.
First, the lieutenant considers using a rescue harness, the standard way of
raising victims. It snaps onto a person’s shoulders and thighs. In imagining its
use, he realizes that it requires the person to be in a sitting position or face up.
He thinks about how they would shift her to sit up and realizes that she might
slide off the support.
Second, he considers attaching the rescue harness from the back. However,
he imagines that by lifting the woman, they would create a large pressure on her
back, almost bending her double. He does not want to risk hurting her.
Third, the lieutenant considers using a rescue strap-another way to secure
victims, but making use of a strap rather than a snap-on harness. However, it
creates the same problems as the rescue harness, requiring that she be sitting up
or that it be attached from behind. He rejects that too.
Now he comes up with a novel idea: using a ladder belt - a strong belt
that firefighters buckle on over their coats when they climb up ladders to rescue
people. When they get to the top, they can snap an attachment on the belt to the
top rung of the ladder. If they lose their footing during the rescue, they are still
attached to the ladder so they won’t plunge to their death.
The lieutenant’s idea is to get a ladder belt, slide it under the woman, buckle
it from behind (it only needs one buckle), tie a rope to the snap, and lift her up to
the overpass. He thinks it through again and likes the idea, so he orders one of
his crew to fetch the ladder belt and a rope, and they tie it onto her.
In the meantime, the hook-and-ladder truck has moved to the highway below
the overpass, and the truck’s crew members raise the ladder. The firefighter on
the platform at the top of the ladder is directly under the woman shouting, ‘I’ve
got her. I’ve got her.’ The lieutenant ignores him and orders his men to lift her
up.
At this time, he makes an unwanted discovery: ladder belts are built for
sturdy firefighters, to be worn over their coats. This is a slender woman wearing
a thin sweater. In addition, she is essentially unconscious. Then they lift her up,
they realize the problem. As the lieutenant put it, “She slithered through the belt
like a slippery strand of spaghetti.”
Fortunately, the hook-and-ladder man is right below her. He catches her and
makes the rescue. There is a happy ending.
Now the lieutenant and his crew go back to their station to figure out what
had gone wrong. They try the rescue harness and find out that the lieutenant’s
instincts were right: neither is usable.
Eventually they discover how they should have made the rescue. They should
have used the rope they had tied to the ladder belt. They could have tied it to
the woman and lifter her up. With all the technology available to them, they had
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forgotten that you could use a rope to pull someone.”
The recognition-primed decision model captures the behavior of the lieutenant in Example
5.1.1. After arriving to the scene, the lieutenant first assesses the situation. He observes that
the problem is “. . . a woman who either fell or jumped off a highway overpass. She is drunk
or on drugs and is probably trying to kill herself. Instead of falling to her death, she lands
on the metal supports of a highway sign and is dangling there . . . ”, and “. . . The woman is
semiconscious and lying bent over one of the metal struts. At any moment, she could fall to
her death on the pavement below.”
The lieutenant matches the current situation to a prototype based on similarity of goals, perceptual cues, causal factors and information about them. Namely, he is “called out to rescue
a woman”, “he does not want to chance that the young woman will fall on a moving car.” The
matched prototype generates expectancies and a set of options for a course of action. The expectancies are a mean of confirming that the selected prototype is adequate. The options are
generated sequentially, with the most typical option being generated first and other options
only being generated if the previous one is rejected. In the overpass rescue example, the first
generated option by the lieutenant is to use a rescue harness in a standard manner. The second
generated option is to attach the rescue harness to the victim from the back. Once a course of
action is generated, the commander proceeds to evaluate it for plausibility and implements it,
modifies it, or rejects it. In the overpass rescue example, the lieutenant evaluated the use of a
rescue harness and rejected it because “it requires the person to be in a sitting position or face
up and that is not the case. If an option is rejected, the next most available, representative,
and similar one is selected for evaluation.
The RPD model is a relatively simple model and it was developed to describe the behavior of
human resource limited teams. Decisions in conditions like the ones in which the firefighters
operate must be made fast. Furthermore, the team that makes them must be able to adapt
easily. This is precise the quality of group decision-making that we search for and that cannot
be accomplished by traditional optimization based decision-making. However, there are two
problems in using the RPD model to build a group decision-making procedure for artificial
agents. The first problem is that the commander in the RPD model uses his experience and
associations to match a possible solution and cues that verify it as an adequate solution.
This task is more difficult to perform by an artificial agent than people since people can
use a small number of cases and associations to find solutions for a given problem. The
second problem is that although firefighters operate as teams, the RPD is a model of a single
agent. Consequently, a team decision-making procedure based on the RPD model will be
only applicable to groups that solve problems on which they have prior experience.
We want to replace the agents on the ground with artificial agents like robots and drones, but
we can use a person, let us call this person an initiator, to perform the task of the commander.
This way we circumvent the first problem. Since the initiator is no longer on the scene of the
event, he or she would not be able to assess the situation and verify the expectancies. We
need to lift the RPD model from a single agent to a hierarchical group model. In this chapter
we address this lifting problem.
We consider a mixed human-robot team in which there is one human, called initiator, which
has a role similar to the firefighter commander’s role. The rest of the agents are artificial
agents, called executors. Unlike the commander, the initiator is not on the ground and has to
fully rely on the executors for the following processes:
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1. situation assessment,
2. verifying expectancies, and
3. evaluating potential courses of action.
The challenge in raising the recognition-primed decision making model to the team level
lies in raising these processes to the team level. An adequate collective decision process, or
processes, needs to be specified to accomplish this task.
The recognition-primed decision approach is very fast; Klein estimated that the fire-ground
commanders make around 80 percent of their decisions in less than a minute (Klein, 1999,
pg.4). Inevitably, the decision-making can be expected to take longer when there are opinions from various sources to be merged. Collective decisions in multiagent systems can
be reached by argumentation supported negotiation (Rahwan et al., 2003) and social choice
(Chevaleyre et al., 2007). Negotiation requires several rounds of exchanges (of arguments)
between the agents before a decision is reached. It can be used in software agents, but not yet
for robotics. Unlike software agents, embodied agents need to assess the environment, process their sensor input and form an opinion. A robot that has to form the opinion, not just pull
it out of his knowledge base, would find itself in “no time to think”. The agreements reached
by embodied agents under time pressure must be done with as little information exchange as
possible. The executor needs to be able to get all, or at least most, of the information from
the agents at once and deduce the courses of action from it.
Social choice methods such as voting (Nurmi, 2010) and judgment aggregation (List and Puppe,
2009) require only one round of exchange of information. The initiator can apply a social
choice rule to aggregate the executors’ opinions. In the case of the situational assessment,
the agents need to express a judgment whether the cue is present or not. However, not all
executors would be in a position to make a judgment on all cues. The opinions on the cues
entail the opinions on the solution that can be applied, but the judgment made on some cues
may logically constrain the judgments that can be made on the others. Therefore the initiator
should use judgment aggregation rules, in particular weighted rules for ternary judgments
like the ones we developed in Chapter 3.
This chapter is structured as follows. In Section 5.2 we propose a group decision-making
model based on the recognition-primed decision model. In Section 5.3 we focus on the problem of reaching collective decisions by judgment aggregation within our model. In Section
5.4 we revisit the overpass rescue example and show how our model can be applied to it. In
Section 5.5 we study the problem of revising the emerging states with new information. In
Section 5.6 we present our conclusions and discuss possible generalizations of the proposed
model to teams with no initiator.

5.2 A conceptual model of reaching recognition-primed group decisions
We construct a conceptual model of recognition-primed group decisions for the mixed humanrobots team. The model works under the assumption that all agents are able to communicate
with each other. We begin by describing the possible roles in the team and the presumed
capabilities of each role.
The model we present here is a prescriptive model for a team recognition-primed reasoning for collaborative problem solving in uncertain environments. The recognition-primed
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decision-making model of (Klein et al., 2010) is a prescriptive model of a single agent decisionmaking in uncertain environments.
5.2.1 The team
The initiator
We define the initiator as an agent who is able to use his experience in matching a given
problem to a pair of sets: set of goals and a set of corresponding cues for each goal. The cues,
corresponding to one matched goal, identify when this goal is good enough to be adopted in
response to the given problem. For example, given the problem of rescuing the unconscious
woman, the goal to lift her to safety using a rescue harness should be pursued if the woman
is facing up or is in a sitting position. It is not sufficient to only enlist the cues for a matched
goal. The relational structure between the cues and the goal needs to be specified as well.
The initiator is able to match a problem with the triple xgoal, cues, relational structurey. In
the remainder of this chapter we will mean both cues and the relational structure when we
speak of a set of cues.
Once a goal is matched, and verified as good enough by evaluating the cues, the initiator
constructs a plan for that goal. We assume that the initiator is an agent able to generate plans.
The executors
An executor is an agent who is able to generate an opinion for a given cue based on his
own knowledge, beliefs and percepts. He is able to evaluate the role assigned to him by the
initiator’s plan and identifies the constraints that would inhibit the successful execution of the
tasks assigned to him. The executors are able to pass messages between each other in order
to successfully execute a plan. For instance, during the (hypothetical) execution of the plan
for rescuing the woman by a rescue harness the agent that straps the harness needs to signal
the agent that lifts the woman that he can start lifting.
5.2.2 The process
The left side of Figure 5.2 represents the recognition-primed group decisions (RPgD) model
for the initiator. The right side depicts the model for the process for the executor agent.
The process begins once the initiator recognizes a problem, or is tasked with one. He contacts
the executor agents who are already on site or on stand-by, to determine who is available
to participate. If the initiator finds sufficient agents, he proceeds to establish a course of
action. He first identifies the team goal(s) by using his experience to find the closest match
of the problem at hand with a goal. The initiator also matches the relational structure and
corresponding cues to the proposed goal.
Situational assessment
The next step is the situational assessment with the purpose of goal verification. This step
comes only after the executors arrive at the problem site, if they are not already there. The
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initiator assesses the situation by eliciting the executors’ opinions on whether the cues are true
or false, present or not. The cues are thus treated as propositions to which an executor assigns
true or false. The executor can also abstain from assigning a value. Based on the reported
cue value assignments, the initiator assigns corresponding cue true/false values which he
uses to establish whether the corresponding goal is good enough or not and adopted or not
correspondingly. We propose that the initiator uses a judgment aggregation rule to aggregate
the reported information. If negotiation were to be used to assess the situation, then the
executors would first reach the agreement of each cue value between them and then report
this agreement to the initiator.
The initiator verifies the adequacy of the matched goal, based on the corresponding cue values
obtained by aggregation. He can request only the opinions on the cues to be aggregated, or
he can consider also the aggregation of the individual conclusions on whether the goal should
be adopted.
Example 5.2.1. Consider the problem of to pulling the woman, from the overpass rescue
example, to safety. Assume that there are five executors tE1 , E2 , E3 , E4 , E5 u. The initiator first
considers the goal
s2 : use a rescue harness.
Based on his experience, the initiator deems s2 a satisfactory solution if and only if at least
one of the following cues are the case:
c2 : the victim is in a sitting position,
c3 : the victim is in a face-up position,
c4 : the victim can safely be shifted in a sitting up position or in a face-up position,
c5 : the harness can be attached from the back without hurting the victim.
The initiator further specifies that the cues are subject to the constraint pc2 _ c3 q Ñ c4 . The
constraints encodes the “obvious” information that if a victim is already sitting or facing
up, then c4 is trivially the case. The judgments of the executors, regarding the cues, and the
individually entailed judgments regarding s2 are given in Table 5.2.1. The “?” denotes the
case in which the agent has not provided a judgment.
Agents
tE1 , E2 u
tE3 , E4 u
tE5 u

c2 c3 c4 c5
no no no no
no no ? ?
no no no ?

s2
no
?
?

Table 5.1: Contributed judgments regarding cues on s2 .
In Example 5.2.1 the individual judgments regarding the goal adequacy can be deduced. An
opinion of a goal given explicitly by an executor carries additional information. Assume,
for example, that in the situational assessment for goal s2 , agents tE3 , E4 u give an explicit
opinion “yes” on s2 . The relation structure is still verified. However, additional information
is conveyed. Namely these agents are of the opinion that at least one of c4 and c5 must be the
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Figure 5.2: The process of making recognition-primed group decisions.

case, but they are unsure which one. If the initiator wants to include these “unsupported by
cues” opinions, then he should elicit opinions on s2 explicitly.
If a goal is not adopted, then the executor generates another goal (and corresponding cues)
and elicits the opinions of the agents for this set. If the new goal shares cues with a goal
previously considered, then there is no need to elicit the judgments of the executors on these
cues anew. The initiator keeps generating goals and considering them one by one until a goal
is adopted, as long as the problem persists. If the initiator runs out of ideas for a possible
solution, then the project can be abandoned, or the initiators can remain on scene expecting
for the situation to change. In the firefighter examples collected by Klein, the commander
always has an all-contingency solution. Thus, for example if a fire cannot be extinguished,
and no rescue is deemed possible, then the firefighters take actions to ensure that the fire can
be left to burn itself out safely. Similar all-contingency solutions can be designed for each
problem domain.
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Plan evaluation
Once a goal is deemed adequate, the initiator proceeds to form a plan. The initiator has
information about the scope of capabilities of an executor, but he does not know the exact
position or state of every executor at a given point in time. Consequently, the initiator makes
a tentative plan based on the information of executor capability he has. He proposes this
tentative plan to each executor.
An executor has two options. One option is to acknowledge the plan, and the role assigned to
him in that plan. By this action he commits himself to executing his assignments. The second
option is to object to the plan. An executor objects by informing the initiator of the constraints
due to which the proposed plan cannot be executed. We observe that the mental simulation,
which is done by the commander in the model of Klein, is, in our model, externalized from
the initiator to the executors.
The initiator considers all constrains given as an objection to a plan in order to devise a new
plan. A plan is approved if and only if there are no objections from any of the executors.
If the constraints are such that no plan can be devised for the goal in question, the initiator
attempts to matches a new goal to the problem.
During plan evaluation, an agent evaluates the portions of the plan, which he is expected to
execute. The plan may contain both individual and joint actions that are to be executed. When
the action is individual, no conflict of constraints can arise, since the agent who is intended
to execute the action is taken to have a veto on evaluating the plan for that point.
When the action is joint, all agents involved need to approve the tentative plan, for the plan
to adopt. An agent is allowed to objects on an action that is not executed by him. There
are two types of objections that can be raised. The first objection is due to a conflict in the
execution of the assigned actions. The second is an objection to the abilities of another agent.
In the case of the latter objection type, the initiator can approach the objection acting on a
cautious mode or on a a brave mode. In a cautious mode he will never approve a plan as
long as there is an objection to it. In a brave mode, the initiator can consider the agent who
executes the action to be the ultimate authority regarding his abilities, and disregard these
types of objections.
Once a plan is approved, the executors proceed with the tasks that are assigned to them.
After the plan is executed, if the problem still persists, then the initiator attempts to match
the problem with another goal, and verify it based on its corresponding cues. A decision to
adopt or refute a goal, values assigned to cues, or a plan, can be reconsidered as long as the
problem persists.
5.2.3 Group recognition-primed decision-making and satisficing
Simon (1955, 1956) addressed the question of how a resource bounded agent makes decisions. He argued that a resource-bounded agent should not maximize expected utilities,
but select the first option that is good enough. An option is good enough when a sufficient
number of indicative criteria are satisfied. This process of selecting the first good enough
option he called “satisficing”. In contrast to satisficing, traditional decision-making, see for
example (Peterson, 2009, Chapter 1), is the process of first enumerating all possible solutions
for a problem and then selecting from them that solution which is optimal in the sense that
it maximizes the expected utility of the decision-maker. Since its inception, satisficing has
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gathered considerable attention and many variations of this concept have been developed
(Radner, 1975; Matsuda and Takatsu, 1979; Shinzo and Takatsu, 1980; Wierzbicki, 1982;
Haller, 1985; Kaufman, 1990; Brown, 1990; J. and L., 1990; Zilberstein, 1998; Greiner et al.,
2006; Güth, 2010). There is not much study on satisficing for groups, an exception being (Stirling and Nokleby, 2009). It is not our intention to analyze all these models and
approaches, but highlight the advantages of satisficing, particularly for decision-making in
groups, and the satisficing aspects of the recognition-primed model.
A satisficing solution is not necessarily an optimal solution in the utilitarian sense. E.g., there
is no evidence that suggests that the solution to use the rope to lift the victim into safety, in
the overpass rescue example, is necessarily the fastest, cheapest, or safest solution possible.
The lieutenant did not exhaust all the options for saving the unconscious victim; she could
have been pushed on an inflatable trampoline, lifted by a helicopter, etc. The advantages
of pursuing optimal decisions are evident, however in situations in which there is no time
to generate all options and evaluate them, satisficing is a better strategy. Because a course
of action is determined fast, satisficing allows the team to be more adaptive to changes in
its environment. Simon proposed the concept of satisficing but he did not propose a formal
model.
Another argument for using satisficing instead of optimizing in some multi-agent systems settings is that of problems that arise with the concept of rationality. Decision-making is driven
by the concept of rationality associated with the decision-maker. Rationality is a property
of an individual, regardless of whether that individual is taken to be one agent or one team
of agents. In the case of group decision-making, it might be problematic to identify how to
apply the concept of rationality (Stirling and Nokleby, 2009). For the concept of rationality
to be successfully applied to the team members as individuals, the agents must be assumed to
be perfectly competitive. As Arrow (Arrow, 1986, pg. S387) observed:
“rationality in application is not merely a property of the individual. Its useful and powerful implications derive from the conjunction of individual rationality and the other basic concepts of neoclassical theory - equilibrium, competition,
and completeness of markets. [...] we need not merely pure, but perfect competition before the rationality hypotheses has their full power. [...] When these
assumptions fail, the very concept of rationality becomes threatened, because
perceptions of others and, in particular, of their rationality become part of one’s
own rationality.”
For the concept of rationality to be applied to the team as a unit, the agents in the team must
be in perfect cooperation, in the sense that none of them has goals that are not goals of the
team. Observe, for instance, that the safest way of rescue for the victim is not necessarily
the safest way of rescuing the victim for the firefighters. While the team is cooperative, the
members of the team must maintain some level of self-interest when it comes to ensuring
their own safety.
Satisficing, as a concept, can be seen as predominantly associated with the course of action
itself, rather than with the agent who selects the course of action. The solution for the problem of rescuing the unconscious woman is the one that meets the minimal conditions to be
adopted: it gets the job done and it can be done by the firefighters. The rescue solution that is
optimal needs to maximize both the utility of the team, which can be seen as predominantly
cooperative, and the utility of the unconscious woman, whose utility can be seen as competi-
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tive with respect to the firefighter. Applying satisficing to groups, regardless of whether they
are cooperative or competitive, is not more problematic than applying it to individuals, as
long as the groups have a way of determining what are the sufficient conditions and whether
they are satisfied. In a hierarchical group, such as the firefighting team, the initiator makes
this decision.
5.2.4 Team adaptation and recognition-primed reasoning
The main characteristic of the firefighters studied by Klein is that they constitute highly adaptive teams. Being adaptive is a necessary property of teams that operate in an uncertain environment. Burke et al. (2006) define team adaptation as a change in team performance, in
response to salient cues, that leads to a functional outcome for the team. It is further specified that “team adaptation is manifested in the innovation of new or modification of existing structures, capacities, and/or behavioral or cognitive goal-directed actions” (Burke et al.,
2006, pg.1190).
The adaptive cycle of the team adaptation model presented in (Burke et al., 2006) is characterized by four core constructs:
1. situation assessment;
2. plan formulation;
3. plan execution, via adaptive interaction processes;
4. team learning.
The adaptive cycle is further characterized by emerging cognitive states, such as shared mental models, “which serve as both proximal outcomes and inputs to this cycle”, (Burke et al.,
2006, pg. 1192).
The recognition-primed agreement model we propose verifies the team adaptation model
of Burke et al. (2006). The emerging states in the case of our model are the agreements
regarding goals, value of cues and the adopted/refuted plans. The verification of expectancies
and the valuation of plans are the way in which the emerging states are reconsidered. In the
context of our recognition-primed model, the actions of the team are based on the emergent
states and the team adaptation is a result of the adaptation, or reconsideration, of the emergent
states. In Section 5.5 we discus the reconsideration of the emerging states.
The process we do not explicitly consider in our model is learning, since we focus on giving
a conceptual model of reasoning and not of learning. However, we can observe that from the
aspect of improving team performance, learning is an important process both for the initiator
and the executors. The initiator can improve his accuracy in matching a problem with a goal
and cues, while the initiators can learn to improve their plan evaluation and cue observation
accuracy.
The recognition-primed decision model of Klein does not explicitly include the process of
learning either, as it can be observed even on the more detailed depiction of the model given
on Figure 5.3.
However, in the original overpass rescue example, after the problem is solved, i.e., the woman
is rescued, the lieutenant analyzes the situation anew to determine that the best course of ac-
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Figure 5.3: The recognition-primed decision model as given in (Klein, 1999, pg. 27).
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tion was to use a rope to lift the victim. This is when the lieutenant learns from the experience
by accommodating this new experience with the old ones.

5.3 Collective decision-making problems in the RPgD model
In this section we consider the collective decision-making problems that occur in the scope
of the group recognition-primed decision-making model. The result of the group-decision
making are the emerging states which are the decisions on whether to adopt a given plan and
the decision regarding the situation assessment.
5.3.1 Emerging states and reaching agreement on a plan
In our model the initiator depends on the perceptions and opinions of the executors to assess
the situation, verify the expectancies and evaluate a tentative plan. Each executor can have
different knowledge, beliefs and perceptions of the world, which give rise to the possibility
that the executors will give different values to different cues, different opinions on whether a
goal is to be pursued and different views regarding whether a plan is executable. The initiator
needs to “reconcile” the different opinions to be able to coordinate the activity of the team.
The emerging states, i.e., , the presently established collective cue values, adopted goals and
approved plans, are obtained as an end product of this “reconciliation” process.
The information requested and submitted regarding the cues and the goals is of different nature than the information exchange regarding a plan. The cues, and the goal they correspond
to, are binary questions to which an executor answers with “yes”, when he thinks the cue
is present, “no”, when he thinks that a cue is not present, or with abstaining from giving a
“yes” or “no”. The tentative plan evaluation is an information request to which two types of
reply are possible: either an approval of the plan or a constraint which indicates the plan’s
unsuitability.
All agents who are tasked with giving a cue, or opinion on a goal, are expected to produce
an answer, and “yes” and “no” have different meanings from abstaining to reply. Even if the
agents are divided regarding whether a goal should be adopted, the initiator may conclude
to adopt the goal. In contrast, the plan evaluation operates according to qui tacet consentire
videtur 1 . The constraints from all the agents are taken into account when the initiator forms
the next plan. As long as there is at least one person who objects, a plan cannot be approved.
Due to the latter, the decision to approve a plan is rather simple. A decision on a situation
assessment poses more of a challenge. In the next section we focus on the problem of reaching
these group decisions.
5.3.2

Situation assessment as a judgment aggregation problem

How can the initiator form the decision on whether a goal is adequate or not? The initiator
can first inform the agents of the relational structure that shows how an opinion on a goal
can be deducted and then ask the agents to deduct their own judgments on the goal instead
of assessing the situation by eliciting judgments on the cues. The judgments on the goals can
1 A legal expression used to state the convention that in negotiations, the one who has noting to say is taken to be
in agreement with what is proposed.
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then be pooled to determine whether a goal is to be pursued or not. However, this approach is
not an option for adaptable teams. If agreements on the cues are not reached, or known, then
it is difficult to update the goal when the state of the world changes.
When the world changes, it may not be obvious how that affects this goal adequacy. The
cues act as criteria for evaluating the adequacy of the proposed goal for the problem at hand.
When the decisions on cues are reached, the changes in the state of the world can be deemed
relevant when the decisions on the cues are inconsistent with them. Not only do the cues
show when a goal should be reconsidered, but also how to be reconsidered. This is why it is
important to reach decisions on the cues as well as on the goals and why we use judgment
aggregation to determine them.
A judgment aggregation problem is specified by an agenda, a set of constraints and a finite
set of agent names N. The representation of the situation assessment agreement problem in
judgment aggregation is straightforward.
The judgment aggregation problem is represented using a logic L and an entailment relation
for that logic |ùĎ L ˆ L. The agenda and the constraints are sets of well formed formulas
from this logic.
Since the goals are considered for adequacy sequentially, the agenda will contain one goal
and arbitrarily many cues. An exception is the case when the goals generated are concurrent
and non-conflicting, in which case they will be generated at the same time and considered
both in the same agenda.
For example, the agreement problem for goal s2 can be represented in propositional logic
with agenda A “ tc2 , c3 , c4 , c5 , s2 u where the cues and goal are represented by propositions,
and R “ tpc2 _ c3 _ c4 _ c5 q Ñ s2 u. We need a ternary logic to represent the judgments. The
profile π of individual judgments for A, according to Example 5.2.1, are
c
»2
E1 , E2 0
E3 , E4 –0
E5
0

c3 c4 c5 s2
ﬁ
0 0 0 0
0 21 12 12 ﬂ.
0 0 21 12

Which ternary logic semantics should we use for representing aggregation problems in the
RPgD model? Many ternary logics have been presented in the literature, see for example
(Urquhart, 2001) for an overview of the ones considered basic. In a ternary logic, in addition
to the values assigned to “true” and “false” there is a third value between them. The difference between the different ternary logics is in the mathematical and philosophical semantics
attached to the intermediately value. In representing judgments on cues, we use the third
value to represent the following cases:
• when an agent abstains from making a judgment on a cue,
• when an agent abstains from sending an opinion whether a goal should be adopted or
such opinion is not deducible from his judgments on the related cues,
• when a collective judgment on a cue, or goal adoption cannot be determined by the
aggregation rule used.
We consider the basic ternary logics and discuss their adequacy for use as a representational
language for judgment aggregation for situation awareness. The logics we consider are:
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• the logic of Post (1921),
• the logic of Bochvar (1938),
• the logic of Łukasiewicz (1920)2 , and
• the logic of Kleene (1938).
Post (1921) was one of the first to introduce a many-valued logic. In his t-valued system, the
propositions are assigned values from T “ t0, . . . ,t ´ 1u. The lowest value corresponds to
the lowest degree of truth and the highest to the highest degree of truth. Post constructed his
logic in a purely mathematical manner and did not attribute any philosophical analysis to any
of the intermediate values. The semantics of the propositional logic operators is given as:
vp ψ q “ vpψ q ` 1(mod t)
vpϕ ^ ψ q “ minpvpϕ q, vpψ qq.
For the case of t “ 3 we obtain a ternary logic in which, 0 denotes “false”, 2 denotes “true”
and 1 is assigned to the intermediary value.
Post’s is not a good logic for representing judgments in the situation assessment context.
Observe that a negated intermediate proposition is assigned the value “true” and the negation
of a “false” proposition is assigned the value “intermediate”. Consider the Example 5.3.1.
Example 5.3.1. An executor is asked to give judgments on the propositions:
a1 the victim is conscious,
a2 the victim is in a safe location,
and then, based on these judgments, using R “ tp a1 ^ a2 q Ø su the initiator deduces this
executor’s opinion on
s send for a ladder-truck.
Assume that the executor from Example 5.3.1 reported the judgment sequence A “ x0, 2, 1y,
namely that he finds the victim unconscious and in a stable location. According to the semantics of Post, the value assigned to s is 1, meaning that the executor recommends abstaining
from a course of action even though he did not abstain on any of the judgments that determine
if a course of action is to be adopted.
Recall that a judgment sequence is consistent in propositional logic, if for the corresponding
Â, it holds Â Y R * K. We can extend the definition of consistency for a classical ternary
logic entailment operator |ù3 (Cadoli and Schaerf, 1996), straightforwardly. Observe that if
an agent i assigned a value 1 to an issue a, then a R Âi and a R Âi .
In ternary logic, we can have Â Y R |ù3 K being true, false or undecided. A judgment sequence is inconsistent if and only if Â Y R |ù3 K is false. This means that, if such a |ù3 is
used, the executor could have submitted the judgment set A “ x0, 2, 0y as well, since it would
2 See

(Borkowski, 1970) for an English translation and (Urquhart, 2001) for a summary.
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be consistent. This possibility makes it difficult for the executor to determine what is the
decision regarding the goal.
The negation semantics according to Post is incompatible with the intuitive meaning of abstention, and as consequence, all ternary logics that have this negation semantic are unsuitable
for the representation of judgment aggregation problems.
Bochvar (1938) defended the stance that the intuitive meaning assigned to the third, or intermediate, value is “meaningless”.
According to the Bochvar logic semantics, a value “meaningless” is assigned to every formula
that contains a proposition that is assigned the value “meaningless”. Consequently, when the
executors are not asked to explicitly state their opinion on the goal, Bochvar logic cannot be
used. Consider again Example 5.3.1, but now assume that the executor reported the sequence
A “ x0, 12 y. According to the semantics of the Bochvar logic, the sequence A is consistent
regardless of which value is assigned to s, since the value assigned to a1 ^ a2 is 21 . For any
value assigned to s the value assigned to p a1 ^ a2 q Ø s is 21 . When opinions about the goal
are not directly elicited by the executors, the agents can declare whichever value for the goal.
Bochvar logic may still be used to represent the individual judgment sets, in the case when
the initiator does not care about the individual values assigned to the goal and the cues are
logically not related between themselves, as is the case in Example 5.3.1. However, using
Bochvar logic to represent the collective judgment set is ill-advised since, as soon as there is
an abstention in the collective values of the cues, the initiator will not be able to determine
whether a goal should be adopted.
Łukasiewicz (1920) proposed his ternary logic independently from Post and unlike Post took
the philosophical approach to developing it. According to the semantics he proposed, the
formulas are assigned values from T “ t0, 12 , 1u with vpJq “ 1, vpKq “ 0 and the intermediate
value 12 assigned to propositions whose truth state is “possible” or “to be determined later”.
Unlike in the logic of Post, here the negation of the intermediate value is the intermediate
value, while the negations of J and K are as in classical logic. This is adequate for representing “true”/“false” judgments and abstentions. Unlike the logic of Bochvar, a value of an
expression that contains a proposition assigned a value 21 is not necessarily 21 . E.g., if that
the collective judgments on the cues for Example 5.3.1 are vpa1 q “ 0 and vpa2 q “ 12 , then the
consistent collective judgment set is A “ x0, 21 , 0y. An initiator can decide on a adopting a
goal in some cases, even if the collective judgment on some of the cues is 12 .
Using the ternary logic of Łukasiewicz is adequate for representing abstentions that occur
when an agent is undecided regarding a cue or a goal. Consider for example the case when a
robot has to make a judgment on whether an object is red or not. To do so he has to sample
several readings from his wave length sensor and make a judgment “yes” if the average value
of the readings is greater than 620nm. It can happen that his sensors give contradictory
readings in the samples taken and as a consequence then the robot cannot set a judgment
(without making further analysis). However, if after some period he is asked again for a
judgment on the same cue, the robot might be able to produce a judgment.
The ternary logic proposed by (Kleene, 1938) is another good candidate for representing
judgments in the situation assessment context. Kleene assignees the meaning of “unknown”
to the intermediate value. The difference between the semantic of the Kleene logic and that of
Łukasiewicz is in the interpretation of the implication Ñ: while Łukasiewicz deems 21 Ñ 21 to
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be an expression that is evaluated to 1, according to Kleene, the same expression is evaluated
to 12 .
Using the ternary logic of Kleene is adequate for representing abstentions that occur when
an agent has no means to determine the judgment regarding a cue or a goal. For instance, a
robot that has no microphone cannot determine the value for a cue “sound is coming from the
room” and will report a value 21 . If after some period the need for a judgment on the same
cue arises, provided he repaired his sensors, the robot will be able to produce a judgment.
It is not strictly necessary that all the agents use the same ternary logic semantics, but the
|ù3 for the collective judgment sequence must be set so that the set of all consistent judgment sequences ApA, R, |ù3 q can be determined. However, using different semantics makes
the reasoning process more complex since the agents have to report the semantics they use.
Furthermore, for different cues the agents may have different reasons for abstaining.
In many scenarios it can be expected that an executor is competent with respect to some
cues and not so competent with respect to others. For instance, a robot can be better able to
determine the position of the victim if he is closer to the victim. The added accuracy can be
due to some particular expertise of the executor. A robot equipped with an infrared vision can
be more precise in estimating whether an immobile victim is dead or alive that a robot making
the same opinion based on movement recognition. A weight can be assigned by an initiator,
or it can be provided by the executors themselves. In addition to the profile of judgments, a
profile of weights is also going to be available to the initiator.

5.3.3 Rules for aggregating judgments for situation assessment
Which judgment aggregation rules should the initiator use to aggregate the individual judgments on the cues and the goal?
The situational assessment aggregation problem is such that a weighted ternary judgment
aggregation rule is necessary, such as the ones we developed in Chapter 3. Since different
goals, cues and relational structure can be specified, the judgment aggregation rule needs to be
able to handle all agendas without constraints. Also, the agents can submit any combination
of judgments, thus the rule needs to satisfy the universal domain property. Coordinating the
input of the agents towards certain types of profiles requires additional communication thus
slowing down the agreement process.
Based on these requirements, the initiator needs to use the rules ∆d,d specified by Definition
ř
43 for this X as a constraint for the co-domain. The best choice for d and d are dT and
correspondingly, řsince theseřchoices allow for many desirable properties to be satisfied by
the resulting ∆dT , and ∆dH , , see Table 4.15.

The unanimity-principle is not satisfied by ∆dT , and ∆dH , , however this is not a bad thing
in this context. If the unanimity on an issue is not respected by the collective decision, this
is due to the rest of the judgments. It is more important that the initiator selects the “right”
decision than preserve unanimity. For the same reason, majority-preservation is not a required
property either. However, one nice feature of this property is that it allows the initiator to fast
determine, in linear time with respect to number of agents and number of cues, the
řcollective
decision by checking if the majority is consistent. In addition, the dH {dT and
selection
has good computational-theoretic properties, particularly when no weights are given to the
judgments, which we showed in Section 3.6.
ř

ř
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Although the agents may abstain on any of the agenda issues, the collective set of judgments
must contains as little abstentions as possible. In particular, the collective judgment regarding
the goal should not be 21 , because this judgment leaves the initiator with no decision whether
the goal is an adequate solution for the problem or not. Consequently, the judgment aggregation rule used must be such that all the sequences that it selects are from the restricted domain
X Ă A in which the judgment
assigned
to the goal is either 0 or 1. To achieve this, the initiator
ř
ř
can use the rules ΛdT , and ΛdH , constraining the co-domain to X.
If the initiator does not elicit judgments on the goal, he can also use one of the premisebased procedures of Definition 46. The biased procedure is adequate for the brave initiator
mode or when time constraints to reach a decision are particularly severe, while the unbiased
procedure is for the cautious initiator. The premise-based procedures cannot be applied to
every agenda, and for some profiles they will generate a value 21 regarding the goal decision.
However, the premise-based procedures do have the low complexity to their advantage.

5.4 The overpass rescue scenario revisited
In this section we revisit the overpass rescue example and show how our team can reason
when faced with the same problems following the recognition-primed group decision model.
We use Łukasiewicz logic for the judgment aggregation problems.
5.4.1 The sub-goal of securing the victim
The initiator is called to rescue a woman who either fell or jumped off a highway overpass,
and instead of falling to her death, had landed on the metal supports of a highway sign and
is dangling there when five executor agents arrive on the scene. The initiator is in remote
communication with the executors. There are two executors, E1 and E2 on the overpass, and
three in a hook-and-ladder truck, E3 , E4 , and E5 . From the description the initiator got when
called to the rescue, he determines that the team has two concurrent goals:
g1 : save the woman and
g2 : prevent the woman’s body from falling on a moving car on the highway below her.
Example 5.4.1. As a first sub-goal the lieutenant considers:
s1 : team members climbing up to the woman to secure her.
The initiator will have the team adopt sub-goal s1 if the cue, (c1 ), at least two agents can get
a good brace against the struts is present, and if the agents think that c1 Ñ s1 is the case.
The cue c1 Ñ s1 is the opinion that the s1 can be accomplished if c1 is present. The initiator
assesses the situation, by requesting information from the executors, i.e., their opinions on
whether tc1 , c1 Ñ s1 u are the case or not. The replies of the executors are given in Table 5.2.
The initiator uses the profile π and the weight matrix W in which each each agent is assigned
the weight w “ 9.3 ´ d f v, where d f v is the distance from the victim. We do not assign weights
for the judgments on s1 since these are deduced. The rationale is, the closer the agent is to
the victim, the more reliable his judgment is.
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Agents c1 c1 Ñ s1 s1 Distance from victim
tE1 , E2 u yes yes yes 1m, 1.3m
tE3 , E4 , E5 u no
?
? 7m, 8m, 8.3m
Table 5.2: Contributed opinions and deduced goal opinions regarding cues on s1 .

ﬁ
»
111
—1 1 1 ﬃ
— 1 1ﬃ
ﬃ
π “—
—0 12 21 ﬃ
ﬂ
–0
2 2
0 12 21

»
ﬁ
8.3 8.3 1
— 8 8 1ﬃ
—
ﬃ
ﬃ
W “—
—2.3 2.3 1ﬃ
–1.3 1.3 1ﬂ
1 1 1

The following collective decisions are obtained, with respect to the different rules used. X is
the set of all consistent sequences in which the decision on s1 is either 0 or 1.
ΛdT , pπ ,W, Xq “ x1, 1, 1y
b ´ pbppπ ,W q “ x1, 1, 1y
u ´ pbppπ ,W q “ x1, 1, 1y
ř

Therefore the goal s1 is adopted.
The tentative plan for s1 the executer proposes is that E1 grabs the legs of the victim and E2
her shoulders, while the rest of the agents execute a traffic blocking procedure. He informs
the agents about this plan. All of the agents approve it and the initiator informs all that this
is the plan to be executed. The agents execute their corresponding actions and inform the
initiator when they are done.
5.4.2 The sub-goal of extracting the victim
As a another sub-goal, the initiator considers how to pull the woman to safety. He first
considers the solution
s2 : use a rescue harness.
Based on his experience, the initiator deems s2 a satisfactory solution if and only if at least
one of the following cues are the case:
c2 : the victim is in a sitting position,
c3 : the victim is in a face-up position,
c4 : the victim can safely be shifted in a sitting up position or in a face-up position,
c5 : the harness can be attached from the back without hurting the victim.
The initiator requests the executors opinions regarding these cues, and he further specifies that
the cues are subject to the constraint pc2 _ c3 q Ñ c4 . The constraints encodes the “obvious”
information that if a victim is already sitting or facing up, then c4 is trivially the case. The
opinions of the executors are given in Table 5.2.1.
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The initiator uses the profile π and the weight matrix U .
ﬁ
»
000 0 0
—0 0 0 0 0 ﬃ
ﬃ
—
1 1 1ﬃ
π “—
—0 0 12 21 21 ﬃ
ﬂ
–0 0
2 2 2
1 1
000 2 2
The following collective decisions are obtained. X is the set of all consistent sequences in
which the decision on s2 is either 0 or 1. For the premise-based procedures dT is used as well.
ΛdT , pπ ,W, Xq “ x0, 0, 0, 0, 0y, x0, 0, 0, 1, 1y
b ´ pbppπ ,W q “ x0, 0, 0, 0, 0y
u ´ pbppπ ,W q “ x0, 0, 0, 12 , 21 y
ř

If the initiator used the rule ΛdT , pπ ,W, Xq he needs to break the tie between the decisions
x0, 0, 0, 0, 0y and x0, 0, 0, 1, 1y. Since the tie is essentially between adopting the goal or not,
he can do so by looking at how many of the deduced judgments for the goal are for and how
many are against this goal. In this case he will proceed with x0, 0, 0, 0, 0y. Using the rule
u ´ pbppπ ,W q it can be deduced that the initiator cannot decide if s2 is a good solution. Let
us assume that the initiator does not want to risk the victim and concludes that s2 is not a
satisfying solution. He generates another possible solution and now considers
ř

s3 : use a rescue strap.
The necessary and sufficient conclusions for s3 to be adopted are c2 _ c5 . He already has
the group decision regarding these two cues and does not need to ask for them again. He
uses the constraint c2 _ c5 and determines that s3 is an unsatisfactory solution and proceeds
to generate another one. He now considers to
s4 : use a ladder belt.
This new sub-goal is a good solution when all of the following cues are present:
c6 : an agent can climb up the ladder (of the hook-and-ladder truck),
c7 : the ladder belt can be sledded under the woman and buckled from behind,
c8 : a rope can be tied to the snap,
c9 : the woman can be lifted by two agents.
The initiator elicits the opinions of the agents regarding these cues. For the cues c6 , c7 and
c8 he only needs the opinion of the agents E3 , E4 and E5 , since these are the ones that can
operate the hook-and-ladder truck equipment. The opinions he gets are presented in Table
5.4.2.
The initiator uses the profile π and the weight matrix W .
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5.4 The overpass rescue scenario revisited

Agents c6 c7 c8 c9 s4
tE1 u
no
tE2 u
yes
tE3 , E5 u yes yes yes yes yes
tE4 u yes yes yes ? ?
Table 5.3: Contributed opinions and deduced goal opinions regarding cues on s4 .

»1

1 1
2 2 2
—1 1 1
—2 2 2
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—1
–1
1

0
1
111
111
1 1 12

1
2
1ﬃ
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ﬁ

1ﬃ
ﬃ
1ﬂ
1
2

»
ﬁ
00010
—0 0 0 1 0ﬃ
—
ﬃ
ﬃ
W “—
—1 1 1 1 1ﬃ
–1 1 1 1 1ﬂ
11111

The following collective decisions are obtained. X is the set of all consistent sequences in
which the decision on s4 is either 0 or 1.
ΛdT , pπ ,W, Xq “ x1, 1, 11, 1y
b ´ pbppπ ,W q “ x1, 1, 1, 1, 1y
u ´ pbppπ ,W q “ x1, 1, 1, 1, 1y
ř

The initiator announces that s4 is adopted. He proceeds to formulate the tentative plan for s4 .
His plan is to order E3 to fetch the ladder belt and the rope, and both him and E5 to position
himself on the ladder platform. Afterwards E4 is to lift the ladder. Once the belt is attached
to the woman by E3 or E5 , the agent’s E1 and E2 lift the woman. (This way, if the woman
falls he will be attached to the ladder). The initiator proposes this plan to the agents.
Agent E4 object the plan stating that he is not able to operate the ladder. The initiator takes
this constraint into account and proposes another tentative plan, same as the previous, except
now the roles of E4 and E5 are switched. The new plan is announced to the agents and they
confirm their agreement to it.
The initiator issues the orders with respect to the approved plan, and sets the moment t1 , after
the belt is clasped and the rope tied and the woman had been lifted for couple of centimeters,
as the time to re-evaluate the goal, cues and plan.
5.4.3 Verifying expectancies
At t1 , the agents E1 and E2 have relinquished holding the woman and attempted to lift her
by pulling the rope. The agents need to report any perceived difference with respect to the
estimate for the sub-goal they are currently pursuing, i.e., s4 . All agents signal that all cues
are present, but the sub-goal is not being accomplished since the belt slips from the woman.
The initiator revises his cue-goal pattern and includes, as a necessary condition for adopting
s4 , the cue
c10 : the belt is tightly clasped around the victim.
The agents are unanimous that c10 is not the case and the initiator announces that s4 is no
longer pursued.
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He now comes up with another solution
s5 : use a rope tied around the waste of the victim.
The goal s5 is a good solution if, apart from cues c6 and c9 , also the cue c11
c11 : a rope can be tied to the victim,
is the case. The initiator asks agents E3 , E4 and E5 for their opinions on whether c11 is the
case. They unanimously judge c11 as true and the initiators announces that s5 is adopted (all
of the rules Λd,T , b ´ pbp and u ´ pbp satisfy unanimity). He now devises a plan for s5 ,
which consists of the agents on the ladder platform tying one end of the rope to the waist of
the victim and throw the other end to the agents E1 and E2 . The agents accept this plan and
proceed with its execution.

5.5 Revision of emerging states
“Members of adaptive teams utilize their pooled resources (i.e., knowledge gained from learning) to adjust their actions according to situation requirements” (Burke et al., 2006, pg. 1190).
The adaptation in our model is executed through verifying expectancies and through revising
the situation assessment agreements when new information becomes available.
The collective values assigned to the cues are an estimate of what the state of the world
is, hence the value can be confirmed or refuted by later observations. For instance, as the
executors proceed with executing the plan for goal s1 , they confirm the estimate on c1 , namely
they can get a good brace against the struts. If instead the agents find that c1 is impossible, the
agreement on c1 would be in contradiction with the observation. Information contradicting
the agreed value of a cue may lead to the change in the decision to pursue a goal.
After a plan is adopted and execution starts, an agent may report a constraint regarding the
plan. This initiator uses the constraint to adapt the plan. All the executors are informed of the
change. A cause for a plan revision is also the revision in the situation assessment, i.e., after
the adopted judgment sequence A had been revised.
Regardless of whether the update is scheduled, e.g., , after a task is executed, or caused by
a new observation, there are two types of information that can be cause for revision: a new
constraint on an agreed plan, or a a cue value being determined. The revision of agreements
depends on whether the opinions regarding the goal(s) were explicitly elicited or reached as a
deduction from the cue judgments. We first consider the case when the opinions on the goals
were deduced.
Assume that the agenda is A “ Ac Y Ag , where Ac is the set of cues and Ag a set of, corresponding, accepted goal(s). Let A be the sequence of agreed values for A, according to which
Apgq “ 1, and let vpaq be the observed value of a. The initiator needs to revise the sequence
A so that it contains the observed value vpaq while remaining consistent.
The value vpaq can be established in two ways. If a is subject to a scheduled verification, then
the executors have an opportunity to re-state their judgments on a. The initiator elicits these
´
`
judgments and obtains vpaq by comparing n`
w paq with nw paq. Recall that nw paq denotes the
sum of weights of agents who judge an issue a P A to be true, with respect to some profile
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π and weight matrix W ; n´
w paq denotes the sum of the weights of the agents who judge a
to be false. Observe that the weight of an agent regarding an issue can change between two
elicitations. The second way to establish vpaq is when an executor directly observes it. A
revision of A follows.
The revision is a rule f that assigns a consistent judgment set to a judgment set A given the
new value of an agenda issue, i.e., f : ApA, R, |ùq ˆ A ˆ T ÞÑ PpApA, R, |ùqq. We can state
the desirable properties for f, motivated by the need to minimize the resources spent on this
process.
The first property is that a revision should be done only when necessary. Let T “ t0, 12 , 1u
be the set of values with 12 denoting the abstention. The revision does not need to be done if
Apaq “ vpaq.
• fpA, vpaqq “ A when Apaq “ vpaq. (Estimates verified)
The revision should be prioritized, namely after the revision, A˚ paq “ vpaq, where A˚ is
the revised judgment sequence. The observed value can only be vpaq “ 0 or vpaq “ 1, but
vpaq “ 12 can be obtained by pooling the agent’s opinions. In the case of vpcq “ 12 , revision
is not needed since vpcq “ 21 does not increase the knowledge of the initiator and a sequence
cannot be made inconsistent by replacing a judgment in it with 12 . On the contrary, the more
abstentions there are in the agreement, the more difficult it is for the initiator to establish the
course of action.
• fpA, vpaq “ 12 q “ A. (No increase of information)
• If fpA, vpaqq “ A1 , then A1 paq “ vpaq for vpaq ‰ 21 . (Success)
A potentially desirable property of revision can be stability. If the new information can be
consistently embedded in the old agreed judgment sequence, then the reset of the judgment
sequence should not be changed. This is the property of stability. Let â denote the set
corresponding to vpaq: â “ tau if vpaq “ 1, â “ t au if vpaq “ 0 and â “ H if vpaq “ 21 .
• If pÂzta, auq Y â Y R * K then fpA, vpaqq “ pÂzta, auq Y â. (Stability)
However, this property can lead to the initiator revising into a sequence that is not constructive, as it can be illustrated through an example.
Example 5.5.1 (Revising an agreement). Consider the goal s2 and assume that this is the
one the agents agreed on pursuing. The agenda is A “ tc2 , c3 c4 , c5 , s2 u and R “ tpc2 _ c3 _
c4 _ c5 q Ñ s2 , pc2 _ c3 q Ñ c5 u; with agreement reached A “ x1, 0, 0, 1, 1y. Let vpc2 q “ 0 be an
observed new value. If the initiator revises with a rule that satisfies stability, then the obtained
revision is A1 “ x0, 0, 0, 1, 1y. However, recall that pc2 _ c3 q Ñ c5 hence it cannot be known
whether the agents, without c2 “ 1 would have the opinion c5 “ 1. This information will
surface once the initiator alters the plan and the agents try to execute the specified actions.
Stability is still desirable if the cue a on which new information is observed is logically
independent from the other cues. This property is stability of independent cues. Let Ac
denote the sub-sequence of A containing the judgments on the cues. A cue a is independent
from the rest of the cues in Ac if and only if Âc zta, au * â is true.
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Assume that the initiator in Example 5.5.2, asked the opinions of the agents regarding c5 only.
The question is how are these new opinions to be integrated in A. One way is to compare
´
1
n`
w pc5 q with nw pc5 q and embed the resulting value in A . Another is to ask the agents to apply
the rule f individually and report their revised judgment sequences. When the opinions of the
agents regarding the goal are not deduced, but elicited explicitly, the agents should be given
a chance to revise them individually as well. The initiator aggregates the new sequences,
using the same aggregation rule as in the first aggregation. As a consequence of the stability
of independent cues property, the agents whose initial judgments were confirmed by the new
information do not revise their sequence.
Example 5.5.2 (Revising by re-aggregation). Assume that the original profile of judgments
for goal s2 was π . Applying the revision individually, agents E3 ´ E5 do not change their
judgments since they had already judged c2 as false. A possible new profile is thus π ˚ .

c c
»2 3
E1 , E2 1 0
π “ E3 , E4 –0 0
E5 0 12

c4 c5
0 1
0 1
1 21

s2
ﬁ
1
1ﬂ
1

c c
»2 3
E1 , E2 0 0
π ˚ “ E3 , E4 –0 0
E5
0 12

c4 c5
1 0
0 1
1 21

s2
ﬁ
1
1ﬂ
1

Figure 5.4: The profile π and a possible revision π ˚ .

The revision is a rule that can select several judgment sequences as an outcome. In this case,
the A1 that contain a value of the goal Apgq “ 1 are preferred, since in this case the initiator
does not need to generate a new goal.

5.6 Conclusions
In this chapter we study decision-making for a hierarchical team in an uncertain environment.
We construct a model by lifting the recognition-primed decision (RPD) model from an individual agent model to a group model. According to the RPD model, satisficing decisions are
identified by identifying a set of relevant cues and verifying whether these cues are present
or absent. The RPD model and our extension are applicable only when the agent responsible
for the decision is familiar with the problem to which the decision is related.
In our team, the agent responsible for making the group decision uses a judgment aggregation
rule to aggregate the opinions of the members without considering his own. We considered
as an illustration a case scenario collected by (Klein, 1999).
Given the hierarchical nature of the team, the ternary value-type of the aggregated judgments
and the presence of weights we propose that the rules of Chapter 3 are used for aggregation
within
ř the scope
ř of the recognition-primed group decision model we propose, in particular the
∆dH , and ∆dT , . In the cases when the initiator only considers the judgments with respect to
cues, but not regarding the goal, he can use the extended
premise-based
rules. Due to the time
ř
ř
constraints posed on the initiator, the rules ΛdT , and ΛdH , are a good choice as well, since
they allow the initiator to constrain the domain to permit only binary judgment sequences as
the result of the aggregation.
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In Section 3.6 we studied the winner determination problem for the rules ∆dH , and ∆dT , .
The winner determination problem is a decision problem, it only tells us how efficiently
can we confirm, for the worst-case scenario of a profile and weight matrix, that a particular
judgment sequence is a result of the aggregation for a particular aggregation rule. However, the important efficiency analysis in the case of resource constrained agents that use the
recognition-primed group decision model is the search version of the winner determination
problem: how efficiently can a sequence that is the result of the aggregation for a particular
rule be found? To answer this question we need to analyze the
ř functional
ř complexity of the
winner determination problem, particularly for the rules ∆dH , and ∆dT , .
ř

ř

Chapter 4 we studied the properties of the ∆dH , and ∆dT , , however we did include the
extended premise-based rules and the domain-restricted Λd,d rules in our analysis. Which of
the social-theoretic properties defined and studied in Chapter 4 continue to apply when the
co-domain is restricted? For which co-domain restrictions are properties restored or fail? We
encountered ařcounter example, the decision on goal s2 inřSection 5.4.2, that confirms that
although ∆dT , is majority-preserving, its counterpart ΛdT , is not.
ř

ř

We considered a mixed human-robot team in which there is one human, the initiator, which
has the role of a leader. The initiator is not on the ground where the problem is and coordinates remotely with the ground agents, i.e., the executors. The model we developed heavily
depends on the experience and creativity of the initiator, which is why this agent is human. It
is the initiator who matches the problem with the corresponding goal and the goal with corresponding cues. He elicits and aggregates the opinions, generates the plan and implements the
revision. An executor only needs to be able to form a judgment regarding a cue when asked
for one, and evaluate whether a given action sequence is within his capacities.
How difficult would it be for a group of purely artificial agents to reason according to the
team recognition-primed decision model? We can abstract an experience of a human initiator
to a case. A case is the product of learning. The case that the lieutenant constructs after
he considers the events of the overpass rescue example can be modeled as on Figure 5.5.
Each case can be modeled as a quadruple case “ xp, G,C, Ry, consisting of the encountered
problem p, the set of goals G pursued to solve it, the set of cues C which identified the goal(s)
as adequate and the relational structure R for the goal and cues.
A human commander gathers cases from personal experience, but also by exchanging experiences with colleagues. A set of cases can be supplied to an (artificial) initiator agent.
However, the power of the human commander is in the ability to recognize cases as similar.
A successful non-human initiator must be able to do the same: perform a swift search through
the cases and identify the case most similar to the current situation. The similarities can be
found between problem characteristics, but also in cues.
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Figure 5.5: The case constructed from the overpass rescue example.

6
Group intentions are social choice
with commitment
Abstract. In this chapter we consider the problem of forming group intentions as an example of a consensual group decision-making problem. An agent
intends g if it has chosen to pursue goal g and is committed to pursuing g . How
do groups decide on a common goal? Social epistemology offers two views on
collective attitudes: according to the summative approach, a group has attitude p
if all of the group members have the attitude p; according to the non-summative
approach, for a group to have attitude p it is required that the members together
agree that they have attitude p. The summative approach is used extensively
in multi-agent systems. The main advantage of this approach is the simplicity
of determining if all group members have the same attitude. The main disadvantage is that it does not allow for groups that can reach agreement to act together, which is why it has been heavily criticized in the social epistemology
literature. We propose a formalization of non-summative group intentions, using judgment to determine the group goals. We use judgment aggregation as a
decision-making mechanism and a multi-modal multi-agent logic to represent
the collective attitudes, as well as the commitment and revision strategies for the
groups intentions.

6.1 Introduction
An intelligent agent interacts with its environment and other agents. This interaction includes
cooperation. In order for the agents to cooperate they need to establish what are their group
goals, and subsequently intentions. Of all the collective attitudes, the formation of group intentions is possibly both most interesting and challenging since an intention is inevitably related to other attitudes. Cohen and Levesque (1990) argue that the intention of an agent is the
goal that he chooses to pursue and is committed to pursuing, and it has been argued since that
the goals of an agent are intricately linked with the agent’s beliefs (Castelfranchi and Paglieri,
2007; Boella et al., 2007).
How collective attitudes are formed and what is their nature is studied by social epistemology.
There are two predominant views, the summative and the non-summative view, regarding the
relation between the attitude of the group and the corresponding attitudes individually held
by the members. According to the summative view, a group has attitude p if all or most of
the group members have the attitude p (Quinton, 1975; Hakli, 2006). According to the non159
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summative view a group has an attitude p if the members together agree that they have that
attitude p (Meijers, 2002; Gilbert, 2002, 2009).
Within the context of multi-agent systems, the concept of collective intentions is studied
and formalized in (Dunin-Keplicz and Verbrugge, 2010, Chapter 3) and also in (Singh, 1990;
Jennings, 1995; Grosz and Hunsberger, 2007). In (Dunin-Keplicz and Verbrugge, 2010, Section 3.9), we find a detailed overview of the various formalizations of group intentions. It can
be observed that all these formalizations follow the summative view on collective intentionality. As observed in (Dunin-Keplicz and Verbrugge, 2010, Section 3.9), collective intentions
and collective commitments appear as central in the work of Margaret Gilbert (Gilbert, 1987,
2002, 2007, 2009), who upholds the non-summative view of intentions, but whose work is
predominately philosophical.
The advantage of the summative approach is that it is very easy to determine when a group
goal exists, particularly in hierarchical groups. In this case the agent responsible for producing the group decision only needs to confirm that no-one is of a different opinion. However, if
a group acts only when everyone in the group is in unanimous agreement, then the situations
in which the group can act are limited. For one, it is not likely that a very large number of
agents, or a group of heterogeneous agents, would be always in unanimous agreement. This
forces the size of feasible groups to be kept small and/or the group to be kept homogenous.
Under the summative approach, when the goal of the group is established there is no ambiguity regarding what the individual goals of the agents are, implying that the agents are
perfectly cooperative regarding each goal they undertake. Not all groups are perfectly cooperative since often agents undertake group goals while pursuing individual goals of their own.
According to the non-summative approach, from the existence of a group goal g it cannot be
deduced what the individual goals of the agents are. This allows not only purely cooperative
groups to be modeled.
We can use the concepts devised by the work of Gilbert to formalize collective attentions in
a new way. In this chapter we formalize non-summative group intentions and joint commitments.
How can a group agree on what its intentions are?
Following the paradigm of “intention is choice with commitment” we need to discover how
a group can decide which goals to pursue and also how can it commit to pursuing them?
A rational agent makes decisions based on what he believes, what he knows and what he
desires. Each group member can express whether he is for or against a candidate group
goal, but also how his opinions and knowledge support and justify his goal choice. We need
a mechanism for generating group goals that aggregates individual opinions into collective
attitudes. A group that jointly decided on a course of action is jointly committed to uphold
that decision (Gilbert, 2007).
In practical reasoning, the roles of intentions can be summarized as: intentions drive meansend-reasoning, intentions constrain future deliberation, intentions persist long enough, according to a reconsideration strategy, and intentions influence beliefs upon which future
practical reasoning is based (Dunin-Keplicz and Verbrugge, 2010). A formalization of group
intentions should be completed with a formalization of group intention persistence and reconsideration strategies. These strategies are difficult to develop when the decision to pursue
(or not) a goal is devoid from the knowledge and beliefs that rationalize and justify it. There-
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fore we need a group agreement on not only whether to pursue a goal but also why to pursue
or reject it. In consequence we need the agents to express not only if they want the goal to
be pursued, but also the reasons, stemming from their individual beliefs and knowledge, that
justify their view on the goal.
Our research question thus breaks down into the following sub-questions:
1. How to aggregate the individual opinions into group beliefs and goals?
2. How to represent individual opinions and non-summative group attitudes?
3. How can groups persist in their intentions?
4. How can groups reconsider their attitudes?
The relation between individual goals and beliefs can be specified and analyzed in modal
agent logics like BDILT L (Schild, 2000). The challenge is to find an adequate representation
for the individual opinions and the non-summative beliefs, goals and intentions into multiagent logic. We give an extension logic AGELT L that fuses existing modal logics to provide
the adequate modalities. We use this logic to represent the group intention and reconsideration strategies.
We require that the group has a set of candidate group goals, a relevance order over this set,
as well as a set of constraints, one for each candidate goal, in the form of logic formulas,
that express what is the relation between a goal and a given set of reasons. The members are
required to have the ability to form and communicate “yes” or “no” judgments regarding a
candidate goal and associated reasons.
We need a mechanism for generating group beliefs and goals that aggregates individual opinions into collective attitudes. Since the agents express their opinions regarding a set of logically related issues, beliefs and opinions on whether a goal is to be pursued, a judgment
aggregation rule, such as the ones we considered in Chapters 2 and 3 is an adequate bases for
such a mechanism.
A non-summative goal needs the agreement of all agents to be established. Consequently,
there is no one agent that can be responsible for the group decision, and it can be consistently
assumed that the agents’ opinions are all considered as of equal weight in the aggregation.
An agreement must be responsive to the opinions of the group members and satisfy such
properties as majority-preservation and unanimity which we presented in Chapter 4.
Cohen and Levesque (1990), proclaim that intentions are choice (of a goal) with commitment.
Judgment aggregation is a social choice mechanism. Following the intuition of Cohen and
Levesque, (a non-summative) group intention is (a group goal determined by) social choice
with commitment.
The layout of the chapter is as follows. In Section 2 we discuss how to choose group goals.
We first summarize the non-summative view on collective attitudes. We then extend BDILT L
with the necessary modalities for representing these group attitudes and the concepts from
judgment aggregation. We introduce a judgment aggregation framework using this logic
extension and, in Section 6.3, show how it can be used. Sections 6.4 and 6.5 respectively
study the commitment and reconsideration strategies. Related work, conclusions and outlines
for future work are in Section 6.6.
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6.2 Non-summative group attitudes formalized
First we discuss how non-summative goals and beliefs are determined and then introduce the
logic AGELT L which is used for representing these attitudes. The formal model of judgment
aggregation, using this logic, is given in Section 6.2.3.
6.2.1 From individual opinions to group attitudes
The intention of the group is formalized using the summative approach, according to existing theories such as (Levesque et al., 1990; Jennings, 1995; Dunin-Keplicz and Verbrugge,
2010), following (Bratman, 1993) and (Rao et al., 1992): “g is the intention of the group”
is equivalent to “g is the individual intention of all the group members”. Unlike the joint
intention of, for example (Dunin-Keplicz and Verbrugge, 2010), our group intention is not
necessarily decomposable into individual intentions: “an adequate account of shared intention is such that it is not necessarily the case that for every shared intention, on that account,
there be correlative personal intentions of the individual parties” (Gilbert, 2009, pg.172).
Example 6.2.1. Let C “ tw1 , w2 , w3 u be a crew of cleaning robots. We denote the group
goal to clean the meeting room with g1 , and the reasons to adopt this goal with: there are no
people in the room (p1 ), the room is dirty (p2 ), the garbage bin in it is full (p3 ).
The individual beliefs of the robots on whether g1 should be the group goal are justified by
individual beliefs on p1 , p2 , p3 using the constraint pp1 ^ pp2 _ p3 qq Ø g1 .
The group goal Gg1 is not necessarily decomposable into individual goals g1 upheld individually by the agents. Assume that robot w1 in Example 6.2.1 is a mopper, the robot w2 is
a garbage collector and the robot w3 sprays adequate cleaning chemicals. It can be that the
individual goals of w1 and w2 are to clean the room. The goal of w3 may be others, but the
group agreed to pursue g1 and it, being committed to g1 as part of the group, will spray the
cleaner as an act towards accomplishing g1 .
We formalize only goals that can be achieved by the group as a whole. Whether these goals
can be achieved by joint actions or by a combination of individual actions is out of the scope.
We define group intention to be the goal, which the members agreed on, and by that, are
committed to pursuing.
The robots in Example 6.2.1 can disagree on various issues when reaching a decision for a
group goal. Assume that one robot believes the room is occupied and thus, according to it,
the group should not pursue g1 . According to the other two robots, the group should pursue
g1 . The second robot is of the opinion that the garbage bin is full and the floor is clean, while
the third believes that the floor is dirty. According to the non-summative view of collective
beliefs, a group believes p if the group members together agree that as a group they believe
p. The question is: how can a judgment aggregation rule be used to aggregate the beliefs of
the robots?
To use judgment aggregation for aggregating the opinions of the robots, one needs to represent the individual and collective judgments as logic formulas. A logic of belief-desireintention, a modal logic with modal operators Bi for belief of agent i, Di for desire and Ii
for intention, is insufficient to model these doxastic attitudes. According to Gilbert, “it is
not logically sufficient for a group belief that p either that most group members believe that
p, or that there be common knowledge within the group that most members believe that p”
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(Gilbert, 1987, pg.189). Furthermore, “it is not necessary that any members of the group
personally believe p” (Gilbert, 1987, pg.191). A w1 robots judgment “yes” on p1 is not
implied by nor it implies that robot’s belief Bw1 p1 .
Hakli (2006) summarizes the difference between beliefs and acceptances as: (1) beliefs are
involuntary and acceptances are voluntary; (2) beliefs aim at truth and acceptances depend
on goals; (3) beliefs are shaped by evidence and acceptances need not be; (4) beliefs are
independent of context and acceptances are context-dependent; and (5) beliefs come in degrees and acceptances are categorical. We find that an individual judgment is closer to an
acceptance than to a belief because like acceptances, judgments are voluntary, they depend
on goals and are context-depend. Like beliefs, judgments are also are shaped by evidence.
For these reasons we choose to represent judgments as acceptances.
There is a debate among social epistemologists on whether collective beliefs are proper beliefs or they are in essence acceptances (Gilbert, 2002; Meijers, 2002; Hakli, 2006). Since
we use acceptances for individual judgments, we deem most adequate to use acceptances to
represent the collective judgments as well.
The set of collective acceptances is the agreed upon group goal and group beliefs. Having
group beliefs in support of group goals is in line with (Castelfranchi and Paglieri, 2007) who
argue that the goals should be considered together with their supporting “belief structure”.
In Example 6.2.1, the constraint pp1 ^ pp2 _ p3 qq Ø g1 is nothing else but the “belief
structure” for g1 . We use the group beliefs to define commitment strategies in Section 6.4.
6.2.2 The logic AGELT L
The logic we introduce to represent non-summative group attitudes is a fusion of two Kmodal logics (Chellas, 1980), the logic of acceptance (Lorini et al., 2009) and the linear temporal logic (Pnueli, 1977). As such, it inherits the decidability properties of the fused logics
(Wolter, 1998). The syntax of AGELT L is presented in Definition 82. The semantics is as that
given by (Schild, 2000) for BDICT L .
To model the considered group goals we use a single K modal operator G. Thus Gg, where g
is a propositional formula, is to be interpreted as “g is a group goal”. Since we are interested
in modeling the change upon new information, we also need to model these observations of
new information. To this end we add the K modal operator E, reading E ϕ as “it is observed
that ϕ ”.
To model the individual and collective judgments we use the modal operator of acceptance
AS , where S is a subset of some set of agents N. AS ϕ allows us to represent both individual
judgments, S “ tiu, for i P N and collective judgments with S “ N.
Definition 82 (Syntax). Let N be a non-empty set of agent names, with S Ď N, and LP be a
set of atomic propositions. The admissible formulae of AGELT L are formulae ψ0 , ψ1 and ψ2
of languages L prop, LG and LAELT L correspondingly, given here in BNF form:
ψ0 ::“ p | pψ0 ^ ψ0 q | ψ0
ψ1 ::“ ψ0 | Gψ0
ψ2 ::“ ψ0 | AS ψ1 | E ψ2 | Xψ2 | pψ2 Uψ2 q
The p ranges over LP and S over PpNq. Moreover, ♦ϕ ” JUϕ , lϕ ” ♦ ϕ , and ϕ Rϕ 1 ”
p ϕ U ϕ 1 q. X, U and R are standard operators of LT L. We recall the reader of the
semantic of the X and U later on in this section when we introduce the semantics of AGELT L .
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Example 6.2.2. Consider Example 6.2.1. Gg1 represents that cleaning the room is a group
goal. AC Gg1 represents that the group C accepts cleaning the room as its group goal. Atw3 u g1
represents that agent w3 is of the opinion that the group should adopt g1 . E p1 represents
the observation that there are no people in the meeting room. El p1 denotes that it is
impossible to clean the meeting room.
We use the linear temporal logic to model the change of group attitudes. By using LT L we do
not need to distinguish between path formulas and state formulas. BDILT L uses, for example
Bla to quantify over traces. We can use E for that purpose.
We define the intention of the group of agents S to be their acceptance of a goal, where S
ranges over 2Agt as
IS ψ ”de f AS Gψ .
Semantics of AGELT L
As mentioned, the semantics of AGELT L follows the semantics of BDILT L presented in (Schild,
2000). A Kripke structure is defined as a tuple M “ xW, R, G, E, A, Ly. The set W is a set of
possible situations. The set R is a set of pairs identifying the temporal relation over situations R Ď W ˆ W . The set G is a set of pairs identifying the goal relation over situations
G Ď W ˆ W . Lastly, the set E is a set of pairs identifying the observation relation over situations E Ď W ˆ W . The element A is a map A : 2N ÞÑ W ˆ W . The mapping A assigns to
every set of agents S P 2N a relation AS between possible situations. L is a truth assignment
to the primitive propositions of LP for each situation w P W , i.e., Lpwq : Prop ÞÑ ttrue, f alseu.
Given a structure M “ xW, R, G, E, A, Ly and s P W , the truth conditions for the formulas of
AGELT L (in a situation s) are:
• M, s * K;
• M, s |ù p if and only if p P Lppq;
• M, s |ù

ϕ if and only if M, s * ϕ ;

• M, s |ù ϕ ^ ψ if and only if M, s |ù ϕ and M, s |ù ψ ;
• M, s |ù AS ϕ if and only if M, s1 |ù ϕ for all ps, s1 q P ApSq;
• M, s |ù Gϕ if and only if M, s1 |ù ϕ for all ps, s1 q P G;
• M, s |ù E ϕ if and only if M, s1 |ù ϕ for all ps, s1 q P E;
• M, s |ù Xϕ if and only if M, s1 |ù ϕ for the s1 , ps, s1 q P R
• M, s |ù ϕ Uψ if and only if M, s |ù ϕ ; M, si |ù ϕ for all si , i P t1, 2, . . . , ku such
that tps, s1 q, ps1 , s2 q, . . . psk´1 , sk qu P R and for sk`1 such that psk , sk`1 q P R it holds
M, sk`1 * ϕ and M, sk`1 |ù ψ .
A formula ϕ is true in a AGELT L model M if and only if M, s |ù ϕ for every situation s P W .
The formula ϕ is valid (noted |ùAGELTL ) if and only if ϕ is true in all AGELT L models. The
formula ϕ is AGELT L -satisfiable if and only if the formula ϕ is not AGELT L valid.
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For the purposes of constructing the formal judgment aggregation model, we emphasize that
a set of sentences M Ď AGELT L is called consistent if M * K and inconsistent otherwise. The
logic AGELT L satisfies: for each pair tϕ , ϕ u P AGELT L , tϕ , ϕ u |ù K, and H * K.
(C1 ) For each set ta, au P AGELT L it holds ta, au |ù K.
(C2 ) Given a set M Ď AGELT L such that AGELT L * K, it holds that M 1 * K for every M 1 Ă M.
(C3 ) For the empty set H it holds that H * K.
(C4 ) For each set M such that M Ď AGELT L , there exists a superset T P AGELT L such that
T * K and either a P T or a P T for every pair ta, au P AGELT L .
Axiomatization of AGELT L
In our logic we model only acceptances since the private mental states, such as beliefs, are
modeled by the BDILT L logic which we extend. We include the axioms and the semantics for
LT L, since we use LT L to define the commitment strategies of the agents in Section 6.4.
The modal operator AS ϕ we use is equivalent to the modal operator AS:x ϕ of the acceptance
logic of (Lorini et al., 2009) with one syntactic and one semantic exception. These exceptions do not infringe on the decidability properties of the logic, as it can be observed by the
decidability proof for acceptance logic provided in (Lorini et al., 2009).
The operator AS:x ϕ uses x ranging over a set of labels to describe the context under which the
acceptance is made. In our case the context is that of the group and since we deal with only
one group, we have no use of these labels. The context labels play no role in the semantics of
the acceptance logic formulas.
On the semantic level, the axioms for AS ϕ are all the axioms of AS:x ϕ except two: the axiom
inclusion (Inc.) and the axiom unanimity (Un.). Dropping (Un.) and (Inc.) does not affect
the decidability of the logic of acceptance. (Un.)1 states that if AN :x ϕ , then @i P N, Atiu:x ϕ .
In our case, it is the aggregation of individual acceptances that determines the collective
acceptance and we do not require that the group accepting p entails that all the members
accept p, a property of non-summative collective belief indicated by (Gilbert, 1987). The
opposite property, i.e., all the agents accepting p implies that the group accepts p, is ensured
via the judgment aggregation mechanism. (Inc.) states that if a group C accepts ϕ , so will
any subgroup B Ă C. In our case, the judgment aggregation over the input from group B can
produce different group attitudes than the judgment aggregation over the input from a larger
group C.
The axiomatization of the AGELT L logic is thus:
(ProTau) All principles of propositional calculus
(LTLTau) All axioms and derivation rules of LTL
(K-G)

Gpϕ Ñ ψ q Ñ pGϕ Ñ Gψ q

(K-E)

Epϕ Ñ ψ q Ñ pE ϕ Ñ E ψ q

1 Not

to be confused with unanimity introduced in judgment aggregation in Section 6.3
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AS pϕ Ñ ψ q Ñ pAS ϕ Ñ AS ψ q

(PAccess) AS ϕ Ñ AM AS ϕ if M Ď S
(NAccess)
(Mon)
(MP)

AS ϕ Ñ AM AS ϕ if M Ď S
AS K Ñ AM K if M Ď S

From $ ϕ and $ pϕ Ñ ψ q infer $ ψ

(Nec-A) From $ ϕ infer $ AS ϕ
(Nec-G) From $ ϕ infer $ Gϕ
(Nec-E) From $ ϕ infer $ E ϕ
6.2.3 Agreeing on group intentions as a judgment aggregation problem
Our judgment aggregation model in AGELT L follows the judgment aggregation (JA) model in
general logics of (Dietrich and List, 2007a) and Chapter 2.
We presume that all the goals which the group considers to adopt are given in a set of candidate group goals G “ tGg | g P L propu. The decision problem of choosing or not a given group
goal is specified by an agenda. The agendas here are pre-defined consistent sets of formulas
representing an issue on which an agent casts his judgments. An agenda is truth-functional
if it can be partitioned into premises and conclusions. In our case, the agendas consist of one
conclusion, which is the group goal g P G being considered. The relevant reasons for this
group goal are premises.
Definition 83 (Agenda). An agenda A Ď LG is a consistent set of formulas, such that A “
A p Y Ac . The sets A p and Ac are such that A p Ď L prop, Ac Ď LG and A p X Ac “ H.
We remark that in judgment aggregation models, as the one of (Dietrich and List, 2007a), the
distinction between conclusions and premises is only indicated by the partition but not formalized in the language of the agenda. The reason why we need a language more expressive
than propositional logic to represent the agenda issues is that we want to explicitly formalize
this distinction trough the modal operator G.
For a given agenda A, each agent in the group N expresses his judgments by accepting (or
not) the agenda issues. We define judgments formally in Definition 84.
Definition 84 (Judgment). Given a set of agents N and an agenda A, for each issue a P A the
individual judgment of agent i P N is one element of the set tAtiu a, Atiu au. The collective
judgment of N is one element of the set tAN a, AN au.
The formula Atiu a is interpreted as agent i judges a to be true, while the formula Atiu a
is interpreted as agent i judges a to be false. Since the judgments are acceptances, we can
assume that each agent is able to determine whether he accepts an issue or not. Consequently,
a judgment Atiu a is taken to be the same as judgment Atiu a, and the judgments AN a
the same as judgments AN a. In theory, an agent, or a group can also express the judgment
of “do not know whether to accept a” via the formula Atiu a ^ Atiu a, or respectively
AN a ^ AN a.
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The goal and the reasons are logically related. These relations are represented by a set of
constraints. In our model, we assume that the constraints are a set of formulas R Ď LG . For
each goal Gg P G there is, provided together with the agenda, a set of constraints Rg Ď R. The
set R contains all the constraints that the agent should observe when casting judgments. These
constraints contain three types of information: rules describing how the goal depends on
the reasons (justification rules Rgjust ), rules describing the constraints of the world inhabited
by the agents (domain knowledge RDK
g ) and rules that describe how g interacts with other
candidate goals of the group (coordination rules Rcoord
). Hence, the constrains for a group
g
coord
goal g are Rg “ Rgjust Y RDK
Y
R
.
g
g
We want the reasons for a goal to rationalize, not only the choice of a goal, but also its
rejection. Having collective justifications for rejecting a goal enables the agents to re-consider
adopting a previously rejected group goal. To this end, we require that the justification rules
have the schema Gg Ø Γ, where tGgu “ Acg and Γ P LProp is a formula such that all the
non-logical symbols of Γ occur in Agp as well.
The agents express their judgments on the agenda issues, but they accept the constraints in
toto2 .
Example 6.2.3 (Example 1 revisited). Consider the cleaning crew from Example 6.2.1. Rgjust
1
is pp1 ^ pp2 _ p3 qq Ø Gg1 and Ag1 “ tp1 , p2 , p3 , Gg1 u. Suppose that the crew has the following candidate group goals as well: place the furniture in its designated location (g2 )
and collect recyclables from garbage bin (g3 ). The agendas are Ag2 “ tp4 , p5 , p6 , p7 , Gg2 u,
just
Ag3 “ tp3 , p8 , p9 , Gg3 u. The justification rules are Rg2 ” pp4 ^ p5 ^ pp6 _ p7 qq Ø Gg2 and
just
Rg3 ” pp8 ^ p9 ^ p3 q Ø Gg3 . The formulas p4 ´ p9 are: the furniture is out of place (p4 ),
the designated location for the furniture is empty (p5 ), the furniture has wheels (p6 ) , the furniture has handles (p7 ), the agents can get revenue for recyclables (p8 ), there is a container
for the recyclables (p9 ).
p4 Ñ p5 , since it cannot happen
An example of a domain knowledge could be RDK
g2 ”
that the designated location for the furniture is empty while the furniture is not out of place.
Group goal Gg3 can be pursued at the same time as Gg1 , however, Gg2 can only be pursued
alone. Thus the coordination rule for all three goals is
Rcoord
“ Rcoord
“ Rcoord
” ppGg2 ^ pGg1 _ Gg3qq _ Gg2q.
g1
g2
g3
To ensure that the judgments provided by the agents are usable for generating group goals,
we impose that each of the individual judgments sets is complete and consistent as defined in
Chapter 3.
Definition 85 (Admissible judgment set). Let ϕ “ tAM a | a “ a or a “ a, a P Au be the set
of all judgments from agents M Ď N for agenda A. We define the set of accepted constraints
RM “ tAM r | r P Ru. The set of judgments ϕ is admissible if it satisfies the following conditions:
• for each a P A, either AM a P ϕ or AM a P ϕ (completeness), and
• ϕ Y RM * K (consistency).
A profile, as in Chapter 2, is a set of judgment sets, e.g.,
2 The

agents accept the constraints as they are, as a whole set.
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π “ tAtw1 u p1 , Atw1 u p2 , Atw1 u p3 , Atw1 u Gg1 , Atw2 u p1 , Atw2 u p2 , Atw2 u p3 , Atw2 u Gg1 ,
Atw3 u p1 , Atw3 u p2 , Atw3 u p3 , Atw3 u Gg1 u is a possible profile for Example 6.2.1.
We can also use the matrix notation
p1 p2 p3 Gg,
1
$
w1 &1 1 0 1 .
π “ w2 0 1 1 1 .
%
w3 1 0 0 0
In the judgment sets in Chapter 2, one cannot distinguish whether a judgment set belongs
to one agent or another. Using the acceptance operator to model judgments, we can make a
distinction between the individual judgments. In judgment aggregation, the collective judgment set of a group of agents is obtained by applying a judgment aggregation function to the
profile. The judgment aggregation rules F we use here are defined as the irresolute judgment
aggregation rules in Definition 2.
Let Ag be the agenda corresponding to a goal g considered by a group of agents N and let πg
be the profile of the members judgment regarding Ag . We define the group attitudes regarding
a goal g, i.e., the decision, to be the collective judgment set of the group.
Definition 86 (Decision). Given a profile πg for a considered goal g and a judgment aggregation rule F, the group N 1 s decision regarding g is Dg “ tAN a | a P f pπ qu.
Proposition 6.2.4. Every group member accepts the group decision.
Proof. As a direct consequence of axiom (PAccess), when the group has intention IN g, every
agent in N accepts that this is the group’s intention, regardless of what their individually
accepted regarding Gg. Also, as a consequence of axiom (NAccess), when the group rejects
a goal, AN Gg, every agent i accepts this group decision. The same holds for the group
beliefs.
6.2.4 Judgment aggregation rules for agreeing on intentions
Which of the rules we introduced in Chapters 2 and 3 are adequate for use by a group that
needs to agree on its intentions? Since the judgments in the intention agreement problem are
binary and unweighted, we can choose both from the rules of Chapter 2 and Chapter 3. To
select the particular one we need to look at the properties, defined in Chapter 4, that the rule
should satisfy.
The judgment aggregation rule we can use for obtaining group goals should produce decisions
that are complete and it should satisfy collective rationality. If Fpπ q is not complete it is
difficult to revise the group intentions. For example, if the decision contains only a group
goal acceptance, then we do not know why the goal was (not) adopted and consequently when
to revise it. For example, the cleaning crew decides for the goal g3 (to collect recyclables),
without having the reasons like p9 (a container where to put them). If the information about
the world is updated and p9 holds, the robots will continue to collect recyclables. If the
aggregation of an admissible profile is not consistent with the constraints, we would not be
generating reasons for the group goal. All the rules we proposed satisfy collective rationality.
The rules from Chapter 2 do not produce complete judgment sets. In this case, the judgment
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sets can be completed by adding the missing judgments in such a way that the consistency of
the set is not perturbed. For example, consider the pre-agenda A “ tp, q, p Ñ qu and assume
that the collective judgment set is tp, qu. This set can be made complete by extending it
into tp, q, pp Ñ qqu.
Since the judgment aggregation problem is that of producing an agreement between the
agents, the rules should be such to guarantee that the decision is responsive to the acceptances of the individuals. This means that the decision should be supported by the majority
whenever that is feasible. Therefore the rule applied should be majority-preserving.
There are cases, when the profile is not majority consistent, when the rule leads the group
to adopting a goal that neither of the agents endorses individually. To avoid this, we need
to aggregate using a rule that satisfies the unanimity principle, if only the weak form of the
property, particularly on issue Gg. As we can observe in Table 4.14, the rules that satisfy
weak unanimity are RY , RMSA , RRA and RRY .
Another desirable property for consensual group’s decision-making contexts is resoluteness.
Since all judgment aggregation rule are by construction irresolute, one can prefer the rules
that produce less judgment set. It can happen that RMSA generates more judgment sets than
RRA for the same profile. As it can be observed in Table 8.1.2, if a collective judgment is in all
the judgment sets obtained by RRA , then it will be in all the judgment sets obtained by RMSA ,
for the same profile, but the reverse does not hold. This means that, for the same profile, there
are judgment sets generated by RMSA but not by RRA . applied to a profile produces strictly
more judgment sets then RY applied to the same profile. Therefore we exclude RMSA from the
set of choices.
The rule RRA can be seen as better then RY and RRY since it satisfies one more property,
the strict insensitivity to reinforcement of collective judgments. In addition, one can easily
construct a linear time algorithm, with respect to the size of the profile, for calculating RRA ,
while RY and RRY can be expected to be computationally more complex.
The irresoluteness of the rules RY , RRA and RRY must be resolved. In Chapter 5 the group
was hierarchical so the agent responsible for the decision, the initiator, chose between two
possible judgment set. In this context, a tie-breaking mechanism needs to be specified. Ties
can be broken by randomly selecting one of the collective judgment sets, or by selecting the
judgment set that contains a judgment on a particularly important issue, such as the goal,
supported by the majority. In the case of the rule RRA this last approach is not applicable,
since the collective judgments are selected in order of strength of the majority that supports
them.

6.3 The generation of multiple group goals
The mental state of the group is determined by the mental states of the members and the
choice of judgment aggregation function. We represent the mental state of the group by a set
ϒ of AGELT L formulas. The set ϒ contains the set of all candidate goals G Ď LG {L prop for
the group and, for each Gg P G, the corresponding constraints Rg , as well as the individual
and collective acceptances made in the group regarding agenda Ag . The set ϒ is common
knowledge for the group members. An agent uses ϒ when it acts as a group member and its
own beliefs and goals when it acts as an individual.
To deal with multiple, possibly mutually inconsistent goals, the group has a priority order
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Áx over the group goals G Ă ϒ. To avoid overburdening the language with a Áx operator,
we incorporate the priority order within the constraints Rgjust
” Γi Ø Ggi . We want the coni
straints to capture that if Ggi is not consistent (according to the coordination rules) with some
higher priority goals Gg1 , . . . , Ggm , then the group can accept Ggi if and only if none of
P ϒ with Rgpijust ”
Gg1 , . . . , Ggm is accepted. Hence, we replace the justification rule Rgjust
i
Źm
pΓi ^ j pAN Gg j qq Ø Ggi , where Gg j P G, Gg j Áx Ggi and Ggi ^ Gg j ^ Rcoord
|ù K.
gi
Example 6.3.1. Consider the goals and rules of the robot crew C from Example 6.2.3. Assume the crew has been given the priority order Gg1 ąϒ Gg2 ąϒ Gg3 . ϒ contains: G “
tGg1 , Gg2 , Gg3 u, one background knowledge rule, one coordination rule, three justification
rules, out of which two are new priority modified rules:
tG, p4 Ñ p5 , pGg2 ^ pGg1 _ Gg3qq _ Gg2, Gg1 Ø pp1 ^ pp2 _ p3 qq,
Gg2 Ø pp4 ^ p5 ^ pp6 _ p7 q ^ AC Gg1 q, Gg3 Ø pp8 ^ p9 ^ p3 ^ pAC Gg2 qu.

The agents give their judgments on one agenda after another starting with the agenda for
the highest priority candidate goal. Once the profile π and the decision Dg for a goal g are
obtained, they are added to ϒ. To avoid the situation in which the group casts judgments on
an issue that has already been decided, we need to remove decided issues from Ag before
eliciting the profile for this agenda.
The group goals are generated by executing GenerateGoals(ϒ, N).
function GenerateGoals(ϒ, S):
for each Ggi P G s.t. [@Gg j P G: (Gg j Á Ggi ) ñ (AN Gg j P ϒ or AN Gg j P ϒ)]
{ B :“ pta | AN a P ϒu Y t a | AN a P ϒuq X Agi ;
A˚gi :“ Agi {B;
πgi :“ elicitpS, A˚gi , ϒq;
ϒ :“ ϒ Y πgi Y f a pπgi q; }
return ϒ.
GenerateGoals does not violate the candidate goal preference order and it terminates if elicit
terminates. elicit requests the agents to submit complete judgment sets for πgi Ă ϒ. We
require that elicit is such that for all returned π it holds: ϒ Y f pπ qq * K and ϒ Y π ⊲i * K
for every i P N. When a higher priority goal Ggi is accepted by the group, a lower priority
incompatible goal Gg j cannot be adopted regardless of the judgments on the issues in Ag j .
Nevertheless, elicit will provide individual judgments for the agenda Ag j . If the acceptance
of Ggi is reconsidered, we can obtain a new decision on Gg j because the profile for Gg j is
available.
Example 6.3.2. Consider the ϒ sets for the robots given in Example 6.3.1. The following calls
to elicit are made in the given order. First, πg1 “ elicitpN, A˚g1 , ϒq with the GenerateGoalspϒq “
ϒ1 “ ϒ Y πg1 Y f a pπg1 q. Second, πg2 “ elicitpN, A˚g2 , ϒ1 q, with GenerateGoalspϒ1 q “ ϒ2 “
ϒ1 Y πg2 Y f a pπ pg2 qq. Last, πg3 “ elicitpN, A˚g3 , ϒ2 q, with GenerateGoalspϒ2 q “ ϒ3 “ ϒ2 Y
πg3 Y f a pπg3 q. Since there is no overlapping between agendas Ag2 and Ag1 , A˚g1 ” Ag1 and
A˚g2 ” Ag2 . However, since Ag2 X Ag3 “ p3 , then A˚g3 “ tp8 , p9 , Gg3 u.

6.4 Commitment strategies
The group can choose to reconsider the group goal in presence of new information – “a
joint commitment must be terminated jointly” (Gilbert, 2007, pg. 143). Whether the group
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chooses to reconsider depends on how committed it is to the group intention corresponding
to that goal. We defined the group intention to be IN g ” AN Gg, i.e. the decision to accept g
as the group goal. The level of persistence of a group in their collective decision depends on
the choice of commitment strategy.
These are the three main commitment strategies (introduced by (Rao and Georgeff, 1993)):
Blind commitment: Ii g Ñ pIi gUBi gq
Single-minded commitment: Ii g Ñ pIi gUpBi g _ Bil gqq
Open-minded commitment: Ii g Ñ pIi gUpBi g _ Gigqq
These commitment strategies only consider the relation between the intention and the beliefs
regarding g and Gg. In our model of group intentions, a commitment is to a goal acceptance.
This enables intention reconsideration upon new information on either one of the agenda
issues in Ag , as well as on a higher priority goal.
The strength of our framework is exhibited in its ability to describe the groups’ commitment
not only to its decision to adopt a goal, but also to its decision to reject a goal. Namely,
if the agents decided IN gi and AN Gg j , they are committed to both IN gi and AN Gg j .
Commitment to reject g allows for g to be reconsidered and eventually adopted if the state of
the world changes.
Let N be a set of agents with a set of candidate goals G. Let Ggi , Gg j P G have agendas Agi ,
p
c
c
Ag j . We use p P Agi and qi P Agi , q j P Ag j . The profiles and decisions are πgi and f pπgi q;
Gg j ą Ggi , and Gg j cannot be pursued at the same time as Ggi .
We use the formulas pα1 q ´ pα5 q to refine the blind, single-minded and open-minded commitment. Instead of the until, we use the temporal operator release: ψ Rϕ ” p ψ U ϕ q,
meaning that ϕ has to be true until and including the point where ψ first becomes true; if ψ
never becomes true, ϕ must remain true forever. Unlike the until operator, the release operator does not guarantee that the right hand-side formula will ever become true, which in our
case translates to the fact that an agent could be forever committed to a goal.
(α1 ) Egi RIN gi
(α2 ) KRAN Ggi
(α3 ) pEl gi _ EgiqRAN qi
(α4 ) AN q j RAN qi
(α5 ) AN p Ñ pE pRAN qi q
Blind commitment: α1 ^ α2 .
Only the observation that the goal is achieved (Egi ) can release the intention to achieve the
goal IN gi . If the goal is never achieved, the group is always committed to it. If a goal is not
accepted, then the agents do not reconsider accepting it.
Single-minded commitment: α3 .
Only new information on the goal (either that the goal is achieved or had become impossible)
can release the decision of the group to adopt /reject the goal. Hence, new information is only
regarded if it concerns the conclusion, while information on the remaining agenda items is
ignored.
Extended single-minded commitment: α3 ^ α4 .
Not only new information on Ggi , but also the collective acceptance to adopt a more important incompatible goal Gg j can release the intention of the group to achieve Ggi . Similarly, if
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Ggi is not accepted, the non-acceptance can be revised, not only if Gg j is observed to be impossible or achieved, but also when the commitment to pursue Gg j is dropped (for whatever
reason).
Open-minded commitment: α3 ^ α5 .
A group maintains its collective acceptances to adopt or reject a goal as long as the new
information regarding all collectively accepted agenda items is consistent with f pπgi q.
Extended open-minded commitment: α3 ^ α4 ^ α5 .
Extending on the single-minded commitment, a change in intention to pursue a higher priority
goal Gg j can also release the acceptance of the group on Ggi .
Once an intention is dropped, a group may need to reconsider its collective acceptances.
This may cause for the dropped goal to be re-affirmed, but a reconsideration process will be
invoked nevertheless.

6.5 Reconsideration of group attitudes
In Section 6.3 we defined the mental state of the group ϒ. We can now define what it means
for a group to be coherent.
Definition 87 (Group coherence). Given a Kripke structure M and situations s P W , a group
of N agents is coherent if the following conditions are met:
(ρ1 ): M |ù pAS a ^ AS aq for any S Ď N and any a P Ag .
(ρ2 ): If M, s |ù
Źϒ then ϒ * K.
(ρ3 ): M, s |ù G Ñ l g for all Gg P G.
Ź
(ρ4 ): Let Gg P G and G1 “ G{tGgu, then M |ù p G ^ El gq Ñ Xp Ggq.
p
(ρ5 ): Let p P Ag and q P tGg, Ggu. E p ^ pE pRAN qq Ñ XAN p
The first condition ensures that no contradictory judgments are given. The second condition
ensures that the mental state of the group is logically consistent in all situations. The third
and fourth conditions ensure that impossible goals cannot be part of the set of candidate goals
and if g is observed to be impossible in situation s, then it will be removed from G in the next
situation. ρ5 enforces the acceptance of the new information on the group level, when the
commitment strategy so allows – after a is observed and that led the group to de-commit
from g, the group necessarily accepts a.
A coherent group accepts the observed new information on a premise. This may cause the
collective acceptances to be inconsistent with the justification rules. Consequently, the decisions and/or the profiles in ϒ need to be changed in order to ensure that ρ1 and ρ2 are satisfied.
If, however l g or g is observed, the group reconsiders ϒ by removing Gg from G. In this
case, the decisions and profiles are not changed.
For simplicity, at present we work with a world in which the agents’ knowledge can only
increase, namely the observed information is not a fluent. A few more conditions need to
be added to the definition of group coherence for our model to be able to be applicable to
fluents. For example, we need to define which observation is accepted when two subsequent
contradictory observations happen.

6.5 Reconsideration of group attitudes
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6.5.1 Reconsideration strategies
For the group to be coherent in all situations, the acceptances regarding the group goals need
to be reconsidered after de-commitment. Let Dg Ă ϒ contain the group acceptances for a
goal g, while πg Ă ϒ contain the profile for g. There are two basic ways in which a collective
judgment set can be reconsidered. The first way is to elicit a new profile for g and apply
judgment aggregation to it to obtain the reconsidered D˚g . The second is to reconsider only
Dg without re-eliciting individual judgments. The first approach requires communication
among agents. The second approach can be done by each agent reconsidering ϒ by herself.
We identify three reconsideration strategies available to the agents. The strategies are ordered
from the least to the most demanding in terms of agent communication.

Decision reconsideration (D-r).
p

Assume that Ea, a P Ag , q P tGg, Ggu and the group de-committed from AN q. The reconsidered decision D˚g is such that a is accepted, i.e., AN a P D˚g , and the entire decision
is consistent with the justification rules, namely Rugp just Y D˚g * K. If the D-r specifies a
unique D˚g , for any observed information and any Dg , then ϒ can be reconsidered without
any communication among the agents. Given the form of Rgp just (see Section 6.3), this will
always be the case.
However D-r is not always an option when the de-commitment occurred due to a change in
collective acceptance of a higher priority goal g1 . Let q1 P tGg1 , Gg1 u. Let the new acceptance be AN q1 . D-r is possible if and only if D˚g “ Dg and Rgp just Y Dg Y tAN q1 u * K.
Recall that AN q1 was not in Ag and as such the acceptance of q1 or q1 is never in the decision
for πg .

Partial reconsideration of the profile (Partial π -r).
Assume that Ea, a P Ag , Gg P G. Not only the group, but also the individual agents need to
accept a. The Partial π -r asks for new individual judgments to be elicited. This is done to
ensure the logical consistency of the individual judgment sets with the observations. New
judgments are only elicited from the agents i which Atiu a.
Let W Ď N be the subset of agents i s.t. Atiu a P ϒ. Agents i are s.t. Atiu a P ϒ when the
observation is E a. Let πgW Ď πg be the set of all acceptances made by the agents in W . We
construct ϒ1 “ ϒ{πgW . The new profile and decision are obtained by executing GenerateGoals
(ϒ1 , W ).
Example 6.5.1. Consider Example 6.2.3. Assume that Dg1 “ tAC p1 , AC p2 , AC p3 , AC Gg1 u,
Dg2 “ tAC p4 , AC p5 , AC p6 , AC p7 , AC Gg2 u and Dg3 “ tAC p8 , AC p9 , AC Gg3 u are the group’s
decisions. Assume the group de-commits on Gg1 because of E p2 . If the group is committed
to Gg3 , the commitment on Gg3 will not allow for AN p3 to be modified when reconsidering
Gg1 . Since AN p3 exists in ϒ1 , p3 will be excluded from the (new) agenda for g1 , although
it was originally in it. elicit calls only on the agents in W to complete πg1 P ϒ1 with their
judgment sets.
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Full profile reconsideration (Full π -r).
The full profile reconsideration is the same as the partial reconsiderations except now W “ N.
Namely, within the full profile revision strategy, each agent is asked to revise his judgment
set by accepting the new information, regardless of whether he had already accepted it.

6.5.2 Combining revision and commitment strategies
Unlike the commitment strategies of (Rao and Georgeff, 1993), in our framework the commitment strategies are not axioms of the logic. We require that the commitment strategy is
valid in all the models of the group and not in all the models of AGELT L . This allows the
group to define different commitment strategies and different revision strategies for different
goals. It might even choose to revise differently depending on which information triggered
the revision. Choosing different revision strategies for each goal, or each type of new information, should not undermine the coherence of the mental state of the group, the set ϒ.
The conditions of group coherence of the group ensures that, after every reconsideration, ϒ
must remain consistent. However, some combinations of commitment strategies can lead to
incoherence of ϒ.
Example 6.5.2. Consider the decisions in Example 6.5.1 . Assume that initially the group
is such that it follows the open-minded commitment for IC g1 and blind commitment for IC g3 ,
with goal open-minded commitment for AC Gg2 . If Eg1 and thus IC g1 is dropped, then the
extended open-minded commitment would allow AC Gg2 to be reconsidered and eventually
IC g2 established. However, since the group is blindly committed to IC g3 , this change will
not cause reconsideration and as a result both IC g2 and IC g3 will be in ϒ, thus making ϒ
incoherent.
Problems arise when subpRgpijust q X subpRgpjjust q ‰ H, where subpRgp just q denotes the set of
atomic sub-formulas of some goal g and Ggi , Gg j P G. Proposition 6.5.3 summarizes under
which conditions these problems are avoided.
Proposition 6.5.3. Let α 1 and α 2 be the commitment strategies selected for gi and g j correspondingly. ϒ Y α 1 Y α 2 * K (in all situations):
a) if ϕ P subpRgpijust q X subpRgpjjust q and p P Agi X Ag j , then α5 is either in both α 1 and α 2 or
in none;
b) if Ggi is more important than Gg j while Gg j and Ggi cannot be accepted at the same time,
then α4 P α 2 .
Proof. The proof is straightforward. If the change in the group (non)acceptance of Ggi causes
the AN Gg j to induce group incoherence, then we are able to de-commit from AN Gg j . If
we would not able to de-comit from AN Gg j then group coherence would be blocked. If
the change in the group (non)acceptance of Ggi is caused by an observation on a premise
p P Agi X Ag j then condition a) ensures that the commitment to AN Gg j does not block group
coherence. If the change on AN Gg j is caused by a change in commitment to a higher priority
goal, the condition b) ensures that a commitment regarding Gg j does not block group coherence. Condition b) allows only “goal sensitive” commitments to be selected for lower level
goals.
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Commitment
to
AN p qGg
Blind
Single-minded
Extended
Open-minded
Extended

Release on
l g g Gg j Agp
X
X X
X XX
X X
X
X XX X

Change
ϒ

How
fDg

D-r
X
Partial π -r
Full π -r

fπg

JA

X
X

X
X

Table 6.1: Gg j ą Gg and cannot be pursued at the same time with Gg. fDg denotes collective
attitudes for g are reconsidered. f πg denotes the profile (all or some parts of it) is re-elicited.

6.6 Conclusions
We present a formalization of non-summative beliefs, goals and intentions in AGELT L and
show how they can be generated using judgment aggregation. Our multi-agent AGELT L logic
extends BDILT L . In accordance with the non-summative view, having a group intention IN g
in our framework does not imply Itiug for each the member i. We extended the commitment
strategies of (Rao and Georgeff, 1993) to increase the reactivity of the group to new information. Now the commitment strategies are not axioms of the representation logic; instead they
are a property of a group. Groups can have different levels of commitment to different goals.
We showed how the group can combine different commitments to different goals.
An advantage of our framework is its ability to allow groups to commit to a decision to reject
a goal, thus having the option to reconsider rejected goals. Furthermore, we do not only show
when to reconsider, but also how, by defining reconsideration strategies. Table 1 summarizes
our commitment and reconsideration strategies.
In our framework, the entire group observes the new information. One can also explore
the case when only some members of the group observe the new information. The only
assumptions we make regarding the connectivity of the members is that they are able to
communicate their acceptances and receive the aggregation result. The problem of elicitation
and communication complexity in voting is a nontrivial one (Conitzer and Sandholm, 2002b,
2005) and in the future we intend to study these properties of our framework.
In our framework, the group has an intention g if it has agreed to pursue g as a group goal.
The agents agree on which goal to pursue by stating their acceptances of a proposed group
goal, and related beliefs that support or justify that goal, and applying a judgment aggregation
rule on these acceptances. Since the judgment aggregation rule serves as an agreement reaching mechanism, it needs to satisfy the properties of majority-preservation and the unanimity
principle. Based on these properties we propose that the rules RRA , RY and RRY , developed in
Chapter 2 are used.
The rules from Chapter 2 are defined for judgment aggregation problems that are specified
by an agenda and a set of agent names. A set of constraints is not part of the problem specification. We use the set of constraints here to describe the added knowledge that the group
needs to take into consideration when choosing its goals. We are able to use the rules from
Chapter 2 anyway since we defined an admissibility criterion for the individual judgment
sets.
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Although we studied the complexity of winner determination for the rules of Chapter 3 we
did not make the same analysis for the rules of Chapter 2. To choose further between RRA ,
RY and RRY we need to know their complexity-theoretic properties as well.
In this context of agreeing on group goals we imposed the requirement that the agents are
always able to declare whether they accept a belief or a group goal or not. This requirement
was feasible because the agent’s judgments are expressions of acceptance, not an estimate of
the state of the world as in Chapter 5. Nevertheless, it might be desirable to give the option
to an agent, or a group, to also express express “do not know whether to accept a” via the
formula Atiu a ^ Atiu a, or respectively AN a ^ AN a. This option implies a change
in the input value-type of the judgment aggregation problem from binary to ternary. To be
able to allow for this option we need to consider the extension of the rules of Chapter 2 to
ternary judgments.
In the work we presented, we do not consider how an individual constructs his judgments.
We can take that Bi ϕ Ñ Atiu ϕ , but this is not a requirement for all agents. We would
expect “honest” agents to follow this rule, but we can also define dishonest agents for which
Bi ϕ Ñ Atiu ϕ does not hold. In the latter case, the agent might declare Atiu ϕ while it does not
believe ϕ . Given that the group attitudes are established by an aggregation rule that can be
expected to be, as almost all but the most trivial social choice rules, manipulable, the question
is whether there are scenarios in which an agent can have the incentive to behave strategically
in rendering judgments. Furthermore, given that some of the reconsideration strategies call
for re-elicitation of judgments, can an agent have the incentive to behave strategically in
rendering judgments that would lead to sooner re-elicitation? To answer these questions we
need to study the manipulability properties of our rules.

7
Related work
The problem of aggregating profiles of yes/no decisions over a set of logically related issues
is, with minor variations, studied under different names: judgment aggregation, majorityvoting under interconnected decisions, abstract binary aggregation, aggregation of binary
evaluations. Some comparisons of the differences between the frameworks denoted with
the different terms can be found in (List and Polak, 2010; Grandi and Endriss, 2010). We
uniformly use the term judgment aggregation, although strictly speaking, our rules based on
minimization are judgment aggregation rules and our distance-based rules are both judgment
aggregation and ternary-evaluation aggregation rules.
To the best of our knowledge there is no work that is related to the thesis as a whole. Therefore we give the related work with respect to our judgment aggregation rules, properties and
models of collective reasoning.

7.1 Part I- designing rules
The study of judgment aggregation rules per se is a rarity in judgment aggregation. The only
exception in this sense is probably the work of (Miller and Osherson, 2009). Some judgment
aggregation rules do appear in the context of other works.

7.1.1 Rules based on minimization
The premise-based procedure has been introduced in (Kornhauser and Sager, 1993) under
the name “issue-by-issue voting” and studied extensively in (Dietrich and Mongin, 2010).
The conclusion-based procedure has been studied in (Pigozzi et al., 2009). These were the
first rules considered in the literature. The sequential procedures have been introduced in
(List, 2004a) studied also in (Dietrich and List, 2007b; Li, 2010), followed by quota-based
rules (Dietrich and List, 2007b; Dietrich, 2010). The quota-based rules are a class of rules
where each proposition of the agenda is associated with a quota, and the proposition is accepted only if the proportion of individuals accepting it is above the quota. The majority
rule is a special case of quota-based rules. Lastly, the distance-based rules are studied in
(Miller and Osherson, 2009) and in (Pigozzi, 2006). We explain the principles of these rules
in Chapter 2, therefore here we just enlist the relations between these rules and the rules we
propose.
The rules RMSA , RMWA and RMNAC are special cases of three of the four distance-based rules
introduced in (Miller and Osherson, 2009). More precisely, for d being the Hamming dis177
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tance, RMSA is theory equivalent with End pointd ; RMWA and RMNAC are equivalent with
Prototyped and Fulld correspondingly.
Nehring et al. (2011) and (Nehring and Pivato, 2011) define the Condorcet admissible set to
be any maximally consistent sub-set of the majoritarian set. Recall that the majoritarian set
for a profile is the set of all judgments supported by a majority of agents according to the
profile. The Condorcet admissible sets for any profile are equivalent to the set of judgment
sets that can be produced by applying RMSA to that profile. Rather then considering a rule that
derives the Condorcet admissible sets, they consider it a space of judgment sets and study
under which conditions this space collapses to a singleton for a profile. They call Condorcet
determinate what we define as majority-consistent profile.
Nehring et al. (2011) introduce two new judgment aggregation rules: the Slater rule and the
Median rule. The Slater rule is equivalent to our RMCSA and the Median rule to our RMWA .
Nehring and Pivato (2011) in addition introduce the LexiMin rule which we defined as RRA .
The difference between RRA and RMWA on one side and the LexiMin and Median rule on
the other, is that the LexiMin and Median rules are defined for agent-weighted judgments.
Nehring et al. (2011) and also (Nehring and Pivato, 2011) consider agent weights, normalized
over r0, 1s so that the sum of the weights of all agents on an issue is always 1. The focus of
(Nehring et al., 2011) is to characterize the conditions, and identify the likelihood, under
which TRMSA pPq contains a complete judgment set, some particular element of the agenda or
the full set of consistent and complete judgment sets.
7.1.2 Distance-based non-binary rules
Distance-based rules for aggregating judgments have been inspired by the model based distancebased belief merging rules (Konieczny et al., 2004). The first distance-based rules for aggregating judgments have been introduced by (Pigozzi, 2006) who observed that there are
considerable similarities between the belief merging and the judgment aggregation problems.
Belief merging theory studies the problem of merging belief bases. Given a set of belief bases
and a set of constraints IC, the problem of merging the belief bases is to generate a belief base
which satisfies all of the IC constraints and incorporates a maximal amount of beliefs from
the bases that are merged. In judgment aggregation the individual judgment sets are cast on
agenda issues. In belief merging no agenda is defined.
In belief merging, the primary concern of the merging process is to maximize the information content from the merged belief bases. Rules for merging beliefs are constructed
so that they satisfy a set of postulates that are inspired from the belief revision postulates
(Alchourrón et al., 1985). Judgment aggregation rules are constructed so that they satisfy a set
of properties that are inspired from voting theory and preference aggregation (List and Polak,
2010). The aggregation properties are not concerned with maximizing the information content from the individual judgment sets.
Pigozzi (2006) applies the
ř model based operator of (Konieczny et al., 2004), defined for a
Hamming distance and , directly by treating the judgment sets Âi as belief, or knowledge
bases. The agenda is defined as a set of propositional logic atoms. A judgment set is a
consistent set of atomic and non-atomic formulas, complete for the agenda A. The set of
constraints IC corresponds to the set of rules R. Each judgment set is consistent with respect
to R. The set of all models for R is the co-domain of the aggregation rule.
ř Endriss et al.
(2010b) also define their procedure in terms of the Hamming distance and , but contrary to
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(Pigozzi, 2006), they define the agenda in such a way that it can contain non-atomic formulas.
However they do not consider additional rules and in their framework
R “ H. Consequently,
ř
the distance-based rule for the Hamming distance and the as an aggregation operator are
not equivalent. The distance-based rules we propose allow for both non-atomic formulas in
the agenda and additional rules to be externally specified.
The use of agent weights in distance-based belief merging contexts has been previously be
considered in (Revesz, 1995). Weights in the context of judgment aggregation have not been
considered. The weights assigned to issues, or to (agent,issue) pairs, have not been considered
in belief merging or in judgment aggregation context. Distances between sequences that
contain more values than binary have been considered in the literature (Condotta et al., 2008;
Coste-Marquis et al., 2007).
There are many reasons for which one would like to relax the requirement of completeness for judgment sets and allow the agents to abstain on some issues. That the requirement of completeness for judgment sets is too strict, has been discusses by (Gärdenfors,
2006). Dokow and Holzman (2010b) construct a framework for binary aggregation in which
abstentions are allowed. The value assigned to the abstention is descriptive, namely a special symbol “˚”, while 0 and 1 are used for the “no” and “yes” judgments correspondingly.
Pauly and van Hees (2006) construct a framework for multivalued logics in which the judgment sets with abstentions may be seen as a special case. Dietrich (2007) constructs a general
logic framework in which some ternary logics are a special case. These authors focus on
proving impossibility results for their respective frameworks and offer no particular rules for
aggregating judgment sequences with abstentions.
One might argue that the aggregation of judgments with abstentions poses no particular challenge; namely, if an agent abstains then his input can be ignored, as if a judgment was not
elicited from that agent. This perceived simplicity disappears once one is reminded that the
agenda issues are logically related and the judgments assigned to them are logically related.
Abstaining on one-issue influences the judgments that can be assigned to the rest of the issues,
by the same agent and on the generation of collective judgments for all issues. The challenge
in developing judgment aggregation rules that handle abstentions is not in the representation
of the abstentions but in the interpretation of the abstentions. When distance-based rules are
used, the interpretation assigned to abstentions hinges upon the set A and the chosen distance
metric. The set A depends on the particular ternary logic used for representing the judgments.
The distance-based rules we introduced can be applied in the framework of (Pauly and van Hees,
2006) when A is constructed using the logic of (Post, 1921). The rules can be applied in the
framework of (Dokow and Holzman, 2010b), when ˚ is treated as 12 and either the logic of
(Łukasiewicz, 1920) or the logic of (Kleene, 1938) is used. The impossibility results proved
by (Dietrich, 2007) hold for judgment aggregation problems represented by the Łukasiewicz
logic since this logic is a special case of the general logic introduced by (Dietrich, 2007). We
show that this holds.
Dietrich (2007) defines the properties L1 ´ L3 for (L, |ù) and proves his impossibility of
aggregation results for general logics that satisfy L1 ´ L3 (Dietrich, 2007, pg. 554).
L1

For any p P L it holds that p |ù p (self-entailment).

L2

For any p P L and S1 Ď S2 Ď L, if S1 |ù p then S2 |ù p (monotonicity).

L3

The empty set H is consistent, and each consistent set S1 Ď L has a consistent super-set
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S2 Ď L containing a member of each pair p, p P L (completability).
Proposition 7.1.1. The pair pLL , |ù3 q, where LL is the logic of Łukasiewicz, satisfies selfentailment L1, monotonicity L2, and completability L2.
Proof. Self-entailment
follows directly from the definition of the operator |ù3 . Namely Γ |ù3
Ź
ψ if and only if Γ Ñ ψ .
Ź
Ź
When S1 |ù3 ϕ then for all valuation v, if vp S1 q “ 1 then vpϕ q “ 1 and if vp S1 q “ 21 then
vpϕ q P t1, 21 u. We prove monotonicity by distinguishing among cases:
Ź
Ź
vpŹ S1 q “ 1 vpϕ q “ 1 vpŹ S1 {S2 q “ 1
vpŹ S1 q “ 1 vpϕ q “ 1 vp Ź S1 {S2 q “ 12
vpŹ S1 q “ 1 vpϕ q P 1 vpŹ S1 {S2 q “ 0
vpŹ S1 q “ 12 vpϕ q P t1, 21 u vpŹ S1 {S2 q “ 1
vp S1 q “ 12 vpϕ q P t1, 21 u vp S1 {S2 q “ 21
Ź
Ź
vp S1 q “ 12 vpϕ q P t1, 21 u vp S1 {S2 q “ 0

vpS2 q “ hence S2 |ù3 ϕ
vpS2 q “ 12 hence S2 |ù3 ϕ
vpS2 q “ 0 hence S2 |ù3 ϕ
vpS2 q “ 12 hence S2 |ù3 ϕ
vpS2 q “ 12 hence S2 |ù3 ϕ
vpS2 q “ 0 hence S2 |ù3 ϕ

The pair pLl , |ù3 q satisfies completability. The empty set is consistent since vpHq “de f 1.
When vpϕ q “ 1 or vpϕ q “ 0, either ϕ or ϕ can be added to S, but not both. When S is
valued to 12 , if vpϕ q “ 1 then S |ù ϕ , but it is not true that S |ù ϕ , since vpSq ‰ 0. For
vpϕ q “ 0 then S |ù3 ϕ , and it is not true that S |ù3 ϕ .

Apart from the basic ternary logics and the classical entailment operator, one can consider
ternary paraconsistent logics, such as the ones studied in (Konieczny and Marquis, 2002), for
representing judgments. The distance-based operators can be applied regardless of the logic,
as long as the set A can be specified.
In addition to the completeness requirement, the judgment aggregation theory also stipulates
that the judgment sets are consistent, with respect to the rules R when such rules are given.
Miller (2008) considers the case when the constraints are subjective, namely each agent’s
judgment set Â is consistent in terms of that agent’s constraint Ri , Âi Y Ri * K. Miller
(2008) generalizes judgment aggregation to subjective decision situations, implying that the
impossibility results studied in (Dietrich, 2007) persist without individual agreement on the
set of constraints.
In addition to different constraints, one may consider different entailment operators |ùi for
each agent, thus having Âi Y Ri *i K as the required consistency property for the individual
judgment sets. As long as the R and |ù3 are determined for the collective judgment sets, the
A set can be constructed and our distance-based merging rules can be specified.
Benamara et al. (2010) consider the problem of aggregating judgment sets in which not only
abstentions, but also neutral judgments are allowed. They define an agenda as a set of atoms
corresponding to A p and a singleton set of an atom d, called a decision, corresponding to
Ac . What we call an abstention here, is called a neutral judgment in (Benamara et al., 2010),
denoted by “?” and representing the case in which an agent is undecided on an issue. The
abstentions in (Benamara et al., 2010) are denoted by “X” and represent the case in which an
agent deems the agenda issue “irrelevant” for the decision. Thus judgments are assignments
A ÞÑ t0, 1, ?, Xu. A decision rule is a formula ΓpA p q Ø d, where ΓpA p q is a propositional

181

7.2 Part II - properties of rules
p

logic formula built on literals A and d P td, du. The agents can accept, reject or be neutral
regarding the rule, i.e., , assign it a “value” from t0, 1, ?u. Benamara et al. (2010) give a
judgment aggregation procedure for this framework, according to which the “judgment” on
the rule is determined according to a majority rule, the collective judgments on the premises
are determined by ignoring the abstentions and applying a rule, which we defined as majority
m, to the rest. The collective judgment on the decision is reached as in the premise-based
procedure if the majority accepts the rule and by applying the majority rule over the individual
judgments for d.
We can represent the framework of (Benamara et al., 2010) into our framework in the following way. Let us denote the decision rule ΓpA p q Ø d by α . The agenda A is constructed as
A “ A p Y Ac Y tα u. We replace each judgment judgment ? with 12 . We construct a weight
matrix using weights wi, j “ 0 when an agent i assigns X to issue a j and wi, j “ 1 in every other
case. The judgments X can be replaced with either one of t0, 12 , 1u, since they are assigned
a weight 0. Then the premise-based procedure can be defined, considering α as one of the
premises.
Li (2010) considers the sequential aggregation rules and allows for continued-valued judgments on the r0, 1s interval. An agent expresses the strength of his acceptance or rejection
of an issue through the continuous judgments. The judgment vp ϕ q of a negated issue ϕ
assigned a judgment vp ϕ q “ 1 ´ vpϕ q. The aim of Li’s work is to determine decision paths
that maximize the strength of each judgment.

7.2 Part II - properties of rules
Properties for judgment aggregation rules have been studied with the objective of determining which set of properties admits a judgment aggregation function or rule. Apart from the
universal domain, anonymity and independence properties, monotonicity and unanimity were
introduced. Grandi and Endriss (2010, 2011) instead study the connection between the properties of aggregation rules and the language in which the sets of constraints R are expressed.
The unanimity principle for aggregation functions was introduced in (Dietrich and List, 2008b).
Nehring et al. (2011) define and study, what we define as, the strong unanimity principle.
They observed that this principle is violated by the Condorcet admissible sets for most agendas, which is consistent with our observation that RMSA does not satisfy this property.
Monotonicity as a property imposed on a subset of the agenda (to address manipulability
issues) was introduced in (Dietrich and List, 2005), and monotonicity on a judgment set in
(Dietrich and List, 2008a). Monotonicity as a property of judgment aggregation functions
was defined in (List and Puppe, 2009).
Nehring and Pivato (2011) study two properties that are very similar with our Separability I
and Separability II. They define separability as we define Separability II. Our Separability I
corresponds to the reinforcement of (Nehring and Pivato, 2011), but it is a stronger property.
The reinforcement property of (Nehring and Pivato, 2011) applies to entire judgment sets,
whereas Separability I is applied to propositions. Therefore we obtain that RMWA violates
Separability, while the Median rule of (Nehring and Pivato, 2011) satisfies this reinforcement
property.
What we define as independence of cloned agenda issues, has already been introduced in
(Dietrich, 2006b) as the sensitivity to logical agenda manipulation. Dietrich (2006b) stud-
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ies this property as a justification for imposing the independence of irrelevant information
condition on judgment aggregation rules and functions.

7.3 Part III - applying rules
To the best of our knowledge this thesis is the first investigation in applying judgment aggregation for reaching group decisions in multiagent systems. We considered two types of
groups, hierarchical and consensual, that give rise to two different aggregation contexts.
In the example of hierarchical group, one agent needs to aggregate the opinions of the other
agents to reach a decision. The procedure we proposed for group decision-making is one that
produces satisficing decisions. Satisficing is explored as a single agent approach to decisionmaking, but not for groups.
In the example of consensual group, we model non-summative group intentions, and propose
a method for their generation, commitment strategies and revision strategies. Group intentions, how they are modeled, generated and revised is a question that has been considered
since the advent of multi-agent systems.
7.3.1 Satisficing
As (Zilberstein, 1998) observes, there has been a search for useful techniques from decision making, since it is widely accepted that optimal decision-making is too computationally
complex. The concept of satisficing (Simon, 1955) offers an alternative to the search for an
optimal decision, however Simon does not instruct on how to construct satisficing algorithms
or systems. Zilberstein (1998) argues that optimizing is an alternative to satisficing.
Satisficing is little used as an approach to group decision-making. However, it is in the
case of group decision-making that the complexity of making an optimal decision becomes
high. An exception is the work of (Stirling and Goodrich, 1999; Stirling and Nokleby, 2009)
who develop satisficing games by constructing conditional utilities. Their utilities “take into
account the interests of others as well as the self, represent an alternative to the categorical
utilities of classical decision theory.”(Stirling and Nokleby, 2009, pg.53).
The recognition-primed group decision-making model we construct is a model that allows
for a team of agents to reach decisions that are satisfy a set of interrelated sufficient cues.
This model is applicable when at least one agent in the team is familiar with the decision
context since cues are determined from his experience. We expect that, how optimal is a
group decision reached this way depends on the team’s ability to learn from its mistakes.
7.3.2 Group intentions
Collective intentions are studied and formalized in (Dunin-Keplicz and Verbrugge, 2010,
Chapter 3) and also, among others, in (Grosz and Hunsberger, 2007; Jennings, 1995; Singh,
1990). The dynamics of intentions have been considered in (van der Hoek et al.,
2007; Grosz and Hunsberger, 2007).
In (Dunin-Keplicz and Verbrugge, 2010, Section 3.9) we find a detailed overview of the various formalizations of group intentions. Most of this work does not consider the dynamics
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of group intentions. An exception is (Grosz and Hunsberger, 2007). In (van der Hoek et al.,
2007) the reconsideration of individual intentions and associated plans is considered.
Grosz and Hunsberger (2007) recognize that groups need to make group decisions with respect to many intention related issues such as how to change their intentions. In (Hunsberger,
2002) they conclude that a specification of group decision-making mechanism must include:
(1) the possible inputs an agent can make into the mechanism; (2) the conditions under which
agents may make those inputs; (3) rules for determining which combinations of agent inputs
establish group decisions; and (4) a method for making the new decision known to all the
members of the group. Although they consider examples of mechanisms such as unanimous
approval, they make no connection with social choice theory.
We assume that the group has an order of importance for its candidate goals. Alternatively, the
group can also agree on this order by expressing individual preferences. Uckelman and Endriss
(2010) show how individual (cardinal) preferences over goals can be aggregated. Intentions
and their role in deliberation for individual agents have been studied in a game theoretic
framework by (Roy, 2009a,b). Icard et al. (2010) consider the joint revision of individual
attitudes, with the revision of beliefs triggering intention revision. We allow for both the
changes in epistemic and in motivational attitudes to be the cause for reconsideration.

8
Summary
People agree on things all the time. They discuss about the issues at hand and make collectively binding decisions. Some of these decisions alter human history, others alter dinner
plans. Regardless of the context of the agreement, social choice rules have been developed to
serve humanity when it needs to reach consents.
Since its inception, computing continues to grow more and more powerful, but at the same
time more and more distributed. As a consequence, computers, processors and users, more
precisely artificial agents acting on their behalf, need to reach collectively binding decisions.
In this thesis we show that this problem of reaching collectively binding decisions can be
solved by “computationalizing” social choice, in particular the social choice discipline of
judgment aggregation.
We consider two types of groups: consensual and hierarchic. In the first, the agents reach a
decision collectively, while in the second there is one agent that makes a decision by considering the input from others. A consensual group is a representation of a distributed system
of agents that need to behave as a whole and make decisions that govern their actions and
behavior. A hierarchical group is a representation of an agent decision-maker that needs to
use, not only his own, but the knowledge, opinions and expertise of many other, possibly
distributed agents. These decisions can be used by the agent himself, by the agents who contribute information or by a wider set of agents within the scope of one institution. For each
of these two types of groups we give an example of a group decision-reaching problem and
show how it can be solved using judgment aggregation. In both of the examples judgment
aggregation is a consent reaching method, applicable even when it cannot be assumed that
the agents persuade each other on a single position.

8.1 Results
8.1.1 Designing judgment aggregation rules
Judgment aggregation theory is a new discipline of social choice in the scope of which not
enough effort has been devoted to constructing and analyzing specific aggregation rules.
Therefore, before developing examples of how to use judgment aggregation in multiagent
systems, we needed to develop judgment aggregation rules and a method for distinguishing
among them. The results of this thesis are therefore not only in the filed of multiagent systems but also in the field of judgment aggregation theory. The two different types of groups
we consider pose two different requirements for aggregation rules. Consensual groups need
rules that produce decisions, which minimize the discrepancy with each individual opinion.
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Hierarchical groups need rules that produce decisions that capitalize on the expertise of the
group members. We therefore constructed two classes of rules: rules based on minimization
and weighted distance-based rules.
In the first class of rules we constructed ten rules that generate decisions adherent to the
majority: RMSA , RMCSA , RMWA , RRA , RY , RIY , RRY , RMR , RMCR and RMNAC . We compare
the decisions produced by one rule with the decisions produced by another, but in the same
manner we compare our rules and existing rules in judgment aggregation. A summary of this
analysis is given in Table 2.4.
In the second class of rules we start from the distance-based rules presented by (Pigozzi,
2006) and generalize them to rules that handle a richer structure of judgments, in particular
various types of weights associated with the judgments. Apart from the sequential aggregation considered in (Li, 2010), no judgment aggregation rules have been proposed for aggregating ternary (or multi-valued) judgments. In (Dokow and Holzman, 2010b; Dietrich, 2007;
Pauly and van Hees, 2006; Gärdenfors, 2006) frameworks for multi-valued judgment aggregation are considered, but no rules are proposed. Aggregation of weighted judgments has not
been considered in the literature.
In belief merging weights associated with agents have already been considered in (Revesz,
1995) and merging multi-valued propositions has been considered in (Konieczny and Marquis,
2002; Condotta et al., 2008; Coste-Marquis et al., 2007). The novelty of our rules from the
viewpoint of belief merging is in added possibility to assign weights to beliefs. Namely, the
weight of a belief depends not only on the agent that holds the belief but also on which belief
it is.
We analyze the complexity-theoretic properties of the weighted-distance based rules we propose. Much attention has been devoted to various complexity-theoretic aspects of voting
rules, in particular to the problem of winner determination. The winner determination problem is the problem of determining if a given candidate is a winner for a given profile of votes
when voting rule F is applied. In judgment aggregation the “winner” determination problem, i.e., given a judgment and a profile of judgments determine if this judgment is among
the selected collective judgments by judgment aggregation rule F, has only been consider in
(Endriss et al., 2010b) for two judgment aggregation rules. The complexity-theoretic analysis
of the winner determination problem is used as an indicator of the computational efficiency of
a particular rule or aggregation operator. Certain complexity-theoretic aspects, corresponding
to the winner determination problem as defined in (Endriss et al., 2010b), of belief merging
operators have been considered in (Konieczny et al., 2004). Our complexity results are usable
in a belief merging context as well.

8.1.2 Selecting judgment aggregation rules
To be able to distinguish among judgment aggregation rules within the same class, we need
to consider which structural and relational properties are satisfied by these rules. Each author, or group of authors, that works in judgment aggregation theory has proposed their own
framework for judgment aggregation, defining properties of judgment aggregation rules in
it. As a consequence, we first needed to construct a general enough judgment aggregation
framework common for both classes of rules and then construct the corresponding definitions
of judgment aggregation rules within this framework. Only then were we able to analyze our
rules with respect to the common rule properties considered in judgment aggregation theory.
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Tables 4.14 and 4.15 summarize which of our rules satisfy which property.
tables here.
Majority
Weak
Strong
IR-s
Preservation Unanimity
Unanimity
RY X
X
X
no
RMSA X
X
no
X
RMCSA X
no
no
X
RMWA X
no
no
X
RRA X
X
X
X
RdH ,max no
no
no
no
RRY X
X
X
no
RMNAC X
no
no
no
Property
Unanimity

Satisfied
pd, Σq
pd, maxq
pd, Gmaxq
pd, Π˚ q
Weak unanimity principle pdD , dq

Strong unanimity principle pdD , dq
Majoritarian
pd, Σq
pd, Π˚ q
Majority-preserving
pdH , Σq
pdT , Σq

IR
S-s

We repeat these
S-i
no
no
no
no
no
no
no
no

Not satisfied

pdi , Σq
pdi , maxq
pdi , Gmaxq
pdi , Π˚ q
di P tdH , dT u
pd, maxq
pd, Gmaxq
pdD , Σq
pd, maxq
pd, Gmaxq
pd, Π˚ q

pd, dq
pd, Σq
pd, maxq
pd, Gmaxq
pd, Π˚ q

We analyzed our rules mainly for the judgment aggregation properties that already exist in
the literature. These rules have been designed while searching for a minimal set of desirable
properties that characterize a judgment aggregation rule, and consequently it is unsurprising that these are properties that are desirable in most contexts. We need the properties to
distinguish among rules and to this end we need to develop and study more rule aggregator
properties. We commence this line of research in judgment aggregation theory by defining
five new desirable properties for rule aggregators, Section 4.10.
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8.1.3 Applying judgment aggregation rules
As an example of hierarchical groups we consider a team of agents that solves problems in
a changing environment. We use judgment aggregation to extend a model for reaching satisficing decisions developed in experimental psychology. The agent decision-maker considers
one option at the time, choosing an option if it satisfies a combination of sufficiently relevant
criteria, or cues as they are called in experimental psychology. The decision-maker aggregates the opinions of other agents to determine if these relevant criteria are satisfied, but also
if the choosing of a particular option is supported. We propose our decision-making solution
for incident management teams, however the same approach can be applied in various other
contexts. One example is a recommendation system that uses the content of multiple web
pages and other sources to recommend a product or a service to customers. Based on the
criteria set by the customer, the system considers the sources that give information on the
criteria, the reputation of the source and whether the source endorses the product/service in
question.
As an example of consensual groups we consider a group of agents that needs to agree on
what its intentions are. We propose a judgment aggregation based method for agreeing on
which group goals to pursue. Our method is intended for groups that engage in joint activity
when it is necessary that the group to present itself as a single whole from the point of view
of beliefs and goals. The requirement that the group presents itself as a rational entity that
has goals justified by the beliefs it holds, and is able to revise these goals under the light of
new information, was held by (Tuomela and Miller, 1992) and adopted in agent theory by
(Boella and van der Torre, 2007) and (Lorini and Longin, 2008). Our proposal to formalize
group intentions as the goals on which the group agrees to pursue and is jointly committed to
pursuing, can be applied, for example, in an open-source project, where several people have
to discuss online to agree on which is their position on issues and which is their goal.

8.2 Other examples of using judgment aggregation
The thesis of (Ganesan, 2011) tests the use of judgment aggregation for the cooperative anchoring problem (LeBlanc and Saffiotti, 2008; Coradeschi and Loutfi, 2008) on NAO robots
controlled by agents written in the GOAL programing language (Hindriks, 2010).
The anchoring, or symbol grounding, problem (Harnad, 1990) is the problem of assigning
meaning to abstract symbols. This problem is considered as solved, namely that “we now
understand enough to create systems in which groups of agents self-organizes a symbolic
communication system that is grounded in their interactions with the world, and these systems
may act as models to understand how humans manage to self-organize their communication
systems.” (Steels, 2008). Combining perceptual information may be used to ground a symbol.
E.g., the symbol p denoting “there is a chair in the room”, can be grounded to true or false
by considering vision, pattern recognition and sonar readings. Let as call symbols such as p,
which can be grounded by using only percepts, a level- 0 symbol. A robot would also need to
ground more complex symbols, such as q denoting “Room E112 is a meeting room”, which
would require fusing not only percepts but also level- 0 symbols.
Collective robotics is a field of research that is concerned with the development and use of
robotic teams for performing various tasks. A team of robots needs to collectively ground and
share symbols. There are two basic uses for social symbol grounding: the first is to establish
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grounding that will be used by the team when performing their tasks; the second to be used
by a robot that grounds a symbol for individual use by considering the groundings made by
several other robots.
The grounding of symbols higher than what we call here level- 0 is the problem of assigning
values to a set of logically related issues. The social grounding of such symbols is the problem
of aggregating the values assigned to the issues by different robots. This is a problem that can
be modeled in judgment aggregation. Ganesan (2011) uses an example of a level- 0 symbol
that needs to be socially grounded based on a set of percepts. She implements the premisebased and the conclusion-based procedure as described in (Kornhauser and Sager, 1993) and
identifies the premise-based procedure as better at truth tracking. She also considers the
distance-based procedure, as described in (Endriss et al., 2010b), for the obtained profiles.
The premise-based procedure outperforms the distance-based procedure one in the case of
level-0 symbols.

8.3 Future work
In computational contexts, as well in (human) society, there are many problems that require
collectively binding decisions to be generated. Due to the variety of contexts in which these
problems occur in society, social choice theory has been an active and not yet exhausted,
research area for the last three centuries. An essential step towards advancing the use of
judgment aggregation in multiagent systems is to look for properties that more finely distinguish among aggregation rules than the properties that are currently considered as desirable
in judgment aggregation theory. Furthermore we need to search for, and characterize, collective decision problems in multiagent systems and study how their characteristics reflect into
(un)desirable judgment aggregation properties.
In all the similarities between society and computational contexts, the requirements and constraints of the collective decision-making in these two contexts are different. How social
choice rules are used in society and multiagent systems is different: while people need to rely
on them sporadically and only when consensus fails to emerge, artificial agents need to use
them for every single group decisions they need to make.
It is often insufficient to analyze the computational properties of existing social choice rules,
but one needs to design more. This is the first thing we observed when starting to explore
the possible use of judgment aggregation in multiagent systems. For instance, the premisebased and conclusion-based rules are enough of rule options in collegiate courts. However,
a recommendation service needs to consider a richer structure of judgments and agendas
cannot necessarily be partitioned into premises and conclusions. The collection of judgment
aggregation rules that we proposed in this thesis is not exhaustive.
The differences between social and computational contexts also apply a different approach
to a complexity-theoretic analysis of the aggregation rules. The problem of confirming that a
judgment or a judgment set is selected collective, by a given rule for a given profile, is relevant
in a human society. Namely, after a consensus starts to emerge, a group casts judgments and
only needs to verify that this consensus is the group decision, with respect to the individual
judgments and the rule used. Artificial agents do not start a group decision-reaching process
by an informal chat, i.e., either argumentation is not combined with voting as its often the
case in naturalistic settings. In multiagent systems contexts it is more relevant to consider the
complexity of finding a collective judgment set rather then confirming that a given judgment
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set is the collective one.
The rules designed and represented here are irresolute by construction. Designing rules in
this manner is necessary if one wishes to avoid impossibility and not impose domain restrictions. However, a group usually needs only one decision, i.e., judgment set. Creating resolute
judgment aggregation procedures can be done by implementation rather than by construction. How a social choice rule is implemented is an important question in formal voting
contexts (Dasgupta et al., 1979; Repullo, 1985; Maskin, 1999; Palfrey, 2002; Serrano, 2004).
Implementation of judgment aggregation rules is an important issue in multiagent systems
contexts. The choice of implementation unveils the amount and nature of resources needed
for judgment aggregation, but also allows for certain behavior of the agents to be enforced or
discouraged. Answering the question of implementation will also shed light on the relations
between game theory and judgment aggregation, which are unexplored but bound to exist. As
mentioned, committees in society usually discuss before voting. For multiagent systems this
discussion segment could be modeled as an argumentation based dialog game and combined
with the aggregation rules proposed in this thesis.
We considered hierarchical groups verses consensual groups. A natural option is embodied
agents verses software agents. The thesis of (Ganesan, 2011) tests judgment aggregation on a
social symbol grounding problem of a level- 0 symbol for the premise-based and conclusionbased procedure, but the same experiment can be ran on the remainder of the aggregation
rules. To obtain meaningful results one needs to consider a larger number of robots and a
bigger agenda. The technical challenges made it difficult to extend the experiment into social symbol grounding for symbols above level- 0. These challenges were introduced by the
robot-agent and robot-robot communication that needed to be technically solved. Since these
issues are resolved, a natural continuation of this project is to design examples and test the
performance of judgment aggregation for symbols above level- 0. In general, social robotics
is an emerging area of research in which one can expect many group decision-reaching problems to emerge.
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